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Abstract

In this thesis we study monotone Lagrangian submanifolds of CP”. Our results are roughly of
two types: identifying restrictions on the topology of such submanifolds and proving that certain
Lagrangians cannot be displaced by a Hamiltonian isotopy.

The main tool we use is Floer cohomology with high rank local systems. We describe this
theory in detail, paying particular attention to how Maslov 2 discs can obstruct the differential. We
also introduce some natural unobstructed subcomplexes.

We apply this theory to study the topology of Lagrangians in projective space. We prove that a
monotone Lagrangian in CPP" with minimal Maslov number n + 1 must be homotopy equivalent to
RP" (this is joint work with Jack Smith). We also show that, if a monotone Lagrangian in CPP? has
minimal Maslov number 2, then it is diffeomorphic to a spherical space form, one of two possible
Euclidean manifolds or a principal circle bundle over an orientable surface. To prove this, we use
algebraic properties of lifted Floer cohomology and an observation about the degree of maps between
Seifert fibred 3-manifolds which may be of independent interest.

Finally, we study Lagrangians in CP?"*! which project to maximal totally complex subman-
ifolds of HIP" under the twistor fibration. By applying the above topological restrictions to such
Lagrangians, we show that the only embedded maximal Kéhler submanifold of HP” is the totally
geodesic CP" and that an embedded, non-orientable, superminimal surface in $* = HP! is congruent
to the Veronese RIP?. Lastly, we prove some non-displaceability results for such Lagrangians. In
particular, we show that, when equipped with a specific rank 2 local system, the Chiang Lagrangian
L C CP? becomes wide in characteristic 2, which is known to be impossible to achieve with rank 1

local systems. We deduce that Ly and RP3 cannot be disjoined by a Hamiltonian isotopy.



Impact Statement

The research carried out in this thesis impacts several related areas of geometry.

On the one hand, it contributes to its primary domain — symplectic topology — with new results,
namely: a calculation which showcases a rarely used method (high rank local systems in monotone
Floer theory) and two classification results in Lagrangian topology. One of these, done in collab-
oration with Jack Smith, builds upon recent work of several other authors to give a satisfactory
partial answer to a question asked in the field more than ten years ago. The other relies on results
in low-dimensional topology and relates to the study of minimal surfaces in the four dimensional
sphere.

On the other hand, we give applications of these results to examples coming from algebraic and
Riemannian geometry. In particular, our symplectic methods allow us to deduce some uniqueness
results about Legendrian varieties. These varieties arise naturally in the study of quaternion-Kahler
manifolds and are related to a famous open problem in Riemannian geometry — the LeBrun-Salamon
conjecture. The relation of symplectic geometry to this problem has not been explored in the litera-

ture and one may hope that it could lead to new insights.
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Chapter 1

Introduction

1.1 History and context
1.1.1 Origins

Symplectic geometry was born in the early 19th century through the works of Lagrange and Poisson
on celestial mechanics (see [Mar09]). Since then, it has evolved into a large and deep field whose
reach and importance in mathematics are well beyond the author’s competence, so we leave it to one
of the people to whom the field owes much of its current prominence — Vladimir Igorevich Arnold —

to elucidate:

Just as every skylark must display its crest, so every area of mathematics will ultimately

become symplecticised. ([Arn92])

From a purely topological point of view, this pervasiveness of symplectic geometry can be
attributed to the rather flexible nature of the symplectic structure which allows it to exist on — and be
exploited for the study of — an enormous class of manifolds. Beginning with even dimensional vector
spaces and tori, moving on to orientable surfaces, then arbitrary cotangent bundles, then Kihler
manifolds and in particular all smooth complex projective varieties, the list grows large. Moreover,
through ingenious constructions like symplectic reduction ((MW74]), blow up, fibre connected sum
([Gom95]) etc., one can quickly build new examples with more and more interesting topology. While
this gives symplectic topologists an immense body of examples to study, the same flexibility leaves
us not knowing the answers to basic questions about some of the simplest symplectic manifolds. This
thesis focuses on one such manifold — arguably the simplest non-aspherical symplectic manifold —
complex projective space.

In the study of symplectic manifolds, Lagrangian submanifolds play a role which is difficult
to overstate. It was summarised by Weinstein in his symplectic creed ([Wei81]): “Everything is a
Lagrangian submanifold.” While this statement may appear too general, Weinstein’s paper contains
his concrete vision of a symplectic category, in which objects are symplectic manifolds and mor-

phisms from (M, ®) to (M’, @) are Lagrangian submanifolds of the product (M x M, (—®) ® @’),
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generalising (graphs of) symplectomorphisms. In such a category, the Lagrangian submanifolds of a
symplectic manifold M become its “elements” — morphisms from a point into M. Thus the following

has become a central question in symplectic topology:

Question 0. Given a well-known symplectic manifold (M, ) what can we say about its Lagrangian

submanifolds?

The three main directions in which this question is explored are: finding restrictions on the
topology that a Lagrangian in M can have; classifying (smooth / Lagrangian / Hamiltonian) isotopy
classes of Lagrangians of a fixed topological type; and understanding the intersection patterns of the
Lagrangians of M. The developments along these three lines are inextricably intertwined and a large

part of the progress is due to the theory of pseudoholomorphic curves, as we explain next.

1.1.2 Pseudoholomorphic curves and Lagrangian topology

1.1.2.1 Gromov’s pseudoholomorphic curves

We already alluded to the great amount of flexibility that is present in symplectic topology, but what
makes the subject truly interesting is that it also displays a lot of rigidity which manifests itself
in surprising ways. While some examples of rigidity were known before that (e.g. [Eli87]%), the
foundational breakthrough in this direction was made by Gromov in [Gro85] with his introduction
of pseudoholomorphic curves as a way of probing the geometry of a symplectic manifold. Gromov’s
paper not only introduces the techniques which at present underlie the main tools in symplectic
topology, but also proves several key results which gave rise to some of the field’s subdomains?:
his non-squeezing theorem and packing inequalities laid the foundations for quantitative symplectic
topology (see the recent survey [Sch18] and the references therein), his results on the homotopy type
of certain symplectomorphism groups opened a door to these notoriously unapproachable objects
(see the survey [McDO04] and the references therein for some older results, or [SeiO8b],[Evall]
and [SS17] for some newer ones) and his theorem that a compact Lagrangian L in C" must have
H'(L;R) # 0 initiated the study of Lagrangian topology.

The last-mentioned result is particularly pertinent to this thesis. From a modern standpoint one
can view this theorem as an example of the “principle of Lagrangian non-intersection”, formulated
by Biran in [Bir06]: the fact that a Lagrangian can be displaced from itself by a Hamiltonian isotopy
puts strong restrictions on its topology. While Gromov’s proof was entirely geometric, nowadays
the principle of Lagrangian non-intersection usually appears as a consequence of a remarkably rich

structure of algebraic invariants into which pseudoholomorphic curves are organised.

! Making rigorous sense of Weinstein’s category in the modern framework of symplectic topology is a major research

avenue, see for example [WW10], [LL13], [Bot15],[Fuk17].
2The results in this paper seem to have been published much later than they were announced.
3 None of the reference lists that we give here are anywhere close to complete.
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1.1.2.2  Floer theory

The first algebraic symplectic invariant — Hamiltonian Floer cohomology — was introduced by An-
dreas Floer in [Flo87] as an approach to the Arnold conjecture [Arn04, Problem 1972-33] on the
lower bound for the number of fixed points of a Hamiltonian symplectomorphism. In line with
“the creed”, this conjecture is but a special case of a statement about intersections of a pair of
Lagrangian submanifolds (the special case being where one of the Lagrangians is the diagonal in
(M x M,(—o) & o) and the other is the graph of a Hamiltonian symplectomorphism) and so Floer
generalised his methods to produce an invariant which would detect such intersections ([Flo88a]),
realising another of Arnold’s dreams ([Arn04, Problem 1981-27]). When the two Lagrangians L°
and L' intersect transversely, their Lagrangian intersection Floer cohomology HF (L°,L") is the ho-
mology of a chain complex CF (LO,L1 ), which is generated by the intersection points and whose dif-
ferential counts rigid pseudoholomorphic strips with boundary on L° and L' connecting such points.
It is invariant under arbitrary Hamiltonian perturbations of either Lagrangian and so a lower bound
on the rank of HF (L, L") gives a lower bound on the number of intersection points between the two
Lagrangians up to such perturbations. Moreover, this invariance allows one to define HF (L,L) — the
self-Floer cohomology of L — by taking the homology of the complex of intersections between L and
a generic Hamiltonian push-off of L.

Floer originally constructed HF (L°, L") only for Lagrangians which are weakly exact, that is,
such that @ integrates to zero over any class in 7, (M, L’), and in this case he proved that HF (L,L)
is isomorphic to the Morse cohomology of L. Note that this already suffices to reprove Gromov’s
theorem on compact Lagrangians in C": supposing that such a Lagrangian satisfies H'(L;R) = 0
implies that it is (weakly) exact and hence HF (L,L) = H*(L) # 0, contradicting the fact that L can
be displaced from itself by a Hamiltonian isotopy. While in principle this argument is equivalent to
Gromov’s original proof, it highlights nicely the way in which introducing extra algebraic structure
can be used to generalise the original theorem: the topological restriction is imposed by the vanishing
of HF (L, L) and if we could infer this vanishing through different methods (that is, without appealing
to the geometric displaceability of the Lagrangian), the same topological conclusions would follow?
This is illustrative of the kind of algebraic principle of Lagrangian non-intersection which is the
main argument we use in chapter 3 to derive topological restrictions on Lagrangians.

Shortly after Floer’s original construction, Oh ([Oh93]) relaxed the assumption that L should be
weakly exact and extended Lagrangian Floer cohomology to monotone Lagrangians (roughly, La-
grangians for which the class of @ and the Maslov class are positively proportional in H*(M,L;R);
see section 2.1.1 for a thorough discussion). The analogous generalisation on the Hamiltonian side

had already been done by Floer in [Flo89]. One important feature which arises only in the La-

4 For example, we now know that Gromov’s theorem is true if we replace C" by any Liouville manifold whose symplectic
cohomology (a variant of Hamiltonian Floer cohomology for open manifolds) vanishes: symplectic cohomology is a unital

ring and HF (L, L) is a module over it, so it needs to vanish as well.
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grangian theory is the issue of obstruction: the differential on the complex CF (L, L") squares to
zero only when the so-called obstruction numbers mo(L"), mo(L') agree (note in particular that the
self-Floer cohomology of a monotone Lagrangian is always well-defined). These numbers are an
algebraic count of the pseudoholomorphic discs of Maslov index 2 with boundary on the respective
Lagrangian and passing through a generic point. Thus, the obstruction here is not a technical feature
of the theoretical setup, but rather carries essential geometric information about the Lagrangians.
Since these first definitions of Floer cohomology groups, a plethora of algebraic structures
surrounding them has been constructed. For example, while the Hamiltonian Floer cohomology of
a monotone symplectic manifold M is additively isomorphic to its singular cohomology, the former
carries a “pair of pants” product ([Sch95]) which usually differs from the classical cup product. The
resulting associative, unital, (graded-)commutative ring is now known as the quantum cohomology
of M.> On the other hand, Donaldson observed that by counting pseudoholomorphic triangles one

can equip Lagrangian Floer cohomology with a composition operation
HF (L', 1))@ HF(L°,L') — HF (L°,L?),

which exhibits the set of compact (monotone) Lagrangians of M as the objects of a category where
morphism spaces are Floer cohomology groups. In particular, the self-Floer cohomology HF (L,L)
is a unital (in general non-commutative) ring and for any other Lagrangian L', the cohomology
HF(L,L') is a module over this ring. Fukaya then generalised this idea, introducing composition
operations on the chain level which count pseudoholomorphic polygons with boundaries on any
number of Lagrangians ([Fuk93]). The resulting structure, known as the Fukaya category of M, is
an A, category whose quasi-equivalence type is an invariant of the symplectic manifold, encoding

intricate information about the Lagrangians in M and the way they intersect.

Remark 1.1.1. At this point we should mention that while in the present text we work exclusively
in the monotone setting, many of the structures we described above have been defined in much
greater generality. For such developments on the Hamiltonian side see for example [HS95], [Ono95],
[LT98], [FO99]. The definitive reference for Lagrangian Floer theory for general closed symplectic
manifolds is the monumental work [FOOO09] by Fukaya-Oh-Ohta-Ono. /

Apart from the appearance of obstructions which we described above, another major difference
between Floer theory for weakly exact Lagrangians and its generalisation to monotone ones is that
in the latter case the self-Floer cohomology of a Lagrangian need not be isomorphic to its singu-

lar cohomology (indeed, the unit circle in C is a monotone Lagrangian whose Floer cohomology

3> A deformation of the cup product on the singular cohomology of a symplectic manifold was constructed in [RT95] (see
also [MS94]) using counts of certain pseudoholomorphic spheres and this deformed algebra is called quantum cohomology.
The fact that it is isomorphic to Hamiltonian Floer cohomology with the pair of pants product is a celebrated result of

Piunikhin, Salamon and Schwartz ([PSS96]).
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vanishes). Instead, the two are related by a spectral sequence
H*(L) = HF(L,L),

which was first constructed by Oh ([Oh96]) and later by Biran ([Bir06, Section 5]) using a more
algebraic approach. This spectral sequence is one of the few general tools for computing Floer
cohomology.

Another important development in monotone Floer theory was the construction of the pearl
complex carried out by Biran and Cornea in [BCO7b]. This machinery greatly simplifies the calcu-
lation of self-Floer cohomology because it avoids the need to perturb the Lagrangian or to introduce
time-dependent almost complex structures, both of which are needed for Oh’s original construction.
Instead, the complex is generated by the critical points of a Morse function f on the Lagrangian and
the differential counts the so-called pearly trajectories which are, roughly, gradient flowlines for f
which may be interrupted by the boundaries of finitely many pseudoholomorphic discs. Crucially,
the homology of this complex is isomorphic to the self-Floer cohomology of the Lagrangian and
by decomposing the differential according to the total Maslov index of the discs involved in dif-
ferent pearly trajectories, one recovers the Oh-Biran spectral sequence in a natural way. Moreover,
by counting more elaborate types of pearly trajectories, Biran and Cornea define various kinds of
algebraic operations on the homology of their complex, including a product (which corresponds to
the Floer product through the above isomorphism) and an action of the quantum cohomology of
the ambient manifold. One curious feature of all known calculations of self-Floer cohomology for a
monotone Lagrangian is that it either vanishes, or the Oh-Biran spectral sequence degenerates on the
first page and Floer cohomology is isomorphic to singular cohomology (this is true for computations
with coefficients in a field, or, more generaly in an irreducible local system of vector spaces over the
Lagrangian; otherwise counterexamples exist). The Lagrangian is called narrow in the former case
and wide in the latter.

We mention one more general result which has proven extremely useful in monotone Floer the-
ory and features prominently in this thesis, namely the Auroux-Kontsevich-Seidel (AKS) criterion
([Aur07, Proposition 6.8], [She16, Corollary 2.10]). Roughly, it says that, if a monotone Lagrangian
L C M has non-vanishing self-Floer cohomology, then its obstruction number mg (L) is an eigenvalue
of quantum multiplication by the first Chern class of M. In particular, this means that over an alge-
braically closed field, the Fukaya category of a monotone symplectic manifold splits into orthogonal

summands, indexed by the eigenvalues of this quantum multiplication.

Remark 1.1.2. We have deliberately not discussed the coefficient rings over which the above theories
are defined. As stated what we have described is approximately correct when one works over rings
of characteristic two. The theory also works over different characteristic, as long as the Lagrangians
satisfy certain additional hypotheses which will be discussed later on.

Another important technical detail which we haven’t mentioned is that in our entire discussion



1.1. History and context 16

of monotone Floer theory above one must assume that all Lagrangians have minimal Maslov number
at least 2. Monotone Lagrangians which bound discs of Maslov index 1 are in general inaccessible
to current Floer-theoretic techniques due to compactness issues for the spaces of trajectories used in

the definition of the theory. /

1.1.2.3 Lagrangian topology

Given a symplectic manifold (M, ®), even a very simple one, the task of determining the topology of
all of its compact Lagrangian submanifolds is extremely difficult. Note that by Darboux’s theorem,
every compact n-manifold which admits a Lagrangian embedding in C" also admits one in every
symplectic manifold of dimension 27, so it makes sense for one to study this local question first.

However, even for (C", wygq), classifying the topological type of Lagrangians quickly becomes
intractable. Already for n = 2, where one can still rely on the complete classification of closed
surfaces, the question turns out to be very hard and its answer is somewhat surprising: the only
closed surfaces which admit a Lagrangian embedding in (C?, ®y4) are T2 and connected sums of
the form (RIP2)**+2) for k > 0 ([Giv86], [Aud88], [She09], [Nem09]). Moving one dimension up
to C3, one already sees why it is not reasonable to expect strong topological classification results in
higher dimensions without imposing simplifying assumptions. A well-known result of Gromov and
Lees ([Gro71], [Lee76]) says that any compact n-manifold L whose complexified tangent bundle is
trivial admits a Lagrangian immersion in C". Polterovich ([Pol91]) developed a surgery technique to
eliminate the double points of such an immersion, thus showing that for some integer k the connected
sum L#(S' < §"1#k of L with k copies of the twisted S"~!-bundle over S! admits a Lagrangian
embedding in C". Moreover, if n is odd, one can use the product S! x §"~1 instead of the twisted
bundle. Finding lower bounds for the number k is an interesting problem which was posed by
Polterovich and was addressed in recent work of Ekholm-Eliashberg-Murphy-Smith [EEMS13].
One of their results is that in dimension 3 one can always take kK = 1 and so, if L is a closed,
orientable 3-manifold then L# (S! x §?) admits a Lagrangian embedding in (C3, yq)®

In light of these facts, if one wants to find meaningful restrictions on the topology of a closed
Lagrangian L C C?, it makes sense to ask for L to be a prime 3-manifold, that is, one which cannot
be expressed as a non-trivial connected sum. This restricted problem was answered completely in a
landmark theorem of Fukaya ([Fuk06, Theorem 11.1]) which states that a closed, orientable, prime
Lagrangian submanifold of C? is diffeomorphic to S' x X for some orientable surface X (the theorem
is sharp since all such products do admit Lagrangian embeddings).

In Fukaya’s work this is a corollary of a more general result about Lagrangian embeddings of
Eilenberg-MacLane spaces ([Fuk06, Theorem 12.1]). The theorem states, roughly, that if an ori-

entable, spin, aspherical Lagrangian L C (M, w) is displaceable, then 7; (L) contains a non-trivial

6 Recall that closed, orientable 3-manifolds are parallelisable ([Sti35]), so by the Gromov-Lees theorem they always admit

Lagrangian immersions.



1.1. History and context 17

element with finite index centraliser. The proof of this theorem is highly technical but the general
idea behind it is to use the boundaries of pseudoholomorphic discs in order to construct classes in
the homology of the free loop space of L and then exploit the deep combinatorial relations that such
classes must satisfy. This combination of holomorphic curve theory and string topology is a powerful
idea which has found many applications in sympletic topology (see e.g. [Vit97], [BCO7a], [Abol1]
and the survey [LO15]). One problem with this approach and what makes Fukaya’s theorem so tech-
nically difficult, however, is that it relies on high dimensional moduli spaces of pseudoholomorphic
curves and transversality and good compactness properties for these are hard to achieve.

Here again the monotonicity assumption can be used to significantly simplify the situation,
while still allowing one to record some homotopy data about the paths traced on a Lagrangian by
the boundaries of holomorphic curves. An important development in this direction is Damian’s
lifted Floer cohomology ([Dam12]; a similar idea appears also earlier in [Sul02]). Using this theory,
Damian showed (among many other things) that, if an orientable, monotone Lagrangian L C (M, ®)
satisfies HF (L,L) = 0 and the odd homology groups of the universal cover of L vanish, then 7; (L)
contains a non-trivial element with finite index centraliser which is the boundary of a Maslov 2
disc. This allows for a simpler proof of Fukaya’s theorem in the monotone case (see [Daml5],
[EK14]), and in addition implies that an orientable monotone Lagrangian in C? is necessarily prime
(and hence, a product). Lifted Floer cohomology has found many other applications in the study of
monotone Lagrangians (some of which we discuss later on) and is one of the central tools we use in
this thesis.

As the above discussion indicates, studying Lagrangians in C" is already a rich and difficult
subject. Moving to other symplectic manifolds, one must impose some conditions which ensure that
the Lagrangians one considers are, in some sense, global.

For example, if one works in an exact symplectic manifold, then it makes sense to try and
classify exact Lagrangians there (this condition forces such Lagrangians to not be contained in any
Darboux ball, by Gromov’s theorem). The most famous problem in this area is Arnold’s nearby
Lagrangian conjecture which posits that a compact exact Lagrangian L in the cotangent bundle
(T*Q, @Wcan) of a compact manifold Q is Hamiltonian-isotopic to the base. The full statement is
only known to be true for Q = S', 5%, RP? and T? ([Hin12], [DRGI16]). The current state of the
art in the general case asserts that the projection w: 7*Q — Q always induces a simple homotopy
equivalence 7|, : L — Q ([AK18], building on [FSSO08], [Abo12], [Kral3]) and is another testament
of the successful interplay between holomorphic curves and loop space methods.

Apart from the exact case, another possibility is to study the topology of monotone Lagrangians
in monotone symplectic manifolds. This is a vast topic and very rich in results but these are inevitably
very specific to the particular symplectic manifold one studies. Thus, rather than trying to give a
general overview, we now discuss some of what is known about the Lagrangians in arguably the

simplest monotone symplectic manifold — and the focus of this thesis — complex projective space.
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1.1.3 Monotone Lagrangians in CP"

The two most well known examples of monotone Lagrangian submanifolds in n-dimensional com-
plex projective space are the Clifford torus 77 and the real projective space RIP". The existence of
the latter already shows that, unlike linear symplectic spaces, CIP" can contain Lagrangians whose
first homology is finite. Such Lagrangians are global in a very strong sense (they cannot be isotoped
to lie in a Darboux ball) and so one can expect that they “see” a lot of the symplectic topology of
CP". This makes them also rather rare: all examples that the author is aware of are homogeneous
spaces and while some of them occur in infinite families, there are many which appear only in cer-
tain dimensions. We now discuss some of the known facts about Lagrangians in CP" with finite
first homology. Note that these are necessarily monotone which makes them perfect ground for
Floer-theoretic explorations.

Given that H (RPP";Z) = Z /2, that is, the smallest non-trivial group, it is natural to ask whether
there exist Lagrangians in CP" whose integral homology vanishes. The answer is “no” and was
first proved by Seidel in [Sei00]. In fact Seidel showed that any Lagrangian L in CP" must have
H'(L;Z/(2n+2)Z) # 0 and, if L is monotone, then its minimal Maslov number must satisfy

I1<N,<n+1.

Note that these bounds are sharp — for each n > 2 there do exist monotone Lagrangians in CP" with
minimal Maslov number 1 (we’ll briefly mention some of these below) and Ngp» = n+ 1. Seidel
further showed that, if H'(L;Z/(2n+2)Z) is 2-torsion (which implies Ny = n + 1), then there is an
isomorphism of graded Z/2-vector spaces H*(L;Z/2) = H*(RP";Z/2). In particular, if L C CP" is
a Lagrangian satisfying 2H; (L;Z) = 0 then L is additively a Z/2-homology RP".

Later, Biran—Cieliebak ([BCO1, Theorem B]) reproved the first part of Seidel’s result by intro-
ducing the important Biran circle bundle construction, which associates to a monotone Lagrangian
in CP" a displaceable one in C"*! and then uses the vanishing of the Floer cohomology of the latter
to constrain the topology of the former via the Gysin sequence. Combining this construction with
the Oh-Biran spectral sequence, Biran ([Bir06, Theorem A]) then reproved the second part of Sei-
del’s result — the Z/2-homology isomorphism — but under the hypothesis that L C CP" is monotone
and of minimal Maslov number n+ 1 (he states the assumption that H;(L;Z) is 2-torsion but only
uses the monotonicity and minimal Maslov consequences)” With the introduction of the pearl com-
plex in [BCO7b], Biran and Cornea gave another proof of these results which was more algebraic in
flavour — rather than using the circle bundle construction, they relied on the action of the quantum
cohomology QH (CP") on HF (L,L) to reach the same conclusions.

All these results lead to a natural question, first asked by Biran and Cornea in [BCO7b, Section

6.2.5], which is still open: for n > 2, is the standard RP” the only (up to Hamiltonian isotopy or, at

7 Note that, in conjunction with the classification of surfaces, this result already shows that for n = 2 the Lagrangian must

be diffeomorphic to RP2.
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least, homeomorphism) Lagrangian in CP" whose first integral homology is 2-torsion?

In dimensions one and two, the answer is as strong as possible: any such Lagrangian is Hamil-
tonian isotopic to RP". This is trivial for n = 1, whilst the n = 2 case follows from recent work
of Borman-Li—-Wu ([BLW14, Theorem 1.3]). In higher dimensions, Damian ([Dam12, Theorem
1.8 ¢)]) applied his lifted Floer theory to the circle bundle construction to show that when 7 is odd
and 2H,(L;Z) = 0, L must be homotopy equivalent to RP". In recent work ([KS18]) Jack Smith
and the author proved that the same is true also for even n and in fact one only needs to assume
that L is monotone with Ny = n+ 1. This completes the classification up to homotopy of monotone
Lagrangians in CP" whose minimal Maslov number is as large as possible.

When one allows the minimal Maslov number to decrease, many more examples appear (still,
the author only knows of homogeneous ones for Ny, > 2). If n is odd, the next-largest value that N,
can take is (n+1)/2.8 In this thesis we study one family of monotone Lagrangians which satisfy
this condition — we call them the subadjoint Lagrangians. There is one infinite sequence of them,
appearing in CP" for each odd n > 5 and five exceptional examples in dimensions n = 3,13,19,31
and 55.

The 3-dimensional example is known as the Chiang Lagrangian, after River Chiang who dis-
covered it as a Lagrangian orbit of a Hamiltonian SU(2)-action on CP3. It is a rational homology
3-sphere with minimal Maslov number 2 and its first homology group is Z /4. The Floer cohomology
of the Chiang Lagrangian was computed by Evans and Lekili in [EL15], where they introduced sev-
eral general techniques for getting control on the holomorphic discs with boundary on homogeneous
Lagrangians! The Chiang Lagrangian and the results of Evans-Lekili will feature prominantly in

this thesis.

Remark 1.1.3. We should mention also that the Chiang Lagrangian belongs to another interesting
family of four Lagrangians, the other three of which however live in different Fano 3-folds. These
are called the Platonic Lagrangians for their connection with the Platonic solids. By generalising
and extending the techiniques of Evans-Lekili, Jack Smith computed the Floer cohomomology of all

Platonic Lagrangians in [Smil5]. /

Letting the minimal Maslov number decrease further still (ignoring the dimensional coinci-
dence that the Chiang Lagrangian had N; = 2), there is another well-studied family of Lagrangians
in CP" — the Amarzaya-Ohnita-Chiang family ([AOO03], [Chi04]). These are actually several re-
lated families, who all have intermediate Maslov number, roughly at the order of /n. Their Floer

cohomology has been investigated in [Iri17], [EL19] and [Smil7].

Remark 1.1.4. The definitive reference for examples of homogeneous Lagrangians in projective

space is the paper [BG0S8] by Bedulli and Gori. There they classify all Lagrangians in CP" which

8 The minimal Maslov number must divide 2(n+1), that is, twice the minimal Chern number of CP”.
9 Here, the word “homogeneous” is used to mean that the Lagrangian is an orbit of a compact group acting on a Kihler

manifold by holomorphic isometries.
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are orbits of Hamiltonian actions of simple Lie groups, including all the examples we mentioned

above. The Floer theory of many of these Lagrangians remains unexplored. /

When the minimal Maslov number is equal to 2, the examples are too numerous to describe.
Topologically, the only Lagrangian in CP? with N; = 2 is the 2-torus but there are infinitely many
Hamiltonian non-isotopic monotone Lagrangian tori (see [Vial6] and the references therein). More-
over, given any orientable, monotone Lagrangian L C CP", one can obtain a monotone Lagrangian
lift L. C CP**! with N; =2 by a careful application of the Biran circle bundle construction ([BC0O9Db,
Section 6.4]). The same is also true if one starts with a Lagrangian contained in a quadric hypersur-
face in CP"*! — see [OU16] for many explicit examples.

Finally, as we mentioned earlier, Lagrangians of minimal Maslov number 1 are not amenable
to Floer theory and consequently very little is known about them in general. However, already in
CP? there is a surprising example of a monotone Lagrangian with N, = 1. It is diffeomorphic to
(RPZ)% and was constructed by Abreu and Gadbled in [AG17]. To produce examples in higher
dimension, one can again rely on the circle bundle construction. Indeed for any non-orientable,
monotone Lagrangian L C CP", the associated lift I, € CP"*! is also monotone and has minimal
Maslov number equal to one.

We have undoubtedly forgotten to include many examples but hopefully the above discussion
illustrates the great variety which is present among monotone Lagrangians in CP". We end this
section by mentioning one general result on the topology of such Lagrangians. The theorem in
question is due to Simon Schatz ([Sch15]) and states that if L C CP" is an orientable monotone
Lagrangian whose universal cover has vanishing homology in odd degrees, then N;, = 2 and m; (L)
contains a non-trivial element with finite index cetraliser (the actual result in [Sch15] is much more
general and applies to monotone Lagrangians in many other Kihler manifolds besides CP"). The
proof is based on a combination of the Biran circle bundle construction with lifted Floer theory and

the “neck-stretching” arguments from [BK13].

Remark 1.1.5. The above-cited theorem of Schatz implies, for example, that any monotone La-
grangian torus in CP" has minimal Maslov number equal to 2. This result was already proved
by Damian in [Dam12, Theorem 1.6], but in fact nowadays something much stronger is known: the
statement is true for any Lagrangian torus in CP" without the monotonicity assumption. Whether this
is the case was a well known question by Audin, resolved in the affirmative by Cieliebak-Mohnke in

[CM 18] (see also [Fuk06, Theorem 11.4]). /

1.2 Overview of this thesis

1.2.1 A motivating example

Chronologically, the starting point of this thesis lies with two monotone Lagrangians in CP3: real

projective space RP? and the Chiang Lagrangian L. There is one glaring feature which they have in
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common, namely they are both rational homology spheres. Moreover, their first integral homologies
are the smallest ones allowed — isomorphic to Z/2 and Z /4, respectively (recall that H; is not allowed
to vanish and an easy Maslov class calculation shows that, if the first homology of a Lagrangian in
CP3 is finite, then it cannot have odd cardinality). While this should already suggest that there must
be some connection between these two Lagrangians, an even more compelling piece of evidence is
the following equation

24+2=4. (1.1)

Let us explain. In [Joy02], Joyce proposed a conjectural invariant of (almost) Calabi-Yau 3-
folds which counts the number of special Lagrangian rational homology spheres, weighting each
Lagrangian by the size of its first integral homology group. The weighting is needed because,
while special Lagrangians deform smoothly with small variations of the Kéhler metric and holo-
morphic volume form ([McL98], [Joy05]), large variations give rise to wall-crossing phenomena
in which some special Lagrangians disappear (become singular) and others appear in their place.
Joyce conjectures that whenever this happens for special Lagrangian rational homology 3-spheres,
the sum of the sizes of the H;’s of the manifolds counted before and after the wall-crossing oc-
curs should remain unchanged. Something similar happens with Ly and RP3. The Chiang La-
grangian is special Lagrangian in the complement of a discriminantal divisor (the divisor cut out
by the discriminant of a cubic polynomial in one variable). One can then deform this divisor un-
til it breaks up into the union of two quadric hypersurfaces in whose complement live two spe-
cial Lagrangian real projective spaces. Therefore, during the deformation L, undergoes some
kind of surgery and transforms into two copies of RP?. And indeed, by equation (1.1), we have
|Hi (RIP?;Z)| + |H (RP?,Z)| = |H (La; Z)|, as one would expect from Joyce’s conjecture.

As this discussion indicates, Ly and RP? are quite closely related. Their relationship is what
ties the seemingly different parts of the thesis together. More precisely, we investigate the following

three questions:
Question 1. Are Ly and RP? the only Lagrangian rational homology spheres in CP3?

Question 2. What exactly is the relationship between L, and RP3 and are there analogues in higher

dimension?
Question 3. Can L, and RP? be disjoined by a Hamiltonian isotopy of CP3?

We now discuss the research that has spun out of these questions, describe the techniques that

we use and state the main results.

1.2.2 Methods and results

1.2.2.1 High rank local systems

The main tool used in this thesis to infer information about Lagrangian submanifolds is monotone

Floer theory with coefficients in local systems of rank higher than one. The objects we study are
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pairs (L,E) where L is some closed monotone Lagrangian and £ is a local system of R-modules
on L (an “R-local system”) for some commutative ring R (which has characteristic 2 unless L is
also equipped with additional structure like an orientation or a (relative) (s)pin structure). The Floer
complex CF((L°,£°), (L',E")) of two such objects is then generated by the R-linear maps between
the fibres of the local systems living over points in L® N L! (assuming this intersection is tranverse)
and the Floer differential counts the usual pseudoholomorphic strips but uses their boundaries on L°
and L' for parallel transport. This is exactly analogous to the rank 1 case but there is one crucial
difference — if a local system &£ on L has rank higher than one, then even the self-Floer complex
CF((L,&),(L,€)) may be obstructed. This obstruction is governed by an endomorphism mg(E) of
the local system &, which we call the obstruction section. Equivalently, mo(€) can be viewed as a
central element of the group algebra R[7; (L,x)/(ker pg)] where pg is the monodromy representation
of £ at some point x € L. In fact, using the local system &, which corresponds to the regular
representation of 7 (L), one obtains a universal obstruction mg(L,x) € R[m;(L,x)] which is defined
as the sum of boundaries of Maslov 2 pseudoholomorphic discs passing through x (counted with
appropriate signs, if char(R) # 2). The obstruction m(€) is then obtained by reducing mg(L,x)
modulo ker pe.

This is precisely the obstruction observed by Damian in his lifted Floer theory ([Dam12]). The
fact that mg(L,x) is a central element of the group algebra (see [Dam15, Section 1.2] or Proposition
2.2.3 below) provides one with a useful alternative — either mg(L,x) is a multiple of the identity, in
which case lifted Floer cohomology is defined, or there exists an element in 7; (L, x) whose cen-
traliser has finite index and which is the boundary of a Maslov 2 disc. As we saw in section 1.1.3
and will further demonstrate in this thesis, this dichotomy can be used to obtain strong topological
restrictions on monotone Lagrangians, especially in dimension three, where the fundamental group
controls much of the topology of a manifold.

The fact that mo(L,x) is central also allows us to define a new variant of self-Floer cohomology
which we call monodromy Floer cohomology of L and denote HFyon(L;R). While we do not pro-
vide concrete applications of this invariant, we observe that its non-vanishing implies that L cannot
be displaced from itself by a Hamiltonian isotopy, while if HFjon(L; R) is zero, then the Floer coho-
mology of (L,£) vanishes for all R-local systems & on L. In this sense, HFyon is more refined than
the other invariants considered in this text.

The usefulness of the local systems formalism is that it fits well with the established algebraic
operations in Floer theory such as products or the quantum module action. For example, note that
Damian’s lifted Floer cohomology (when it exists) is the same as the group HF (L, (L,&g)) and
so it is a (right) module over the ring HF(L,L). In fact, similarly to the rank one case, one can
enlarge the (monotone) Fukaya category by adding pairs (L,&) with £ of arbitrary rank as objects.
Even when the complex CF((L,£),(L,E)) is obstructed, one can define the endomorphism space

of (L,€) in this bigger category to be the maximal unobstructed subcomplex (that is, the kernel of
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the square of the Floer “differential””), which we denote CF ((L,£), (L,£)). One can do the same for
the hom-spaces between local systems living over different Lagrangians or different local systems
over the same Lagrangian. These subcomplexes are preserved by all the A. operations (again by
the fact that mo commutes with parallel transport maps) and so one obtains a well-defined enlarged
Fukaya category. While passing to the maximal unobstructed subcomplex is certainly very artificial,
there are many cases in which one does not have to resort to doing so, for example, if the minimal
Maslov number of L is greater than 2 or if one chooses an appropriate local system which makes the
obstruction vanish.

In the case of exact manifolds (where there are no obstructions), a similar extended Fukaya
category was used by Abouzaid in [Abo12] to prove that a compact exact Lagrangian with vanishing
Maslov class in a cotangent bundle must be homotopy equivalent to the base. In this thesis we give
some evidence that enlarging the Fukaya category by allowing high rank local systems can also be
useful in the monotone case, even when a Lagrangian has minimal Maslov number 2. In particular,

this technique allows us to give a negative answer to Question 3 (see Theorem E below).

Remark 1.2.1. High rank local systems have also been incorporated in a de Rham model for the

Fukaya category in [Bael7]. /

Remark 1.2.2. There are many other ways in which one can “twist” the coefficients of Lagrangian
Floer cohomology. For example, the pearl complex of a Lagrangian L C M can be defined with
coefficients in the group ring R[H2(M,L)] or the local system whose fibre over each point x € L is
given by R[m;(M,L,x)] (see [BCO7b]). In this way one can record the entire relative homology or
homotopy classes of the holomorphic discs which contribute to the differential, rather than just the
classes of their boundaries. Moreover, keeping track of such homotopy classes of discs is essential
for Zapolsky’s definition of the canonical Floer and pearl complexes, which in turn can be twisted
further using an even more general notion of local coefficients (roughly, a local system on the space
of paths in M with endpoints on L). For these constructions see [Zap15] and [Smil7, Appendix A].
Note however that all of these generalisations apply to the self-Floer complex of a single Lagrangian
and it is not quite clear how to use them for pairs of Lagrangians or, more generally, how to incor-
porate them into the Fukaya category (although the concept of B-fields gives one possibility, see
[Smil7, Section 4.3]). For this reason we confine ourselves to the more standard local coefficient

systems described above. /

1.2.2.2 Lagrangians which look like RIP"

An obvious subquestion of Question 1 is whether RP3 is the only Lagrangian rational homology
sphere in CP? which has minimal Maslov number equal to 4. The general problem of classifying
monotone Lagrangians in CP” of minimal Maslov number 7 4 1 was considered by Jack Smith and

the author in our joint work [KS18], where we prove the following.
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Theorem A (Theorem 3.1.1). Let L C CP" be a closed, connected, monotone Lagrangian subman-

ifold with minimal Maslov number n+ 1. Then L is homotopy equivalent to RP".

Using a result of Livesay ([Liv62, Theorem 3]) about Z/2-actions on S°, this theorem implies
that a monotone Lagrangian in CPP (in particular, a rational homology sphere) of minimal Maslov
number 4 is diffeomorphic to RIP3. In higher dimensions we cannot easily upgrade homotopy equiv-
alence to diffeomorphism since there exist smooth manifolds which are homotopy equivalent but
not homeomorphic to RP" (see [CS76] for the case of dimension four and [HM64] for dimension at
least five). Moreover, even in dimension 3 the question whether a monotone Lagrangian of minimal
Maslov number 4 must be Hamiltonian isotopic to the standard RPP* remains wide open.

The proof of Theorem A resembles that of [Dam12, Theorem 1.8c)] in that we also use lifted
Floer theory with coefficients in Z to get a handle on the fundamental group of L. Unlike Damian
however, we do not invoke the circle bundle construction and instead rely on the algebraic structure
of Floer cohomology, in particular the action of quantum cohomology QH (CP?3). In this thesis we
only give the proof of Theorem A in the case when n is odd. When # is even, the Lagrangian is
non-orientable which makes Floer theory over Z difficult to define. Such a theory was developed
by Zapolsky in [Zap15], where he introduced the so-called canonical Floer and pearl complexes
which are well-defined over an arbitrary ground ring, provided the second Stiefel-Whitney class of
L satisfies a mild vanishing property known as Assumption (O) (see page 93 below). Using Floer
theory over IF,, it is not difficult to show that a monotone Lagrangian in CP>" of minimal Maslov
number 2m + 1 satisfies Assumption (O) and then, using Zapolsky’s theory with Z coefficients, the
proof of Theorem A proceeds much like in the odd-dimensional case (see [KS18]). However, since
the only applications of Theorem A that we need in this thesis are in odd dimensions, we do not give

the full details of the even-dimensional case.

1.2.2.3 Monotone Lagrangians in CIP?

Focusing on dimension three, Question 1 brings us to another more general problem: the topological
classification of monotone Lagrangians in CP3. Note that the minimal Maslov number Ny, of such
a Lagrangian can only take the values {1,2,4}. We have already dealt with the case N, = 4 and, as
we explained earlier, Lagrangians of minimal Maslov number 1 are not amenable to Floer theory,
so we focus on the case N = 2. We prove the following theorem which substantially narrows down
the possible topology that a monotone Lagrangian in CIP? can have (we include the case N; = 4 for

a more complete statement).

Theorem B (Proposition 3.2.1, Theorem 3.2.11 and Corollary 3.2.12). Let L C CP? be a closed,
connected, monotone Lagrangian submanifold. Assume that L is orientable or, equivalently, that its

minimal Maslov number Ny is at least 2. Then Ny, € {2,4} and:

a) if N = 4, then L is diffeomorphic to RIP3;
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b) if N =2, then one has the following exclusive cases:

bl) L is diffeomorphic to a quotient of S° by a discrete subgroup T < SO(4), where T is
either a cyclic group of order divisible by 4 or a product of a dihedral group of order
2K(2n+1) for some k > 2, n > 1 and a cyclic group of order coprime to 28(2n+1);

b2) L is diffeomorphic to S' x S?;
b3) L is diffeomorphic to T3 or the mapping torus of an order 3 diffeomorphism of T?;

b4) L is a non-Euclidean principal circle bundle over an orientable, aspherical surface and

the Euler class of this bundle is divisible by 4.

In particular, if Hy(L;Q) = 0, then either L is diffeomorphic to RP?, or it is one of the spherical

space forms from case bl ).

Let us explain the different subcases of Theorem B b) and where our contribution lies. Our
approach to dealing with this case is similar to the one of [Dam15] or [EK14], namely to use lifted
Floer theory in order to deduce that the fundamental group of the Lagrangian contains a non-trivial
element which has finite index centraliser and which bounds a Maslov 2 disc.

Now note that such information is redundant, if the fundamental group of L is already finite.
These are precisely the manifolds considered in case bl). By the famous Elliptisation Theorem
(proved by Grigori Perelman, see [MTO07]) orientable 3-manifolds with finite fundamental group are
necessarily quotients of S by a discrete group I' < SO(4). Soft observations from the properties of
the Maslov class tell us that H(L;Z) must contain an element of order 4 and then the restrictions on
the group I follow from Milnor’s classification of finite subgroups of SO(4) which act freely on the
3-sphere ([Mil57, Theorem 2]). The only known Lagrangian of CPP? which falls in this category is
precisely the Chiang Lagrangian Ly whose fundamental group is the binary dihedral group of order
twelve.

Now, if the fundamental group of L is not finite, then knowing that 7 (L) contains a non-trivial
element with finite index centraliser is essential for constraining the topology of L. In fact, we can
already infer the existence of such an element by Schatz’s result ([Sch15]) since the odd homology
groups of the universal cover of L vanish. However, we choose to give a different argument (Propo-
sition 3.2.17) which avoids the use of the circle bundle and relies instead on the algebraic structure
of Floer cohomology and the AKS criterion. This approach is essential for dealing with case b4), as
we explain below.

Once one has the existence of a non-trivial element y € m; (L) with finite index centraliser, it is
not hard to show (relying again on some heavy 3-manifold theorems, in particular the Elliptisation
Theorem, the Seifert fibred space theorem and Scott’s rigidity theorem from [Sco83b]) that L must

be a prime and Seifert fibred 3-manifold!® Knowing that L is prime, orientable and has infinite

10 After the first draft of these results was written, the author learned that the same facts (that L is prime and Seifert fibred,
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fundamental group implies that either it is diffeomorphic to S! x S? or it is an Eilenberg-MacLane
space. The first possibility is covered by case b2). Up to Hamiltonian isotopy, there is one known
example of a monotone Lagrangian S' x §? in CP?, constructed as a Biran circle bundle over a
Lagrangian sphere in a quadric hypersurface (see [BC0O9b, Section 6.4] and also [OU16]). The case
of an aspherical L is then split into two subcases as follows.

Case b3) deals with Euclidean manifolds. There are only 6 diffeomorphism types of orientable
Euclidean 3-manifolds and the fact that the loop 7 is the boundary of a Maslov 2 disc allows us to
rule out 4 of them, leaving us with the possibility that L is either a 3-torus or the so-called tricosm —
a T2 bundle over S! with monodromy of order 3. The 3-torus, of course, does embed as a monotone
Lagrangian in CP3, while the tricosm is not known to admit such an embedding but our methods
cannot rule it out.

Finally, the most interesting case is b4). We know that L is Seifert fibred and if we assume
that it is aspherical and non-Euclidean, the fact that ¥ bounds a Maslov 2 disc tells us that the
base of the Seifert fibration must be orientable. To show that this Seifert fibration has no singular
fibres (i.e. that L is a principal circle bundle), we consider the evaluation map ev: Mg (2,L) — L,
where M 1(2,L) is the moduli space of pseudoholomorphic Maslov 2 discs with boundary on L
and one boundary marked point. This is a map from a principal circle bundle over a surface to an
aspherical, Seifert fibred 3-manifold. We use a result of Yongwu Rong ([Ron93]) in order to prove
a crucial lemma (Lemma 3.2.9) which tells us that the degree of such a map must be divisible by
the multiplicities of all singular fibres of the target. A combination of this result, together with
the AKS criterion and lifted Floer cohomology with coefficients in a field of odd characteristic are
then used to finish the proof of Theorem B. There are no known examples of non-Euclidean circle
bundles over aspherical surfaces which admit a monotone Lagrangian embedding in CIP?, however,
in analogy with monotone Lagrangians in C?, it is not unlikely that at least products S' x ¥ could
admit such an embedding.

As is evident, Theorem B does not give a complete answer to Question 1. However, it does rule
out the possibility of embedding an aspherical rational homology 3-sphere as a monotone Lagrangian

in CIP? and leaves only the (still infinite) list of spherical space forms to be considered.

1.2.2.4 The twistor fibration

Our next line of inquiry is motivated by Question 2 and investigates the interplay between the sym-
plectic geometry of CP?"*! and the natural projection IT: CP?>"+! — HP" from complex to quater-
nionic projective space. The map IT is a fibration with fibre CP! and exhibits CP?**! as the twistor
space of HIP", where the latter is viewed as a quaternion-Kzhler manifold. When one equips CP%**!
and HP" with their respective Fubini-Study metrics, IT becomes a Riemannian submersion with to-

tally geodesic fibres which are called twistor lines. We give some more background on the general

Corollaries 3.2.18 and 3.2.19 in this thesis) are proved in Simon Schatz’s PhD thesis [Sch16, Chapitre 5.5].
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theory of twistor spaces for quaternion-K#hler manifolds in section 4.1.1 but for now we focus on

the main question that interests us, namely:
Question 4. How does a Lagrangian L C CP?"*! project to HP"?

Twistor Lagrangians

We mainly concentrate on the most degenerate situation in which the image II(L) is an embedded
2n-dimensional submanifold of HP" and the restricted projection map II|, : L — II(L) is a circle
bundle. It turns out that there is only one way that this can happen which we now explain (cf.
Theorems 4.1.22 and 4.1.23).

Note that the fibres of IT: CP?"+! — HP" are symplectic and so the Fubini-Study form induces
a splitting TCP?"+! =V @ # into a vertical and a horizontal bundle. It is known that the horizontal
bundle defines a holomorphic contact structure on CP?**!, that is, H is locally given as the kernel
of a holomorphic 1-form & such that o A (d@)” is nowhere vanishing. This implies that a maximal
integral manifold of H is a complex manifold of complex dimension n. The projective varieties
of complex dimension n which are everywhere tangent to H are called Legendrian subvarieties
of CP>"*! and have been extensively studied (see e.g. [Buc09] and the many references therein).
Their projections to HIP" are known as (immersed) superminimal surfaces, if n = 1, and (immersed)
maximal totally complex (MTC) submanifolds, if n > 2. These objects have also been the subject of
a lot of research, starting with the celebrated paper [Bry82] where Bryant showed that every compact
Riemann surface ¥ admits a conformal and (super)minimal immersion in HP' = $* by exhibiting an
embedding of ¥ into CPP3 as a Legendrian curve. For results on MTC submanifolds in HP" for n > 2
(and more general quaternion-Kahler manifolds) see for example [Tsu85], [Tak86], [AMO5] and the
references therein.

Here is how this story relates to symplectic geometry. Since the fibres of I are isometric
to round spheres, one can associate to each point x € CP?"*! its opposite equator, defined as the
geodesic circle in the twistor line through x which is at maximal distance from x. It turns out that,
if one applies this procedure to each point on a smooth Legendrian subvariety, one obtains an im-
mersed, minimal Lagrangian submanifold of CP?**!. We call this phenomenon the Legendrian —
Lagrangian correspondence. It has been observed under different guises by many authors: for exam-
ple, in dimension n = 1 it appears in [BDVV96] but also implicitly in [Eji86, Section 15]; for n > 2
it is proved in [ET05] and used in [BGP09]. The present author also discovered it independently.

Now, since there are many Legendrian varieties, one can use the Legendrian — Lagrangian
correspondence to obtain a plethora of immersed minimal Lagrangians in CP?"*!. However, if one
wants to construct an embedded Lagrangian this way, the Legendrian variety X C CP?'*! that one

starts with must satisfy exactly one of the following conditions (cf. [AMOS, Definition 5.3]):

1) The restricted projection IT|y : X — HP" is an embedding. If X satisfies this property, we call

it a Type 1 Legendrian variety.
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2) For each twistor line ¢, the intersection X N/ is either empty or consists of two points which

are antipodal on £. In this case we call X a Type 2 Legendrian variety.

Note that these are also the only cases in which the image I1(X) is an embedded submanifold of HIP".
If X satisfies one of these properties, we obtain a corresponding embedded, minimal Lagrangian sub-
manifold Zy C CP?"*! which we call a Type I or Type 2 twistor Lagrangian, respectively. Note that
a minimal Lagrangian in CPP™ is necessarily monotone by a result of Cieliebak-Goldstein [CG04],
so we can use monotone Floer theory to study twistor Lagrangians and, consequently, Legendrian
subvarieties of CP>"+1,

The easiest example of a twistor Lagrangian is the standard RP>"+! C CP?**!. It is of Type 1
and its corresponding Legendrian variety is a linear CIP". With this in mind, we can finally state our

first result on this topic.

Theorem C (Theorem 4.1.29). If X C CP?"*! is a smooth Type 1 Legendrian subvariety, then X is

a linear CP".

This theorem is a rather straightforward consequence of Theorem A, after noticing that a Type
1 twistor Lagrangian in CP?"*! must have minimal Maslov number 27 +2. In the case n = 1, the
result is well-known (for example from the main formula in [Fri84]) and follows from an easy Chern
class computation (see the proof of Theorem 4.1.36). Note that, if one further assumes that X is a
rational curve, one obtains Ernst Ruh’s ([Ruh71]) classical theorem that the only embedded minimal
2-sphere in $* is the equator.!!

Type 2 Legendrian varieties are much more interesting although only a handful of smooth
examples are known and they are all homogeneous (see page 140 or [Tsu85]). There is one infinite
family X(; ,,) = CP' x Q,, € CP?"*3 for m > 1, where Q,, is the (complex) m-dimensional quadric,
and 5 exceptional examples which appear in the projective spaces CP>**! for n = 1,6,9,13 and
27. These Legendrian varieties are well-known from representation theory and are called subadjoint
varieties (see e.g. [Muk98], [LMO02], [BucO8b]). We denote them by X, X4, Xo, X13 and X»7,
respectively. We denote the corresponding twistor Lagrangians by Z(y ,,y and Zi, Zg, Z9, Z13, Z27 and
call them the subadjoint Lagrangians. Note that X(1,m)» X1, Xo, Xo, Xi13 and X7 are homogeneous
for the groups SU(2) x SO(m+2), SU(2), Sp(3), SU(6), SO(12) and E7, respectively.

The variety X; C CP3 is a twisted cubic and Z; is precisely the Chiang Lagrangian (from this
point of view, this space was observed already in [CDVV96] but it was only viewed as a totally real
immersion of 3 into CPP? without mention that the image of this immersion is actually an embedded
Lagrangian). In fact all subadjoint Lagrangians are themselves homogeneous (for the same groups
as the corresponding Legendrian varieties, see [BGP09]) and Z;, Zg, Z9, Z13, Z»7 appear in [BGOS,
Table 1] on rows 6, 11, 7, 16 and 20, respectively.

11t is known that a minimal 2-sphere in $* is necessarily superminimal. See [Bry82, Theorem C].
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We conjecture that the subadjoint varieties are the only smooth Legendrian varieties of Type 2

in complex projective space. Our next result proves this conjecture in dimension one.

Theorem D (Theorem 4.1.36). If X C CP? is a smooth Type 2 Legendrian curve, then X is a twisted
cubic and there exists a linear transformation A € Sp(2) whose associated projective transformation
Fy: CP? — CP? satisfies Fo(X1) = X. Equivalently, if ¥ C §*(1/2) is a smooth, embedded, non-

orientable, superminimal surface, then X is congruent to the Veronese surface.

To prove this result we use Theorem B to show that a Type 2 Legendrian curve must be rational and
then we argue that such a curve must have degree 3 by appealing to a result of Massey about normal
bundles of embedded, non-orientable surfaces in S* ([Mas69]).

From the above discussion, we see that both L, and RP? belong to the family of twistor La-
grangians. In fact, by exhibiting a Legendrian degeneration of the twisted cubic X; to the union of
two Legendrian lines (one of which is double covered in the limit), we give an explicit 1-parameter
family of immersed twistor Lagrangians which interpolates between L, and two copies of RP? (see
section 4.1.6). Note that this is not the wall-crossing phenomenon which we explained in section
1.2.1 because none of the intermediate Lagrangians in our interpolating family are embedded. It
remains an interesting open problem to understand the surgery that occurs when one deforms the

discriminantal divisor in whose complement L, is a special Lagrangian.

General Lagrangians

One can also consider the generic setting for Question 4, that is when the restricted projection
1], : L — HP" is an immersion on some non-empty open set of L. Something that one might
want to know, for example, is whether it is possible for II] ;, to be an immersion at all points of a
compact Lagrangian L. At the time of writing the author has no idea. Relatedly, since the sym-
plectic geometry of CP?**! is completely determined by the quaternion-Kihler structure of HIP", in
principle one should be able to reconstruct the Lagrangian L from just local (tangential and normal)
information on IT(L) C HIP", at least over the images of points where II|; is an immersion. Is there
some natural geometric interpretation of this local information?

We briefly explore this last question in dimension n = 1, in which case we show that a La-
grangian lift of a 3-ball B3 C HP' to CP? corresponds to a unit vector field on B*> which satisfies
a particular differential equation involving the second fundamental form (Proposition 4.2.3). As an
example, we observe that the Clifford torus 73, C CP? projects onto an equatorial $> C $* = HP! and
is encoded by a 1-dimensional geodesic foliation of $* \ {Hopf link} . While the theoretical value
of this observation is probably questionable, it allows us to truly “see” the standard Lagrangian
embedding of the Clifford 3-torus in CIP® — see figure 4.1.

Given a Lagrangian L C CP?"*! one may also want to know what other Lagrangians L’ there are
which satisfy TTI(L') = IT(L). Note that there is an anti-symplectic involution X' : CP?**! — CP?'+!

given by the antipodal map on each twistor line, so we can always choose L' = X (L) (note that
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in the case of Type 2 twistor Lagrangians or the standard Clifford torus TCZI”+1 one has X(L) = L),
but are there any others? We can rule out one obvious potential source of non-uniqueness, namely
Hamiltonian flows which preserve the fibres: we show that any function f: CP?**! — R whose
Hamiltonian vector field is tangent to the twistor lines must be constant (Proposition 4.3.1). On
the other hand, uniqueness certainly fails if the image II(L) is invariant under the action of some
positive-dimensional subgroup of Sp(n+ 1). For example, by translating Tgl using the natural lift of
the rotation action of SO(5) on $* which preserves I1(7)) = S°, we can find a copy of T3, which is

contained in TT~! (%) and passes through any given point there.

1.2.2.5 Non-displaceability

Finally, we address some non-diplaceability problems for the known twistor Lagrangians. We start
with Question 3 — whether L, and RP? can be Hamiltonianly displaced from eachother — which was
first asked by Evans and Lekili ([EL15, Remark 1.6]). In op. cit. the authors computed the Floer
cohomology of L and observed a strange phenomenon: L, is wide in characteristic 5 but narrow
over fields of any other characteristic. In fact, they show something much stronger: by equipping
La with each of the four possible rank one Fs-local systems {B;: € {1,2,3,4}}, one obtains an
object (La, ﬁg) of each of the four summands of the Fukaya category of CPP? over Fs and this object
generates the summand (see [EL15, Section 8]). In particular, L, cannot be displaced from itself or
from the Clifford torus by a Hamiltonian isotopy. However, as Evans and Lekili observed, standard
Floer cohomology (even with rank 1 local systems) cannot be used to address Question 3: it is
well-known that RP? has non-vanishing self-Floer cohomology only in characteristic 2, while the
calculation in [EL15] shows that the obstruction number of L4 is non-zero in this characteristic (even
if L carries a rank 1 local system, see Remark 5.1.7) and so the Floer complex of RP? and L, is
obstructed (recall that Ngps = 4, s0 m(RP?) = 0).

As it turns out, high rank local systems provide a solution to this problem. More precisely,

following a suggestion of Evans, we show:

Theorem E (Proposition 5.1.9, Corollary 5.1.11). There exists an Fa-local system WP on La of
rank 2 such that mo(WP) = 0 and HF*((La, WP), (L, WP)) 2 (F2)*. In particular (La,WP) is a
non-zero object in the enlarged monotone Fukaya category of CP3 over Fy. Since this category is
split-generated by the standard RP3, we have HF*(RP3, (Lx,WP)) # 0 and so RP3 and Ly cannot
be disjoined by a Hamiltonian diffeomorphism of CP3.

The first part of this theorem is proved by an explicit calculation using the Biran-Cornea pearl
complex and the enumeration of holomorphic discs with boundary on L from [EL15]. It is a the-
orem of Tonkonog [Tonl18, Proposition 1.1] that for every positive integer m the Fukaya category
of CP™ over I, is split-generated by RIP” and his proof still applies when one allows Lagrangians
with high rank local systems as objects. Applying this to dimension m = 3, we obtain the desired

non-displaceability.
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As far as the author knows, Theorem E is the only result to date, where high rank local sys-
tems are used in order to turn a Lagrangian with vanishing Floer cohomology over a field of given
characteristic into a non-zero object of the respective Fukaya category. However, Jack Smith has
constructed some examples of monotone Lagrangians in products of projective spaces which are
narrow over any field and with any local system of any rank, yet their Floer cohomology becomes
non-zero when one deforms the differential by a so-called B-field — see [Smil7, Theorems 2 and 3].

Our last result concerns the other subadjoint Lagrangians. One can show (Lemma 4.1.30)
that a Type 2 twistor Lagrangian Z in CP?"*! has minimal Maslov number n + 1. In particular, if
n > 2, there are no obstructions for Floer cohomology with high rank local systems. Moreover, if
X C CP?"*! is the Type 2 Legendrian variety associated to Z, then Z is double-covered by the circle
bundle S(Ox(2)). Applying lifted Floer theory for this cover to each of the orientable subadjoint

Lagrangians, we show:

Theorem F (Proposition 5.2.2, Corollary 5.2.3). Let Z denote any of the subadjoint Lagrangians
Z(12k)» Zo, Z15 or Zy7 and let dz denote the dimension of Z. Then HF*(Z,Z;F,) # 0 and so Z
cannot be displaced from RP% or TCdlZ by a Hamiltonian diffeomorphism of CPY. Moreover, Zs

split-generates the Fukaya category F(CP31;F,), where Ty denotes the algebraic closure of .

This theorem is proved by considering the Oh-Biran spectral sequence which converges to the
lifted Floer cohomology of Z corresponding to the double cover S(Ox(2)). The F,-cohomology of
each such cover can be computed easily from that of the subadjoint variety X, which in turn is known
(IMT91]). A dimension count (which does not work for the non-orientable subadjoint Lagrangians
Z(1k+1) and Zg) shows that the spectral sequence cannot converge to zero. The non-displaceability
claims then follow from Tonkonog’s theorem [Ton18, Proposition 1.1] and the fact that the Fukaya
category of projective space (over any characteristic) is split-generated by a full subcategory whose
objects are different rank one local systems on the Clifford torus (see e.g. [EL19, Corollary 1.3.1]).
Finally, the fact that Z;5 split-generates the Fukaya category of CP3! over IF, follows from [EL19,
Corollary 7.2.1] and is related to the fact that the minimal Chern number of CP3! is 32 which is a

power of 2 = char(IF, ).

1.2.3 Structure of the thesis

Chapter 2 is devoted to establishing the machinery that we use throughout the thesis, namely mono-
tone Floer theory with high rank local systems. Virtually all concepts and results there (apart maybe
from the monodromy Floer complex and its properties) are well-known to experts but we present
them in some detail since they haven’t appeared in the literature quite in the form that we need.
Section 2.1 recalls the basic definitions of monotonicity and local systems and establishes notation.
In section 2.2 we spell out the definition of Lagrangian Floer cohomology with local systems and the
properties of the obstruction, while section 2.3 is devoted to some of the algebraic properties of the

theory and, in particular, explains how to add Lagrangians with high rank local systems to the mono-



1.2. Overview of this thesis 32

tone Fukaya category, mimicking [Abol2]. Section 2.4 discusses some the same concepts from the
point of view of Biran and Cornea’s pearl complex. The reader familiar with monotone Floer theory
is invited to skip chapter 2 altogether and refer to it only for some of the notation which is used
throughout the thesis. The monodromy Floer complex and some of its properties are discussed in
sections 2.2.3 and 2.4.3 in the Hamiltonian and pearly models, respectively.

In chapter 3 we prove our results on the topology of monotone Lagrangians in CIP". The chapter
begins with a short discussion of Floer theory in characteristic other than two, followed by section 3.1
which is based on joint work with Jack Smith and contains the proof of Theorem A in the orientable
case. Section 3.2 is devoted to Lagrangians in CP?. The necessary background on 3-manifolds is
discussed in section 3.2.1, while the proof of Theorem B is confined to section 3.2.2.

In chapter 4 we study the fibration CP>"+! — HIP" with the main results on twistor Lagrangians
contained in section 4.1. After a short discussion of the general theory of quaternion-Kéhler mani-
folds and their twistor spaces, we prove the Legendrian-Lagrangian correspondence for CP?**! in
section 4.1.2. This section is written mostly for the author’s benefit, since all results there are either
explicit checks of well-known facts, or are contained in the paper [ET05]. It is followed by section
4.1.4 which contains the proof of Theorem C and section 4.1.5 in which we describe some topo-
logical properties of general Type 2 twistor Lagrangians. In section 4.1.6 we focus on dimension 3,
describe the splitting of L, into two RIP*’s and give the proof of Theorem D.

The last two sections of chapter 4 are completely independent from the rest of the thesis. Section
4.2 has a somewhat exploratory nature and describes the local correspondence between Lagrangians
in CP3 and vector fields on their projections to $* = HP!, giving the Clifford torus as an example.
In section 4.3 we prove the non-existence of non-trivial vertical Hamiltonian flows on CP2**1,

Chapter 5 contains our Floer cohomology calculations for the orientable subadjoint La-
grangians. In section 5.1 we prove Theorem E with the help of many pictures. The final section
5.2 contains the proof of Theorem F.

The thesis ends with two appendices. Appendix A contains calculations in stereographic coor-
dinates for §%, needed in section 4.3. In appendix B we give a classification of the representations of

71 (La) over F which are used for calculations with local systems in section 5.1.5.



Chapter 2

High rank local systems in monotone Floer

theory

One mathematician to another:
— Hey, what kind of dog is that?
— Oh, that’s just a kernel from the opposite category of

Spanish dogs.!

2.1 Preliminaries

2.1.1 The Maslov class and monotonicity

The main subject of this thesis are monotone Lagrangian submanifolds of monotone symplectic
manifolds. Thus we begin with a quick overview of the Maslov class and the monotonicity condition
and make some general topological observations. In this section all homology and cohomology
groups are considered with Z coefficients, unless explicitly specified otherwise.

Let (M,J) be an almost complex manifold of real dimension 2n and let L C M be a properly
embedded totally real submanifold of dimension n. Then we have an isomorphism 7L ® C = TM|,
and so the bundle ARTL is naturally a rank 1 real subbundle of AFTM|,. The bundle pair
(ALTM,ARTL) over (M, L) is then classified by a map

¢:(M,L)— (BU(1),B(Z/2)),
where we view the pair (BU(1),B(Z/2)) as
B(Z/2) = RP” = Grg(1,R*) <% Gre(1,C%) = CP* = BU(1).

Recall that the cohomology H*(CP*) is a polynomial ring, generated by the unique element ¢; €

H?(CP*) which pairs to 1 with the image of the fundamental class of CP! under the inclusion

t’s a co(c)ker spaniel.
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CP! — CP™. Its pull-back under ¢ is the first Chern class ¢ (TM). We are now interested in a related
relative class in H?(CP~,RP*) which will be characteristic for the bundle pair (ALTM,ALTL).

Note that the inclusion map (CP?, RP?) < (CP*=,RP*) induces an isomorphism on second
relative homology and it is not hard to check that H> (CP?, RIP?) 22 Z, for example by observing that
the disc {z € C : Im(z) > 0}U{eo} — CP?, z+— [1:0: 7] defines a non-torsion (positive symplectic
area) class in Hp(CP? RP?) whose boundary generates H; (RP?). Thus H,(CP*, RP*) 22 Z and so
H 3((C]P’°°,RIP’°") is torsion-free. Using this and the long exact sequence in cohomology for the pair
(CP~,RP*) we see that H>(CP>,RP*) is isomorphic to Z and that its generator maps to 2c; in
H?(CP*). This generator is called the Maslov class, and we denote it by u. Its pullback yy =
¢*u € H*(M,L) via the classifying map is the Maslov class of L. It is clear from this description
that, if j*: H>(M,L) — H*(M) is the natural restriction map, then

7 (ur) = 2¢1(TM). 2.1

We will write Iy, : Ho(M,L) — Z and I.,: Hy(M) — Z for the group homomorphisms given by
pairing with yy, and ¢ (TM) respectively. We call /,;, the Maslov homomorphism and /., the Chern
homomorphism.

Recall also that the cohomology H*(RP*<;Z/2) is isomorphic to Z/2[w;], where w; €
H'(RP>;Z/2) is the unique non-trivial element. By definition wy(TL) := ¢*w is the first Stiefel-
Whitney class of L. Now observe that since y restricts to 2¢; in H>(CP*;Z), its mod 2 reduc-
tion fi restricts to zero in H?(CP>;Z/2). Hence the coboundary map induces an isomorphism
0*: H'(RP>;Z/2) — H*(CP*,RP*;Z/2), i.e. 9*w; = fi. Pulling back by ¢, we see that the mod

2 reduction of yy equals d*w;(TL). Hence, for any class A € H»(M, L), we have the congruence
(w1 (TL),dA) =1, (A) mod2, (2.2)

which tells us that if L is orientable then I, has image in 2Z. Conversely, if I,,, (H2(M,L)) < 27
and the boundary map d: H,(M,L) — H;(L) is surjective (e.g. if H; (M) = 0), then L is orientable.

Now let H? (M, L) and H5 (M) denote the images of the Hurewicz homomorphisms
ﬂz(M,L)—)HQ(M,L) and ﬂz(M)—)HQ(M)

and let j.: Hy(M) — Ho(M,L) be the natural map. Define the integers NF, N7, N7 and N!I
to be the non-negative generators of the Z-subgroups I, (H? (M,L)), 1., (H»(M,L)), I, (H5(M)),
I, (H2(M)), respectively. Using (2.1) and the fact that j.(H5 (M)) < HP (M, L), it is easy to see that

there exist non-negative integers kr,, kys, mz, my such that:
NF =kgNH, NE =kyN2T, 2N =mgNF, 2NHE =myNE.

In the literature on holomorphic curves, the numbers Ny, and N are usually the ones referred

to as the minimal Chern number of M and the minimal Maslov number of L, respectively. This
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can potentially cause confusion since these numbers are not the same as NAI,’I and Nf in general.
However, if M is simply-connected (for example, if it is a projective Fano variety—see [Bes08,

Theorem 11.26]), then these numbers coincide. Indeed, we have the commutative diagram

77:2(M) —_ ﬂz(M,L) —m (L) —

1
HJM) — Hz(}/faL) — HI\L') — (l)

in which the third vertical arrow is a surjection by Hurewicz. If M is simply connected, then the first
vertical arrow is also a surjection, again by Hurewicz, so H5 (M) = Hy(M). A diagram chase in the
spirit of the 5-lemma (or alternatively, noticing that 7; (M, L) = 0 and applying the relative Hurewicz
theorem) then shows that the second vertical arrow must also be a surjection, i.e. H?Y(M,L) =
H?(M,L). Thus NT, = NIl and N = N In this case there is therefore no ambiguity, and we denote
the common values simply by N,; and Ny, respectively.

Consider now the case when (M, ®) is symplectic and L is a Lagrangian submanifold. Then L
is totally real with respect to any almost complex structure compatible with the symplectic form and
we denote by u; € H*>(M, L) the corresponding Maslov class. In this setting we also have the area
homomorphisms 1: Hy(M) — R, Iy 1 Hy(M,L) — R given by integration of the symplectic form.

The manifold (M, ) is called monotone if there exists a positive constant A such that

Toluson = 22 Ay s ) -

For example, (CP", wps) is monotone with A = 7/2(n+ 1) when the Fubini-Study form is nor-

malised so that a line has area 7. In turn, the Lagrangian submanifold L is called monotone if

Totluprr) =2 Tl o)

for some positive constant A’. Note that if I | HS (M) = 0 then (2.1) implies that a monotone La-
grangian can only exist if M itself is monotone and A’ coincides with A.

Suppose now that I, and 241, agree on the whole of H>(M) (e.g. if M is monotone and
simply-connected) and that the image dH? (M, L) < H; (L) is torsion (e.g. if H' (L) = 0). Then L is
automatically monotone. Indeed, in that case for any element A € H2D (M, L), there exists a positive

integer k such that d(kA) = 0 and so kA = j.v for some v € Hy(M). Then from (2.1) we have

2
2 1o(d) = X100 (4). 23)

kIHL (A) = 2ICl (J*A) = 2 2

The concept of monotonicity extends to pairs of Lagrangian submanifolds (see [P0z99, Section
3.3.2]). Given two Lagrangians L, L! in M, the area and Maslov homomorphisms can be evaluated
on (homotopy classes of) continuous maps u: ' x [0,1] — M with u(S' x {0}) C L° and u(S' x
{1}) C L. For the area homomorphism this evaluation is just integration of @, while for the Maslov

homomorphism it corresponds to pairing ¢; 1 with the relative fundamental class [S' x [0,1]] €
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H?(S' % [0,1],8' x 2[0,1]), where ¢, : (S' x[0,1],S" x 9]0, 1]) — (CP*=, RP*) is the classifying map
for the bundle pair (u*ALTM, ulg {0} A%TL0 U ulg {1} AﬁTLl). We denote these extensions by
Iy z0 11 and I, o 1 respectively. Then we call (L°,L') a monotone pair of Lagrangians if I, ;0 ;1 =
Al o0 11 for some positive constant A. It is not hard to see that if (L° L") is a monotone pair, then
each of the two Lagrangians is monotone (with constant A) and the pair (y/(L°), L") is monotone for
any Hamiltonian diffeomorphism y: M — M. Another useful fact is that if L° and L! are monotone
Lagrangians and for at least one j € {0, 1} the image of 7; (L/) in 7r; (M) under the map induced by
inclusion is trivial, then (LO,LI) is a monotone pair (see [Poz99, Remark 3.3.2], [Oh93, Proposition

2.70).

2.1.2 Local systems

We now set up some notation and recall the basics of local systems. Let R be a commutative ring (in
this thesis R will be either Z or a field) and L be a smooth manifold. A local system of R-modules,
or an R-local system on L is a functor £: I L — R-mod, where I1;L is the fundamental groupoid
of the manifold L and R-mod is the category of (left) R-modules. If we want to emphasize which
ground ring we are working on, we will write EX.

More concretely, an R-local system on L is an assignment of an R-module &, for each point
x € L and an isomorphism Py: &,y — &(y) for each homotopy class y of paths in L with source s(y)
and target ¢(y), in a manner which is compatible with concatenation of paths. As is customary, we
call these isomorphisms parallel transport maps. In case the R-module &, is free for some (hence
every) x € L, its rank is called the rank of the local system £.

In analogy with vector bundles, we will sometimes write £ — L to denote such a local system,

the notation being a shorthand for the map

[ ]& — L

veEE, — X

Similarly, by a section : L — £ we mean a section of this map. We will call such a section parallel
if for every path y on L one has Py(c(s(y))) = o(¢(7)).

As with vector bundles, one can add, dualise and take tensor products of local systems on
the same space in the obvious way. One notational point we want to make is that given two local
systems 0, £ on L, we will write #2:,.(£°,E") for the local system given by #24.(E0,EY), =
Homg (€Y, E]) and Hom(E2,E") for the space of morphisms of local systems between £° and £, that
is, the space of natural transformations between the two functors. Similarly for &«/(£) and End(€).
Observe that an element of Hom(EY, ) is the same thing as a parallel section of #2.-(E%,E), so
we will use these notions interchangeably.

A local system of R-modules on L is essentially the same data as a representation of the funda-

mental group of L. More precisely, let x € L be a point and write IT; (L,x) for the full subcategory
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of IT; L with x as its only object. Then, since L is path-connected, the inclusion IT; (L,x) < ITjL

induces an equivalence of categories and so we get an equivalence
Fun(IT; L, R-mod) ~ Fun(IT; (L,x),R-mod) = R[x; (L, x)°PP]-mod. (2.4)

Note that our conventions are such that concatenation of paths will be written from left to right,
while compositions of maps, as usual, from right to left. Since this can cause headaches in explicit
computations, let us spell-out concretely how the above equivalence plays out in practice. Given
two points x,y € L we write IT;L(x,y) := Homp, 1 (x,y) for the set of homotopy classes of paths
connecting x to y. To go from left to right in (2.4), one can associate to each local system & — L,
a right representation of the fundamental group 7 (L, x), by considering the action of IT;L(x,x) &
71 (L, x)OPP on the fibre &,.

To go the other way, suppose we are given a representation p : 71 (L,x)°PP — Autg(V) for some
R-module V. For each point y € L choose an element &, € IT; L(x,y) with &, equal to the constant

path. We will call these identification paths. Now define a functor £ : I1;L — R-mod by putting

Ely) = V Vyel

E(y) = pley v-€;') VYEML(yz) VyzeL (2.5)

It is easy to check that this is indeed a functor and that any similar functor defined by a different
choice of identification paths is canonically isomorphic to the above.

Local systems were introduced as coefficients for (cellular) (co)homology by Steenrod in
[Ste43] and then Eilenberg extended the definition to singular (co)homology (see [Eil47, Chapter
5]). Given a local system & — L we will write H*(L; ) to denote the singular cohomology of L with
coefficients in £. We will not give the general definitions here, since we don’t actually need any of
the details. However, in the cases we consider L will be a smooth manifold and we will often use a
Morse model for computing H*(L; ), so let us now briefly sketch that construction.

Let 9 = (f,g) be a Morse-Smale pair of a smooth function and a Riemannian metric on L. We
denote by Crit(f) the set of critical points of f and for each x € Crit(f) we write ind(x) for the index
and W(x), W¥(x) for the ascending and descending manifolds of x, respectively. If the ground ring
R does not have characteristic 2, we also choose an orientation for W¢(x) for each x € Crit(f). The
Morse cochain complex with coefficients in £ is then defined to be

CHLE)= P & (2.6)

xeCrit(f)
ind(x)=k

Given x,y € Crit(f) with ind(x) = ind(y) + 1, we write £(x,y) := W¢(x) "\W¢(y) for the set of
downward gradient flowlines of f, connecting x to y and £(x,y) for the quotient of £(x,y) by the

natural R-action. To every element y € £(x,y) we can associate two pieces of data:

1. an element in IT;L(x,y), which we also denote by 7,
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2. asign & € {—1,1}, which is irrelevant if char(R) = 2.

The sign &y is determined as follows. Let ¥ € Li (x,y) be a representative of . Then the Morse-Smale

condition gives the following exact sequence of vector spaces
0 —— Spang (¥(0)) —— Ty)W* (x) — Ty()L/Tyo) W*(y) — 0 2.7

Using the differential of the downward gradient flow of f (and taking limits) we can identify Ty L
with 7yL and Ty o) W*(y) with T,W¢(y). Thus the third term of (2.7) is identified with 7,L/T,W*(y) =

Tde (y) and taking top exterior powers, we see that we have an isomorphism
AT, W (x) = Spang (7(0)) @ AMV LW (y),

Then the sign & is +1 if this isomorphism preserves orientations and —1 if it does not (here
Spang (¥(0)) is naturally oriented by ¥(0)).
Once we have this information, the differential 07 : CHL;E) — C}‘-’Ll (L;€) is defined as fol-

lows: for all y € Crit(f) and all v € &,

7vi= Y  gP'(ve&. (2.8)
xeCrit(f)
ind(x)=ind(y)+1

Standard results in Morse theory imply that (d?)? = 0 and that the resulting cohomology HM*(L; )
is independent of the choice of Morse-Smale pair &. It is shown in [Abol2, Appendix B] that
HM*(L;E) is isomorphic to H*(L;E), the singular cohomology of L with local coefficients in .
While cohomology with local coefficients is in general hard to compute, there are some general
results in cases when the local system arises in some natural geometric way. One such source of
local systems on a space L comes from covers of L. If p: L' — L is a covering space, then to
every point x € L one associates a free R-module 557 . With basis labelled by the elements of p1(x).
Given a path y € IT{L(x,y), the parallel transport map Py sends a basis element corresponding to a
lift & € p~!(x) to the basis element corresponding to (%) € p~!(y), where % is any lift of y with
s(%) = %. We denote the resulting local system by 55. In case L’ is the universal cover of L we

denote the corresponding local system by £X

reg> SiNCe it corresponds to the regular representation of

7 (L) on R[m; (L)]. We will make frequent use of the following fact:

Proposition 2.1.1. ([Hat02, Proposition 3H.5]) Suppose L is a finite CW-complex. Then for all
integers k, H*(L; 55) is isomorphic to H*(L';R), the singular cohomology of L' with compact sup-

port. O

Notation 2.1.2. Sometimes we will use two different local systems &/ — L, j € {0,1} on the same

space. We shall write P; SZ(Y) =& tjm to distinguish between the parallel transport maps. /
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2.1.3 Pre-complexes

Throughout this chapter we will often encounter obstructed candidate chain complexes. We call
these pre-complexes. That is, for us a pre-complex is just an R-module V together with a linear
endomorphism d: V — V (we will ignore any notion of grading for the better part of this chapter).
Given a pre-complex, one automatically has the maximal unobstructed subcomplex V :=kerd? <V
which is now an honest complex. Similarly, by a chain map between pre-complexes (V,d" ), (W,d")
we mean an R-linear map F: V — W such that F od” = d" o F; such a map induces an honest
chain map F: V — W. Finally, a homotopy between two chain maps F,G: V — W is a linear map

H:V — W suchthat Hod” +dV oH = F — G. Observe that if v € V then

@V (H) = dV(F(v)=G(v)~H(d"(v))

= F(d"(v)~G(d"(v)) = [F(d"(v) = G(d" (v)) — H(d" (d"(v)))] = 0.

Thus H induces a map H: V — W which is a chain homotopy between F and G.

2.2 Floer cohomology and local systems

From now on, we let (M, ®) be a symplectic manifold which is closed or convex at infinity. All
Lagrangian submanifolds will be assumed compact, connected and without boundary. In this chapter
we set the ground ring to be R =F, where F is a field of characteristic 2. In particular, we will not
deal with any issues involving orientations (or grading for that matter) for now.

In this section we discuss the construction of a Floer-theoretic invariant HF ((L°,£°), (L', £")),
associated to a monotone pair of Lagrangians (L°,L!) in M, equipped with local systems £° — L°
and &' — L' (of F-vector spaces, according to our standing convention) of arbitrary rank. This
follows the well-known construction of Floer cohomology with coefficients in a rank 1 local sys-
tem, but for higher rank ones, we need to bypass some obstructions caused by Maslov 2 disc bub-
bles. That is, we construct a pre-complex CF*((L?, %), (L',£")) for which HF " ((L°,£0), (L', £Y))
would be the homology of the maximal unobstructed subcomplex. The failure of the differen-
tial on CF*((L°, &%), (L',£")) to square to zero is captured by the so-called obstruction sections
my(E7): LV — &na/(E7) for j € {0,1}. In order to describe the obstruction section in detail, we
concentrate on a single monotone Lagrangian L C M of minimal Maslov number NJ¥ > 2, equipped

with a local system £ — L.

2.2.1 The obstruction section

We begin by making our setup precise and establishing some notation. Let 7 (M, @) denote the space
of w-compatible almost complex structures on M, that is, the space of sections J of End(7M) which
satisfy J> = —Id and such that g;(,-) := @(-,J-) is a Riemannian metric on M. Let D* denote the
standard closed unit disc in C. Given J € J (M, ®), we will be concerned with J-holomorphic discs

with boundary on L, i.e. smooth maps u: (D?,dD?) — (M, L), which satisfy the Cauchy-Riemann
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equation

du+J(u)oduoi=0. (2.9)

Such a disc is called simple if there exists an open and dense subset S C D? such that forall z € S

one has u~!(u(z)) = {z} and d,u # 0. Now let us introduce the following pieces of notation.

o Let 717{ (M,L) denote the set of free homotopy classes of discs with boundary on L. For any

class C € @l (M, L) and any k € Z we set

ME(Ly) = {uecC™(D*dD*),(M,L)) : du+J(u)oduci=0, [u]=C},
Mk, L) = | MOLJ),
Cenf(M,L)
Iy, (C)=k
MEWL) = ME(LJ)/G,
Mk,L;J) = M(k,L;J)/G,

where G = PSL(2,R) is the reparametrisation group of the disc acting by precomposition. We

will write g : MC(L;J) — MC(L;J) for the quotient map.
e We further set
MG (L) = ME(LyJ) xgID?,
Mo (k,LyJ) = M(k,L;J) x G oD?,

where an element ¢ € G acts by ¢ - (u,z) = (uo ¢!, ¢(z)). We shall denote the corresponding

quotient map again by ¢g.
e The above moduli spaces come with natural evaluation maps,
&v: ME(L:J) x OD* > L, &v(u,z) = u(z),
which clearly descend to maps ev: M&l (L;J) — L.

e For any point p € L we then write M§,(p,L;J) and Mo (p,k,L;J) for the set ev=!({p}),
where the evaluation map is restricted to M&l (L;J) and My (k,L;J), respectively. We also

set

MS1(p.Lid) = g5 (M§ (p,L:J)) C ME(L:J) x ID?

Moi(p,k,LiJ) = qg' (Moi(p,k,L:J)) C M(k,L:J) x dD?.

e We shall decorate any of the above sets with a superscript * to denote the subset, consisting of
simple discs. For example //\/lvcv*(L;J) = {u € ./{/IVC(L;J) D uis simple} and ./\/lgl* (L;J) =
MEH(LJ) x 6 OD™
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All these spaces are equipped with the C**~topology which they inherit from C*((D?,dD?), (M, L)).
When there is no danger of confusion we shall sometimes simply write u € Mo 1(p,k,L;J) for
the equivalence class [u,z] = gG(u,z) and du € (L, p) for the based homotopy class of the loop
R/Z — L, s — u(z¢*™).

By standard transversality arguments (see [MS12, Chapter 3]) it follows that there exists a
Baire subset Jeg (L) € J (M, @) such that for all J € Jree(L) and any class C € 7 (M, L), the space
MCE*(L;J) has the structure of a smooth manifold of dimension n -+ I, (C) and the evaluation map
&v: MO (L;J) x dD* — L is smooth. Since the reparametrisation action on MVC’*(L;J ) is free and
proper, one has that M€ (L;J) is a smooth manifold of dimension n+1,, (C) —3 and the quotient map
qc is everywhere a submersion (in particular the map ev: Mgl* (L;J) — L is also smooth). Further
transversality arguments (i.e. the Lagrangian boundary analogue of [MS12, Proposition 3.4.2]) show
that for any smooth map of manifolds F: X — L, there exists a Baire subset Jreg(L|F) C Jreg(L)
such that for every J € Jreg(L|F) the maps F: X — L and ev: Mg, (k,L;J) — L are everywhere
transverse. When X is a submanifold of L and F is the inclusion map we shall write simply
Jreg(L|X). Results by Kwon-Oh and Lazzarini ([KO00, Laz00]) yield that, when L is monotone,
one has M(NF,L;J) = M*(NJ,L;J) and so M(NJ,L;J) is a smooth manifold. An application of
Gromov compactness for holomorphic discs ([Fra08]) then ensures that the manifold M(NJ*,L;J) is
actually compact. In particular if N} > 2 then M (2,L;J) is a compact manifold (possibly empty)
of dimension dim(Mv(Z,L;J) x dD?) —dim(G) = n+2+1—3 = n. Therefore for any p € L and
J? € Jreg(L|p) the manifold My (p,2,L;J?) consists of a finite number of points. We are now

ready to define the obstruction section.

Definition 2.2.1. Let £ be an F-local system on a monotone Lagrangian submanifold L C (M, o)
with NJ > 2. The obstruction section for £ is a section of the local system &.+/(E), defined as

follows. For every point p € L we choose an almost complex structure J” € Jres(L|p) and set

mo(p,E;JP) = ) Py, € End(&)). (2.10)
ueMo,1(p,2,L;JP)

The obstruction section is then

mo(E): L —  End(E)
p = mo(p,E;JP). &

Remark 2.2.2. Note that when & is trivial and of rank one, mg(p,E;J?) is just the F—degree of the
map ev: Mo 1(2,L;J7) — L. /

As stated, the obstruction section appears to depend on the choices of almost complex structures

JP. This is not the case, as the following proposition shows.
Proposition 2.2.3. The following invariance properties hold:

i) Forany p € Land J,J' € Jreg(L|p) one has mo(p,E;J) =mo(p,E:J');
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ii) mo(&) is a parallel section of &»/(E), that is, an element of End(E);
iii) if y: M — M is any symplectomorphism, then for every point p € L, one has

mo(€)(p) = mo(v.E)(y(p))-

These invariance properties are well-known to experts and an explanation which does not even
mention local systems can be found for example in [Dam15]. However, since the obstruction section
is one of the main ingredients to all results in this thesis, we choose to give a more detailed proof

here.

Proof. In the remaining part of this section we prove Proposition 2.2.3. We will make repeated use

of the following lemma.

Lemma 2.2.4. Let C = C°((D?,dD?),(M,L)) equipped with the compact-open topology. Let
y: [0,1] = L be a continuous path and define Cy = {(t,u,z) € [0,1] x C x dD? : y(t) = u(z)}.
Further let v: [0,1] — Cy be a continuous path and write v(s) = (t(s),us,zs). Then the loops

5‘,(0) 2 [0,1] = L, 5v(0) (s) = uo(Zoezm‘y) and 5v(1) 2 0,1] = L,

Y(1(3s)), s €[0,1/3]
8y (5) = qur (a2, e 1/3,2/3]

y((3 —3s)), s€[2/3,1]
are homotopic based at up(z).
Proof. An explicit homotopy is given by H: [0,1] x [0,1] — L,
y(t(3s)), s€[0,r/3],r€10,1]

H(s,r) =14 u, (z,ezmgi%> , s€[r/3,1—r/3],re[0,1]

Y(t(3—3s)),  se[l—r/3,1],re0,1]
Continuity of H follows from that of v and of the evaluation map C x dD* — L. O

To establish part 1) of Proposition 2.2.3, we need to consider a homotopy of almost com-
plex structures, interpolating between J and J'. Let us write C*([0,1], 7 (M, ®)) for the space of
smooth sections J € C*(M x [0,1],End(pr};TM)) such that for eachz € [0,1] one has J, :=J(-,¢) €

J (M, ®). Then standard transversality and compactness arguments imply the following.

Theorem 2.2.5. Suppose L is monotone with N[ > 2 and let p € Land J, J' € Jreg(L|p). Then there
exists a Baire subset Jreg(J,J') C C*([0,1],T (M, ®)) such that for every J € Jree(J,J') one has
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J(0)=J,J (1) =J and if we set
Moi(p2,L:J) = {(A,u,z) €[0,1] x C=((D*,dD?),(M,L)) x dD* : du~+J(A)oduoi=0,

Iy, (u]) =2,u(z) = p} and

MO,I(PaZ,LQj) = /,\\/I/O,l(pvzaL;j)/Ga

then ./,\/lVoJ (p,2,L;J) is a smooth 4-dimensional manifold with boundary. Further, Moﬁl(p,2,L;f)

is a compact 1-dimensional manifold with boundary
IMo1(p,2,L;J) = ({0} x Mo,1(p,2,L;J)) U ({1} x Mo (p,2,L3J"))
and the quotient map qg: ./’\/lv()’l (p,2,L;J) — Mo 1 (p,2,L;J ) is everywhere a submersion. O

From this theorem it follows that the elements of d M ; (p,2,L;f ) are naturally paired up as
opposite endpoints of closed intervals. Let (A,[u,z]) and (A',[«/,Z']) be such a pair with A <A’
(note that A, A’ € {0,1}) and let v: [0,1] — Mo 1(p,2,L;J) be any parametrisation of the interval
which connects them. Choose a lift v: [0,1] — /T/lgo,,l(p72,L;f) of V. Since /K/lvo,l (p,2,L;J) embeds
continuously into C,, (this is notation from Lemma 2.2.4, where we let ¥ be the constant path at p),
we can apply Lemma 2.2.4 to obtain P;, = P,,,. We then have

mo(p,E;J) —mo(p,E;J) = Y P =0,
(A, [uz])€d Mg 1 (p,2,L5T )
because every term in the sum appears an even number of times. This proves part i) of Proposition
2.2.3 and so we are justified to use the notation mg(E)(p) without reference to a specific almost-
complex structure. We adopt this notation and move on to proving part ii).

Let p, g € L and let y: [0,1] — L be any smooth path with y(0) = p, y(1) = g. Then, by what

we explained above about achieving transversality of the evaluation map with any other map, there

exists a Baire subset Jreg(L|Y) C Jreg(L|p) N Jreg(L|q) such that for every J € Jreg(L|Y), the space
Mo (1,2,1:) = { (5,0,2) € [0,1] x M(2,L:J) x OD* : u(z) = ¥(s)}

is a smooth 4-dimensional manifold with boundary. Further, the manifold Mg (y,2,L;J) =

/K/lvql (v,2,L;J)/G is a 1-dimensional compact manifold with boundary
IMo,(1,2,L;J) = ({0} x Mo,1(p,2,L:J)) U ({1} x Mo,1(q,2,L;J)).

Thus again the elements of Mo (p,2,L;J) U Mo.1(q,2,L;J) are naturally paired up as end-
points of intervals. Let N be the number of such intervals and choose parametrisations
Vi,..., i [0,1] = Mo 1(7,2,L;J) and corresponding lifts vi,...,vy: [0,1] — //\/lv071(}/,2,L;J)
with v;(s) = (£(s),ul,z.) such that for all 1 <i < N one has #/(0) <#/(1) (recall #(0),# (1) € {0,1}).
Since MOJ(}’,Z,L;J) embeds continuously in Cy then by applying Lemma 2.2.4 to v;, we obtain
that

P3u6 = P5v,-<1> forall 1 <i<N. (2.11)
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Let Ni, N, € {1,...,N + 1} be such that:

1. forall 1 <i<Nj—1 wehave(0) =0, (1) =0; in this case the loop 8,y is based at p and
lies in the homotopy class du} € m; (L, p); applying (2.11) we have Pa% = Pauli € End(&,) for
all1 <i<N;—1;

2. forall Ny <i <N, — 1 we have #/(0) =0, #/(1) = 1; in this case 8,,() is again based at p but
e il ) - _p-1
now lies in the class y-du) - y~' € m(L, p); applying (2.11) we have Pa% =P, OPau"l oPy €
End(&,) forall Ny <i <N, —1;

3. for all Ny <i < N we have /(0) = 1, #/(1) = 1; then 5\,’.(1) is based at ¢ and lies in the class
duy € m(L,q): by (2.11) this gives Py, = Py,i € End(&;) for all Ny <i < N.

We thus have:
Ni—1 Ny—1

mo(g)(p)—P;l Omo(g)(CI)OPY = Z (P9L¢6+P(9u’i) + Z P31t6
= =N,

Ny—1 N
—1
+P o ( IR (Pauﬁpaug)) 0Py

i=N, i=N,
Ni—1 No—1

—1
= Z (P(9u6+P9u"|)+ Z (P3u6+PY OPau’iOPY)
oy =N,

N
—1
+P o (Z (P9u6+Paul-l)> oP,
1

=N,
= 0.

This concludes the proof of part ii) of Proposition 2.2.3.

Finally, part iii) is an easy consequence of part i). Indeed, we know that we are free to choose
J € Jreg(L|p) to compute mo(E)(p) and J' € Jreo(W(L)|w(p)) to compute mo(y:E)(¥(p)). So
let J be any element of Jree(L|p) and set J' = y,J. Then, almost tautologically, we have that
J' € Treg(W(L)|w(p)) (compatibility with @ is ensured by the fact that y is a symplectomorphism).
It is then clear that mo(y(p), W& Wid) = mo(p,E;J) and this completes the proof of Proposition
2.2.3. O

2.2.2 Definition, obstruction and invariance

In this section we define the pre-complex CF*((L?, &%), (L!,E")) and we see how the obstruction
sections control the failure of the differential to square to zero. To make the exposition more acces-
sible, we first recall without proof some basics of Floer theory.

Let L, L' be two compact Lagrangian submanifolds of (M, ). To keep the explicit connection
to some of the older literature that we rely on, we assume for now that 19 and L' intersect transversely
(we will later drop this assumption in favour of the more modern approach using “Floer data”).

Letting £ — LY and £! — L! be F-local systems, we then make the following definition.
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Definition 2.2.6. The Floer cochain groups of L° and L' with coefficients in the local systems £°
and &' are defined to be
CF*((L°,&°),(L".€") = €D Homg(Ep.E)).
peLOnL!
Where no confusion can arise we will drop L° and L! from the notation and just write CF*(£°,&1).
Given an element a € CF*(£°, &), we write a = ({(@;p)) peronrt Where (a,p) € HomF(é’g, 5[1,) is the

corresponding component of a. &

To define the Floer differential on these groups, we need an additional piece of data, namely a
family of almost-complex structures. Given J € C*=([0,1],J (M, ®)), one defines a J-holomorphic
strip with boundary on L° and L' to be a smooth map u: R x [0, 1] — M which satisfies the Cauchy-
Riemann equation (rewritten here with respect to the global conformal coordinates (s,7) on R x
0,1

d(u) = dsu+J,(u)du=0 (2.12)

and is subject to the boundary constraints u(s, j) € L/ for j € {0,1} for all s € R. The energy of such

a map is defined to be

1
E(u) ::/ /||8Su|\§,1dsdt.,
0 JR

where g;(-,-) = @(J-, -). Note in particular that E(«) = 0 if and only if u is a constant map. Floer
showed in [Flo88c] that the condition E(u) < oo is equivalent to the existence of intersection points
p,q € L°N L' such that lim,_, o u(s,t) = p and lim,_, ;w u(s,t) = q for all € [0, 1]. Thus we have

a partition of the set
M(Lo,L1;J) = {u € C™(R x [0,1],M) : d,(u) =0,u(s,j) €L/ Vs R, je{0,1}, E(u) < oo}
into the sets

M(p,qg:J) = {uecC™(Rx[0,1],M) : d,;(u) =0, u(s,j) L/ VseR, je{0,1},

i u(5:)= .l (o) =g}

Let us write (M, L% L', p,q) for the set of homotopy classes of maps : [0,1] x [0,1] — M
which satisfy ii(s, j) € L/ for j € {0,1}, s € [0,1], 4(0,¢) = p, ii(1,t) = g for all t € [0, 1] and where
the homotopies are required to preserve these conditions. We will write " : m (M, L%, L', p,q) — Z
for the so-called Maslov-Viterbo index (see [Vit87] or [Flo88b, equation (2.6)] for the definition).
Now, any map u € M (p,q;J) has a unique continuous extension to the domain [—oo, 4-c0] X [0, 1]
which defines a class [u] in (M, L%, L', p, ). Thus we have a further partition of each set M (p,q;J)
into sets MA(p,q:J) = {u € M(p,q:J) : [u] =A € m(M,L% L', p,q)}. A coarser partition is
provided by the sets /T/l/(p,q,k;J) = UI%V(M:ICMVA (p,q;J) as k ranges through Z.

The Cauchy-Riemann equation (2.12) implies that for each u € M(p,q;J) one has E(u) =
fu*®. Tt follows that energy depends only the class [u] € m(M,L% L', p,q) and is therefore
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constant on the sets MA (p,q;J) (although a priori not on M (p,q,k;J)). Note also that since
(2.12) is translation invariant in the variable s, there is a natural R-action on MV (LO,LI;J ) pre-
serving the sets MA(p,g;J). Dividing by this action, we set M(L%,L';J) := M(L%,L';J)/R,
M(p.gid) = M(p.giJ) /B, MA(p. i) = M (p,3J) /R and M(p,g,kiJ) = M(p,,koJ) /R

One then has the following theorem of Floer:

Theorem 2.2.7. ([Flo88b] and [Oh93, Appendix],[ Oh97, Theorem IlI])

Let L°, L' be two compact Lagrangian submanifolds, intersecting transversely at the points p,q €
LON LY. Then there exists a Baire subset Jrég (p,q) CC>([0,1],T (M, ®)) such that for every J €
Jrég( D,q) the set M (p,q;J) has locally the structure of a smooth manifold whose dimension near
u € M(p,q:J) equals LY (u). O

In particular, note that each connected component of M (p,q,1;J) is just a point. We would
like to “count” these points and so we need to know that M(p,q,1;J) is a finite set or, in other
words, that it is compact. For this to work, one first needs a version of Gromov compactness for
J-holomorphic strips which in turn requires a priori bounds on the energy. Then one has to analyse
the possible “bubbling” scenarios and rule them out, which in this case means good control on
pseudoholomorphic spheres in M and pseudoholomorphic discs with boundary on Ly or L;. It is
in these aspects that the monotonicity assumption becomes important. In particular, one has the

following theorem:

Theorem 2.2.8. ([Oh93]) If Ly and L, are two monotone Lagrangians intersecting transversely at
the points p,q € LoN Ly, then there exists a Baire subset jr%g (p,q) C jrég (p,q) such that for each J €
Jr%g(p,q) the set M*(p,q;J) is a finite set for every class A € M (M, Ly, Ly, p,q) with Iﬁ/’V(A) =1
Further, if the pair (Lo, L) is monotone, then M(p,q,1;J) is also a finite union of points, i.e. there
are only finitely many classes A € my(M,Lo,L1, p,q) with Iﬁ”v (A) = 1 and MA(p,q;J) # 0. O

We are now ready to define a candidate differential on our cochain groups CF*((L°, &%), (L', &")).
For every u € M(p,q;J) and j € {0,1} we write R [—o0,+oo] — L/ for the paths %{(s) =
u((—1)’s, j) with 1) (=o0) = p = 3, (+e0) and 3 (+e0) = g = ¥, (—0).

Definition 2.2.9. We define a map @/ : CF*(£°,&') — CF*(£°,&") as follows: for all intersection

points ¢ € LN L' and all linear maps & € Homp (€}, £})

J o
d'a = Z Z P%}OaOPYS' &
pel’nL! ue M(p,q,1;J)

Remark 2.2.10. In this definition we are assuming that the time-dependent @w-compatible almost
complex structure J is chosen generically enough so that the above sum is in fact finite. In light of
Theorem 2.2.8 this amounts to asking that J € p.gelonL! Jr%g( P,q), which is again a Baire subset of
C*>([0,1],J (M, ®)) since L° and L' are assumed to intersect transversely and thus in a finite number

of points. /
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We shall see below (equation (2.13)) that we don’t necessarily have (dj )2 = 0 and that the
failure of this to hold is measured by the obstruction sections mo(E7): L/ — &ne/(E7). Thus
(CF*(£°,£"),d’) is a priori just a pre-complex. To bypass the obstructions, we consider the maxi-

mal unobstructed subcomplex.

Definition 2.2.11. We define the central Floer complex of (L°,£%) and (L',£') to be
CF((L°,&%, (LY, &Y, d’) = {ac CF*(£°,€Y) : (d))?a=0}.

We call its cohomology the central Floer cohomology of the monotone pair ((L°,£%), (L', ")) and
denote it by HF “((L°,£9), (L', EY)). &

We shall write HF (£°,E') as a shorthand when the Lagrangians are understood. Further,
if CF"(£9,£") = CF*(£°,€"), we will drop the bar from the notation and call HF*(£°,E") the
Floer cohomology of (L°,£%) and (L!,E'). This is consistent with the standard definition of Floer
cohomology with trivial or rank 1 local systems. Still, this notation only makes sense as long as these
cohomology groups are invariant under changes of J. When the local systems are assumed trivial or
rank 1, this is a well-known consequence of Floer’s continuation map argument. The same proofs
apply to our case just as well. Essentially the only interesting phenomenon which enters the picture
when one considers higher rank local systems is condition (2.13) for (a@’)? = 0, which involves the
obstruction sections mo(£°) and my(E'). To make these statements precise we package them in the

following theorem, consisting mainly of well-known facts:

Theorem 2.2.12. Let (M, ®) be a monotone symplectic manifold and let (L°, L") be a monotone pair
of closed Lagrangian submanifolds with N¥, > 2 for j € {0, 1}, equipped with F-local systems £/ —
L/. There exists a Baire subset Jreg(L°,L') C C=([0,1],J (M, ®)) of time-dependent w-compatible

almost complex structures such that:
A) Forall J € Jreo(LO,L")

i) (well-defined) the map d’ is well-defined;

ii) (obstruction) for every point p € L \L' and every linear map o € Homg (53,8;) one
has

(@) o=aom(E)(p)—mo(E")(p)oa (2.13)

B) (invariance) Let H: [0,1] x M — R be a (time-dependent) Hamiltonian and W, : M — M be its
corresponding flow* Suppose that w (L°) h L' and let J € Jreg(L°,LY), J' € Treg (1 (L°),LY).

Then there exists a chain map of pre-complexes

W CF*((yi(L0), (y1).E°), (L', €M);a” ) — CF* (10,9, (L', £"):d),

2 Defined by the ODE % W; = X; o Y, where ix, ® = —dH; and the initial condition Wy = idy.
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inducing a homotopy equivalence

¥ CT*((wl(LO)’(W1>*go)a (Ll7gl);dj,> - CT*(<L0780)’ (legl);dJ)'

In particular, the isomorphism type of HF * ((L°,£°), (L', E")) does not depend on the choice
of J € Jreg(L°,LY).

Remark 2.2.13. The minus sign in equation (2.13) appears for consistency with later chapters where

we work in characteristic different from 2. /

Remark 2.2.14. By part B), it is clear that if HF ' ((L°,£°), (L',£")) # 0 for some local systems £°,
&' then, for every Hamiltonian diffeomorphism y, one has w(L°) NL! # 0, i.e. L° and L' cannot be
displaced by a Hamiltonian isotopy. /

Before giving a sketch proof of Theorem 2.2.12, we explain a different point of view on the pre-
complex CF*((L°,£%),(L',E");d’) which is particularly useful for understanding the invariance
properties of the cohomology HF ~ and for the construction of the monotone Fukaya category in
section 2.3 below. Let (L°,L') be a monotone pair of Lagrangians, not necessarily intersecting
transversely, in particular we allow L° = L'. A regular Floer datum for (L°,L"), as defined in

[Sei08a, 8)], is a pair (H,J), where

1. H: [0,1] x M — R is a regular Hamiltonian for (L°,L"), i.e. a smooth function whose Hamil-

tonian flow vy, satisfies y; (L%) h L,

2. JeC=([0,1],J(M,®)) is a time-dependent almost complex structure such that the push-

forward (y.J), == (y;).J; defines an element of Jreg (Y1 (L°),L}).

We write

Xy (L0, LY) := {x: [0,1] = M : x(0) € L%, x(1) € L', x(r) = y;(x(0))}

for the set of time-one Hamiltonian chords connecting L° to L!. Given x,y € Xy (L°,L'), a
parametrised Floer trajectory from x to y is a smooth map v: R x [0,1] — M, satisfying the fol-

lowing conditions:
e v(s,j) €L/ fors€Rand j € {0,1},
o limg,_ov(s,t) = x(¢) and lim,_, ;o v(s,#) = y(¢) uniformly in ¢,
e v is a solution of the Floer equation
dsv+Ji(dv—X(v)) =0, (2.14)

where X; is the Hamiltonian vector field of H.
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We denote the space of such maps by 751;1 (x:y;H,J). Quotienting out by R-translations, we have

the space R 1.1 (x : y; H,J) of unparametrised Floer trajectories. Note that we have one-to-one corre-

spondences
wvi(nLt — Ay Lh (2.15)
qa — x4 %0 =y (9)
M(p,g:H,wd) — Ruia(xp:xg:H,J) (2.16)

u o v, vul(s,t) =y (w ! (uls,1)).

In particular, the connected components of R1.1(x : y; H,J) are also naturally manifolds and we can
write Rcliil (x:y;H,J) for the union of the d—dimensional components. Each Floer trajectory v €
Ri.1(x:y;H,J) gives rise to paths 1 € TT;L°(x(0),y(0)), 12 (s) :=v(s,0) and ¥} € IT{L! (y(1),x(1)),
7} (s) := v(—s,1). Using these one can form a pre-complex
CF*((L%,€%),(L"€";H,J):= @  Homg(Eyy),Ely);
x€Xy (LO,LY)

(H.J)

whose differential d acts on an element oo € Homy (& 0<0>,5 yl(l)) by

y

dB) g = Z Z P%ly oqQ oPy?.

x€Xy (LO,LY) veRY,| (xy:H J)

The correspondences (2.15) and (2.16) give an isomorphism of pre-complexes
CF*((wi (L), (y1):E%), (L', EY);a¥) — CF*((L°,£°%), (L', E):H, ). (2.17)

Setting CF " ((L°,£°),(L',£");H,J) to be the maximal unobstructed subcomplex, we get an

isomorphism of cochain complexes
CF (w1 (L), (y1):&%), (L, €1 );a¥) = CF((L°,€°), (L', €"):H.J).

From this point of view, part B) of Theorem 2.2.12 can be strengthened to say that for every pair of

regular Floer data (H,J) and (H',J') there is a canonical (up to homotopy) map of pre-complexes

Wi CFP((L0,€%), (L, ") H'J') — CF*((L°,€°), (L', €"):H ),

which induces homotopy equivalence on maximal unobstructed subcomplexes. In particular, the
isomorphism type of the cohomology HF "((L°,£9),(L',£");H,J) does not depend on the choice

of regular Floer data. Thus the following definition makes sense.

Definition 2.2.15. Let L C M be a compact monotone Lagrangian such that (L,L) is a monotone
pair. Let £ — L, €' — L be F-local systems on L. Then we define the central Floer cohomology of
(L,E°) and (L,£") to be HF " ((L,£%), (L,£");H,J) for some choice of regular Floer datum (H,.J)
for (L,L). ¢
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Remark 2.2.16. There is a small technical subtlety here. For the above definition to work as stated,
we need not only for L to be monotone but also for (L,L) to be a monotone pair. This second
condition can be relaxed as long as in the definition of the pre-complex CF*((L,E°), (L,E'); H,J) we
restrict ourselves to only consider Hamiltonian chords x: ([0,1],2[0,1]) — (M, L) which define the
trivial element in 7; (M, L) (see [Oh93, Proposition 2.10]). However, if the pair (L,L) is monotone,
then the cohomologies of the larger and smaller complexes would agree, since we are free to choose
H sufficiently C'-small, so that all its time-one chords connecting L to itself are indeed contractible

relative L. /
Notation 2.2.17. Given an element of a € CF*((L°,£°), (L', £');H,J), we write a = (@, %)) e a0 (20,01

with (a,x) € HomF(E&O) € l(l)). If we are given local systems } — L%, W — L! and morphisms of

X

local systems F € Hom(V,£%), G € Hom(E!, W), we will write
aoF = ((a,x) oF(x(0))sexyuopry € CF'((L°V).(L',€"):H.J)
and similarly
Goa:=(G(x(1))o(a,x)cxyuoy € CF((L%E), (L', W):H,J). /
We now observe that part ii) of Theorem 2.2.12 allows us to give a more natural descrip-
tion of the central Floer complex which will hopefully explain our choice of name for it. Given

ae CF*((L2,E%), (L', £");H,J), we have that a lies in CF " ((L°,€°), (L',£');H,J) if and only if
2
<<d(H’J)) a, x> =0 for all x € Xy (L°,L"). That is, if and only if

<<d(H’J>>2<a,y>,x> —0

for all x € Xy (L% L'). On the other hand, given x € Xy (L°,L') and o € Hom(é’)?(

yexy(IO.L))

0),5;(1)), the

isomorphism (2.17) translates equation (2.13) into
2
(d<H»J>) o = 000 mo (%) (x(0)) — mo (€M) (x(1)) o, 2.18)
where we have used Proposition 2.2.3 iii). From this we have

(@) tash) = <“vX>O:o<5°><x<0>>—mo<61><x<1>>o<a,x>, x=)
0, x#y

In the notation 2.2.17 this reads
2 0 1
(d(H'j)) a=aomy(E”) —my(E )oa.
Thus a € CF " ((L°,£9), (L', £"); H,J) if and only if

aomy(E) =mo(EMoa. (2.19)
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Note in particular that when L° = L' and £° = £! = £, the pre-complex CF*(£,&;H,J) is unob-
structed if and only if mo (&) is a scalar operator. This condition is always satisfied when £ has rank
1 and this special case of Floer theory with local coefficients is widely used, especially in topics
related to mirror symmetry. On the other hand CF*((L,£°),(L,E");H,J) can be obstructed when
the local systems have higher rank or when £° # £1. It is precisely this point that we will exploit in

chapter 3 to obtain restrictions on the topology of monotone Lagrangians.

For the remaining part of this section we will give sketch proofs of the different parts of Theo-
rem 2.2.12. As mentioned above, for all statements apart from ii) one only needs to translate classical
results to our setting with local coefficients. We shall give the needed references and indicate how
to insert local coefficients in the respective arguments.

Proof of Theorem 2.2.12: We already observed in Remark 2.2.10 that, in order for Theo-
rem 2.2.12 i) to hold, we need to choose J € (), ,c/0ny1 Jr%g(p,q). As we shall see, part ii) of
Theorem 2.2.12 imposes stronger restrictions on J and these will determine the set Jreg(LO,Ll) -
Npgerone! .Z%g (p,q). Let us first introduce some more notation.

If L° and L' are two Lagrangians which intersect transversely, then:

e for every pair of intersection points r,q € L’ N L' we set

B(rg:J):= |J M(rp,1:7) x M(p,q,1:]);

peLOnL!

e for every intersection point ¢ € L° N L! we set
B(gq;J) = Moy, (q,2,LO;Jo) UMo (q,Z,Ll;.ll) UB(q,q;J);
e for any pair of distinct intersection points r,q € L°NL! we set
M(r,q,2;J) .= M(r,q,2;J) UB(r,q;J)
e for any single intersection point ¢ € L°N L' and we set

M(a,9,2:0) = M(9,4,2:7) U B(q:]).

With these notions in place, Gromov compactness and gluing for moduli spaces of strips and

discs yield the following:

Theorem 2.2.18. ([Oh93]) Let (L°, L") be a monotone pair of Lagrangians, which intersect trans-
versely in M and with ij >2 for j € {0,1}. Then for every pair of intersection points r,q € L°nrt
(not necessarily distinct) there exists a Baire subset ._7rgg(r,q) - Jr%g(r, q) such that for every
Je jﬁgg(r,q) one has Jo € TJrea(L°{1,q}), J1 € Trea(L'|{r,q}) and the set M(r,q,2;J) has the
structure of a compact 1-dimensional manifold with boundary. Further 8m = B(r,q;J)
when r # q and dIM(q,q,2;J) = B(q;J). O
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We now set Jreo (L0, L") := Nrgeronr! jrzg(r, q). The proof of part ii) is then confined to the

following proposition:

Proposition 2.2.19. Let J € Jreo (LO,LY). Then for all intersection points g € L° N L' and all maps

o€ Hom]F(é'g,qu) we have

(dj)za:aomo(q,EO;Jo)—mo(q,SI;Jl)oa. (2.20)

Proof. We have:

@’e = ¥ | Y Y PigoacPppl,

relOnL! | pelOnL! ue M(r,p,1;J)
veM(p,q,1;J)

where the dot denotes concatenation of paths. Thus, for every intersection point r the corresponding
element in Homp (9, &) appearing in (d’)” & can be rewritten as

(@) a,r) = ), PpoaoPp, (2.21)

a€B(rq.J)

where for i = (u,v) € B(r,q;J) we define Y2 := %2 -1? and ¥} := ! - y!. One now observes that
whenever r # g we have that the elements in B(r,q;J) are naturally paired-up as opposite ends of
the closed intervals which are the connected components of the compactified 1-dimensional moduli
space M (r,q,2:J). Let {i,i'} C B(r,q;J) be such a pair. It follows (see e.g. [Dam09], Lemma
3.16) that Y2 = yg, €IL%(r,q) and 7! = }/L%, € I1;L' (g, r). Thus we have the identity

PV%O(XOP%(?) :P)’;/ OOCOP},L(I),.

Since all isolated broken strips (u,v) from r to ¢ come in such pairs, every summand in the right-hand
side of (2.21) appears twice, yielding ((d’ )2 o,ry=0.

We now consider the case when r = ¢. In that case the boundary of the Gromov compact-
ification M(q,q;J) is B(q;J). For elements i € B(q;J) \ B(q,q;J) we set 12 = du, y} = g, if
U=uc Mo71(q,2,L0;Jo) and yg =gq, ul =du, if i =u € Mo,(q,2,L";J;). Again the elements
of B(g;J) are paired-up as end points of closed intervals and when {iz, '} is such a pair, we have
v = 7,;/ €TI1,L/(q,q), hence

PVL%O(XOPVL%) 1P;/O(XOP}€/.

Thus Y zep(g.1) Pioao Pyg = 0, again since every summand appears twice. Expanding the left-hand

i

side yields
) PaoaoPy + ) aoby, — Y Pyoa = 0.
u€B(q.q:J) ueMo1(¢,2,L0Jp) ueMo 1(q,2,L' ;)

This can be rewritten as
2
((@))" 0, q) + aomo(q,E%Jo) —mo(g,E'5J1) oot = 0,

which proves the proposition. O
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The proof of part B) is standard and is based on Floer’s original idea of continuation maps. It
is best seen from the point of view of the complex CF*((L°,£°), (L',£1);H,J), generated by linear
maps between fibres of the local systems over start and end points of Hamiltonian chords. Given two
pieces of regular Floer data (H,J), (H',J’) one considers a path of Floer data {(H*,J*)};cg which
agrees with (H,J) when s << 0 and with (H’,J") when s >> 0. Then one studies strips which satisfy

the following version of the Floer equation

Iv+J(hv—X'(v))=0

/3

which is not translation-invariant. The condition NL~ > 2 is used here to establish compactness for

J
moduli spaces of such maps of index 0 and 1. The boundaries of these strips can be used for parallel

transport. Using these, one constructs chain maps of pre-complexes
P CFr((L°,E0), (LY €YYl J) — CF((L°,€°), (L', £");:H,J). (2.22)

Then, considering homotopies of paths of Floer data, one constructs chain homotopies between the
above chain maps and concludes that the map ‘PZ;{J, is independent (up to homotopy) of the choice
of path of Floer data. Finally, one can show that given a triple of Floer data one has that the maps
‘PZ;)JJ, o ‘Pgi;{;,, and ‘PZ;,{ ,» are also chain homotopic. It then follows that WZ}{J/ is always a homotopy
equivalence.

Since the proof does not depend in any way on the rank and/or triviality of the local systems
we refer the reader to [Oh93, Theorem 5.1] (see also [AD14, Chapter 11] for a detailed description

of the same argument for Hamiltonian Floer homology). O

2.2.3 The monodromy Floer complex
In this section we introduce monodromy Floer cohomology. It is an F-vector space HF},,(L;F),
which is canonically associated to a single monotone Lagrangian L and whose non-vanishing implies
that L cannot be displaced from itself by a Hamiltonian isotopy. On the other hand, we will see in
section 2.3 below that if HF,(L;F) = 0, then HF " ((L,£°),(L',£")) = 0 for all Lagrangians L'
and all local systems £ — L, £! — L.

In order to describe HF; (L;IF), we begin again with an F-local system £ on a monotone

Lagrangian L with NJ* > 2. For each pair of points x and y on L we set
Hommon(gmgy) = Span]F{PJ/: E— gy VS HIL(xay)}'

and we write Endmon(€x) = Hommoen(Ex, ). Observe that the space Endmon (Ey) is precisely the
image of F[r; (L, x)°PP] — End(&,) under the monodromy representation. Now let (H,J) be a regular

Floer datum for L. We make the following definition.

Definition 2.2.20. The monodromy Floer cochain complex of £ — L is

CFpon(E:H,J) = @  Hommon(Exo),Ex(r))- O
x€Xy (L,L)
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By Proposition 2.2.3 we know that mg(€) is a parallel section of &.~(E€) and so we have
Pyomy(E)(x(0)) = mo(E)(x(1)) o Py for every y € IT;L(x(0),x(1)). It follows that any element
a€CFj,

mon

(€;H,J) satisfies condition (2.19) and so we have

CFE!

mon

(:H,J) CCF " (£,E:H,J).

Since the Floer differential d*/) and continuation maps ¥’

_p are defined using pre- and post-

composition by parallel transport maps, it is clear that CF},(E;H,J) is in fact a subcomplex of
CF" (€,&;H,J) and that the maps ‘PZ,’JJ, restrict to give chain-homotopy equivalences between mon-

odromy cochain complexes for different Floer data. We then make the following definition.

Definition 2.2.21. The monodromy Floer cohomology of £ — L is defined to be
HFon(€) = H" (CFon(€:H,J),d ")
for some choice of regular Floer data (H,J). &

Remark 2.2.22. By the independence of choice of Floer data, it follows that if HF . (£) # 0 for

some £ — L, then L cannot be displaced from itself by a Hamiltonian isotopy. /

Recall that we use 5&

m (L) on F[m; (L)]. We then make the following definition.

to denote the local system induced by the right regular representation of

Definition 2.2.23. The monodromy Floer complex of L over the field F is

CFon(LiH,J) = CFo (ExegiH ).

We call its cohomology the monodromy Floer cohomology of L and denote it by HF, (L;F). &

The complex CF;;,,(€; H,J) depends in a very limited way on the choice of local system £ — L.

To formulate this precisely we introduce the following notion.

Definition 2.2.24. Let £°,&' — L be F-local systems on L. Let p € L be a base point and for
j€{0,1} let p;: Flm (L, p)°PP] — End(EI{) denote the monodromy representation associated to £/

We say that £ dominates £' if ker py C ker p;. &
We then have the following relation.

Proposition 2.2.25. Let £°,E' — L be local systems on L and suppose that E° dominates E'. Then

there is a surjective chain map

®: CF:

mon

(%H,J) = CF;

mon(gl ;H7J)'
If also E' dominates E°, the map ® is an isomorphism of complexes.

Terminology 2.2.26. The map ® will be called the domination map. /
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Remark 2.2.27. Note that Definition 2.2.24 requires a containment of kernels at the level of group
ring homomorphisms rather than group homomorphisms. This is necessary for Proposition 2.2.25

to hold. See Remark 5.1.12. /

Proof. Let p € L be a base point and write G = m; (L, p)°PP and p;: F[G] — End(élj;) for the mon-
odromy representations. The condition ker pg C ker p; allows us to define for any x,y € L a surjective

linear map

$ry: Hompon (£),€)) —  Hommen(E},E;) (2.23)

PO-Y — P]7'y

To see that this is indeed well-defined, choose paths &, € IT{L(p,x), €,, € II|L(p,y) and use them
to identify Homypop (&] ,5; ) with Endmon(é}é) = p;(F[G]). Under this identification, the map (2.23)
becomes the map po(F[G]) — p1(F[G]). po(g) — p1(g) Vg € G. But this is just the composition

F[G]/kerpo

ker p; / ker py — F[G]/kerpi — p1(F[G]). (2.24)

po(F[G]) — F[G]/kerpy —>

This also shows that the map ¢,y is surjective in general and an isomorphism when ker py = kerp;.
Further, since all maps in the above composition preserve the ring structure, we also have that if

X € Homypon (£2,£%) and Y € Homppen (€2, £0) then

X7y yrrz
¢xz<Y°X) = ‘Pvz(y) © ‘ny(X)- (2.25)

Putting these maps together we can now define

D= P o) : CFon(E:H,J) —= CFon(EVH ) (2.26)
XEX[.I(L,L)
Further, since d#+) involves only pre- and post-composition by parallel transport maps, we

see from (2.25) that ® commutes with the Floer differential. Explicitly, if x € Xy (L,L) and vy €
IT; L(x(0),x(1)) then

A" (@01 (Poy)) Y Y Py oduonn)(Poy)oP p

yeXn(L,L) VER?:I (y:x)

= ) Y Sy (Poy) 0 Duon(t) (Poy) © By(0)x(0) (Pop0)

yeXn (L,L) VER?:I (y:x)

= ) dopn| X PpoRyoPfy

yeXy(L,L) veRY, (yx)
- 9 (d<H J) (POA,,)) .

O

Now, since for the local system 5£g the corresponding ring map preg: F[G] — End(F[G]) is

injective, Sfég dominates every F-local system £ — L and so we have the maps

CF]’::O]’]

(L:H,J) -2 CF;

mon

(§;H,J) — CF " (£,E:H.,J). (2.27)
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2.3 The monotone Fukaya category

The next standard Floer-theoretic construction to which we add local systems of higher rank is the
monotone Fukaya category. A systematic treatment of high-rank local systems for the wrapped
Fukaya category was developed by Abouzaid in [Abol2] where a modified version of the split-
generation criterion (again due to Abouzaid [Abo10]) was used to infer information about the fun-
damental group of exact Lagrangians in cotangent bundles. In the following, we describe how to
construct such an extended monotone Fukaya category and prove appropriate modifications of the
theorems which we require for our application — the AKS criterion and Abouzaid’s split-generation
criterion. We do so following closely the exposition in [Shel16], [BC14], [Abo12] and [Sei0O8a], to

which we refer the reader for more details.

2.3.1 Setup

Given a compact monotone symplectic manifold (M, @) we associate to it an F-linear A., category
F (M) whose objects are pairs (L,E) where L is a compact monotone Lagrangian submanifold with
Ny, > 2 and £ — Lis alocal system of finite rank over IF. The morphism spaces between two objects
are central Floer complexes and the A, operations are defined using counts of punctured, (per-
turbed) pseudoholomorphic discs, with the operation u! being the Floer differential on the central
Floer complex. For simplicity (and since this is what we need for applications) let us only construct
a full subcategory of F(M) with a finite set of Lagrangians £ = {L}. Since we will be counting
pseudoholomorphic curves with many boundary components on different Lagrangians, one needs an
analogue of monotonicity-for-pairs to hold for n-tuples of Lagrangians (this is needed to ensure that
curves with the same Maslov index have the same energy so that one can apply Gromov compact-
ness). Rather than try and formulate what monotonicity for n-tuples might mean, we will assume
that for each L € £, the map t..: m; (L) — m (M) induced by inclusion has trivial image (cf. [BC14,
Assumption (8)]). Under this assumption, the uniform energy bounds hold and the construction of
the Fukaya category can be carried out. We will additionally require the L’ to be orientable although
this condition is only needed for Theorem 2.3.8.

For every ordered pair (L!,L/) (i and j not necessarily distinct) of elements of £ choose a
regular Hamiltonian H%: [0,1] x M — R with corresponding flow w*/ (so wi/(L’) i L/) and then
for every L' choose Jz, € Jre (L'| U; (L' (wi) "1 (L7)) U (w/ (L/) N L1))) (recall that this notation
means that evaluation maps from simple, J;;—holomorphic discs with one boundary marked point
are transverse to L at all start and end points of Hamiltonian chords for the chosen H'/). Complete
H'/ to a regular Floer datum by choosing J¥ € C*([0,1],.J (M, ®)) such that J§ =J;; and J{/ = J;.

We now define the morphism spaces in F (M) to be
homz (L', €"), (1, €7)) = CF (L', &"),(L,£7); HY . JV)

and the first A.. operation yt! to consist of the differentials d#"-/") on all these complexes. Having
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fixed all Floer data, we now drop it from the notation. We shall write X'(L!,L/) for the set of
Hamiltonian chords from L to L/ for the fixed regular Hamiltonian H'/.

The construction of the higher A. operations is well-established, at least in the case of rank
1 local systems (see e.g. [Shel6, Section 2.3], based on the constructions for exact manifolds
from [Sei08a]). In the wrapped setting, higher rank local systems have been described in detail
by Abouzaid [Abol2]. Thus, throughout this discussion we omit a lot of technical details (mostly
from [Sei08a, Section 9]), in particular the fact that Floer and perturbation data can be chosen in
such a way that all moduli spaces which appear are smooth manifolds of the correct dimensions and
admitting the correct compactifications. That this is possible (i.e. that modified proofs from [Sei08a]
apply) is an artefact of monotonicity. The only new observation is that these operations preserve the
central complexes, which we verify in Proposition 2.3.1 below.

Let us now give a brief description of the construction. For every d > 2 and any (d + 1)-tuple

of objects {(L/,E7)}o< j<q there is a linear map
pt: CF (& e ®---@CF (£%&") — CF(£°,&4),

which is defined by counting isolated perturbed pseudoholomorphic polygons with boundary on
the Lagrangians L°,L!,... L? and using their boundary components for parallel transport. More
precisely, let {{o, {1, ..., &} be a counterclockwise cyclicly ordered set of points on dD? which are
labelled either positive (also called incoming) or negative (outgoing). We call each {; a positive,
respectively negative puncture. A choice of strip-like ends for (D?,{p,..., ;) is a collection of
pairwise disjoint open neighbourhoods §; € U; C D?, together with holomorphic diffeomorphisms
gj: RE x[0,1] = U;\ {{;}, satisfying &' (9D* N (U;\ {{;})) = R* x {0,1} and Jlim_g;(s,1) =
where Rt = (0,+o0), R~ = (—o,0) and the choice between the two domains is determined by
whether the corresponding puncture is labelled positive or negative.

Consider an ordered list of objects {(L/,£7) }o< j<4 and Hamiltonian chords xg € X'(L°, L) and
{xj}1<j<as with x; € X (/=1 LJ). Let (D*, &, ..., {4) be as above with § labelled negative and all
other punctures labelled positive and assume one has made a choice of strip-like ends. Then any
continuous map u: D*\ {{o,...,{s} — M, mapping the boundary arc between {; and §;4 to L/

(with §; := {y) and satisfying lirf u(€j(s,t)) = x;(t) uniformly in 7, gives rise to a linear map
§—r =00

—1

et Homg (7, ). €7 1)) @+ & Homa (€ ). €4, 1)) — Homi (€4 ). € 1))

»Cx; »“xg

(0t @ O @+ @ 1) = Ppa 00goPu-100-10---0PyoaoPy, (2.28)

where 72 € TI{L%(x0(0),x1(0)), 1¢ € TI;L%(x4(1),x0(1)) and nf €L/ (x;(1),xj+1(0)), 1 < j <
d — 1 are the compactified images under u of the arcs between {; and ;1 (see Figure 2.1).

For d > 2, we now consider the moduli space of smooth maps u: D>\ {{,..., s} — M as

above which are required to satisfy a suitably perturbed Cauchy-Riemann equation and where the

positions of the points {{p, ..., {;} are allowed to vary up to biholomorphisms of D?. We denote this
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Figure 2.1: The structure maps

moduli space by Ri.4(xo : x1,...,%7) and its k-dimensional component by R’{:d (x0 : x1,...,%q) (for
this to make sense one needs to first make consistent choices of strip-like ends for the universal fam-
ilies R .4 of abstract holomorphic discs with d positive punctures and one negative and then make
choices of perturbation data for these families which is consistent with gluing, ensures transversal-
ity and agrees with the chosen Floer data on the strip-like ends — see [Sei08a, (9g),(9h),(91)]; this
ensures that the connected components of Ry.4(xo : xi,...,%;) are indeed manifolds and admit the
desired compactifications; similar procedures need to be applied to all moduli spaces we discuss in
this section). For the case d = 1, the space R . (x : x1) is just the space of Floer trajectories which

we defined in section 2.2.2. One then defines the A., operations by setting:

pd: CF (7 e @@ CF (£°,£Y) — CF(£°,£%), (2.29)
.ud = Z Z M-
xoeX (L0,14) ueR?:d(xo:xl yeeeXy)

(X1 seeerkg) ENY_ X (L1 LT)

Note that u' is indeed built out of the differentials d# 797) We call an object (L,&) of F(M) es-
sential whenever the cohomology of its endomorphism space H* (hom £ (€, E), u'y=HF"(£,€)

is non-zero. For (2.29) to make sense we need to check the following.

Proposition 2.3.1. Leta;®---®a; € CF (471,69 @ ---@CF " (E%,E"Y). Then u(as®---®ay)
is an element of CF " (£°,£%).
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Proof. Letx; € X (L1, L7), 1 < j<d. Writing aj = (aj,x;), we know from (2.19) that
ajomy(E77")(x;(0)) = mo(E7) (x;(1)) 0 at;.
Further, since mo(7) is parallel for each 0 < j < d we have that if u € Ry.4(xo : x1,...,%4), then

Ppomy(E%)(x0(0)) = mo(€°)(x1(0))oPp

Pomy(E)(x;(1) = mo(€)(xn(0)oP,, V1< j<d—1

Pyomo(€) (1) = mo(€)(xo(1))oPy.

Thus, from (2.28) we have that g, (0, ..., o) omg(E°)(x0(0)) = mo(E4) (x0(1)) o (g, ..., 01),
ie. W,(0y,...,0q) € CF (£9,€9). Since u?(ay ®---®a) consists of linear combinations of such

terms, we see that it also lies in CF  (£9,£%). O

The A.. associativity relations

d d—j
d—j+1 j
Z Z‘u I+ (ad,...,aiﬂﬂ,,u/(aiﬂ',...,a,-+1),a,-...7a1) =0
j=1i=0
N e =
are shown to hold by considering the Gromov compactification R,.;(xo : x1,...,x;) of the one-

dimensional component of such moduli spaces (see [Sei08a, (91)]) and using the fact that the paths
used for parallel transport, which are determined by configurations of broken curves appearing at
opposite ends of an interval in ﬁ}:d(xo . X1,...,X;) are homotopic (for an example of a similar

argument see Figure 2.2 below).

Remark 2.3.2. As we remarked before, monotonicity, together with the assumption that the images
i (m (L") C (M) be trivial, ensures uniform energy bounds on pseudoholomorphic maps belong-
ing to spaces of the same expected dimension, so that Gromov compactness applies. In particular
zero-dimensional moduli spaces are compact, so that all sums ranging over such spaces are finite.
Disc and sphere bubbles do not appear in any of the constructions apart from u' and we discussed
these at length in sections 2.2.1 and 2.2.2 above. This is because all other constructions involve
only zero- and one-dimensional moduli spaces of solutions to a perturbed Cauchy-Riemann equa-
tion which does not admit an R—action and so they are governed by Fredholm problems of index 0
and 1. The conditions Nj; > 1 and N, Z > 2 ensure that any sphere or disc bubble would reduce the
sum of the Fredholm indices governing the remaining components by at least 2, making them all

negative and thus contradicting transversality. /

This finishes the setup of the extended monotone Fukaya category (M), which is now allowed
to contain any set of objects {(L!,£")}. Note that for any object (L, &) of this category, the structure
maps {* make CT*(S ,€) into an A algebra. In fact, since the structure maps involve only com-
positions with parallel transport maps, (CF,,(€), %) is an A., subalgebra of CF " (£,£). Further,

if £9,&1 — L are two local systems and £° dominates £! in the sense of Definition 2.2.24, then
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the map ®: CF;,(£%) — CF;:

(1) from Proposition 2.2.25 is an A., morphism (with vanishing

higher order terms). This is proved in the same manner as one shows that ® is a chain map, namely
by repeated application of (2.25), using the fact that the structure maps pt* involve only compositions
with parallel transport maps.

Consider the associated homology category H(F (M)) which has the same objects as F (M) but

whose morphism spaces are
homyz ) (L', €"), (L,€7)) = HF " ((L',€"),(L/,)).

Composition of morphisms in H(F(M)) is induced by the operation u? and we denote it by the
symbol *. The A relations imply that « is well-defined and associative. In particular (HF},,(£), *)
and (HF " (£,£), %) are associative F-algebras and there is an algebra homomorphism HFE}, . (£) —
HF" (€,€) induced by the inclusion of A.. algebras at the chain level. Similarly, if £° and £! are two

local systems on L and £ dominates £, we have an algebra map H(®): HE} (%) — HE},(EY).

Remark 2.3.3. The above constructions depend on choices of strip-like ends and regular Floer and
perturbation data. It is a fact that different choices yield quasi-equivalent categories (see [Sei08a],
(10a)). We will not need this here but we will use a much weaker fact: the algebra structure on
HFE}.(§) and HF *(€,£), induced by the u? operation, are preserved by the continuation maps
(2.22). A proof of this fact (without local systems, but as we have seen, adding such does not alter

the arguments) can be found e.g. in [DS98]. /

2.3.2 Units and morphisms of local systems

It is a non-trivial fact that for each object (L,&) of the category H(JF(M)) there is an identity mor-

phism eg = ey ¢) € homy(r ) ((L,E), (L, E)) = HF " (&,£). This makes H*(F(M)) into an honest
F-linear category and in particular, the algebra (HF (£,£),*) is unital. We now give a brief de-
scription of the unit, point out some easy vanishing results and use the unit to convert morphisms of
local systems into morphisms in F(M).

Given a chord x € X(L,L) consider the moduli space of perturbed pseudoholomorphic discs
with one outgoing puncture asymptotic to x. We denote this space by Ri.9(x) and the union of its
k—dimensional components by R (x). Each element u € R.(x) defines a map Py, : Ex0) = Exn)

by parallel transport along the boundary. We then define the element

ee="Y Y Py ECF;.(6) CCF (£.8). (2.30)

X€X(L,L) ueRY, ) (x)
By considering the Gromov compactification of R} (x) one shows that p!(é¢) = 0. By abuse of
notation we denote by eg¢ the cohomology class of &g in both HE}: . (£) and HF * (&, &) (this abuse is
not entirely harmless because it can happen that &¢ is not exact in CF%,,(€) but is exact in CF * (£,€)

— see chapter 5, section 5.1.5; for our current discussion however, this is irrelevant).



2.3. The monotone Fukaya category 61

Showing that eg is indeed a unit involves introducing a specific 1-parameter family of pertur-
bations to the Floer equation for strips in order to construct a map h: CF (€,£') — CF " (€,&') for
every other object (L', £’), such that one has the identity u?(a,ég) = a+ u'(h(a)) +h(u'(a)) for
every a € CT*(E ,E'). This shows that right multiplication by & is homotopic to the identity. A
similar argument proves the same for left multiplication. For more details, see [Shel6, Section 2.4].
Note that, in the case when &’ = £ the map H preserves CF, (€) since it is defined by using parallel

transport along the boundaries of perturbed Floer trajectories. In particular, this discussion implies

the following:

Lemma 2.3.4.

a) The element eg € HF;,(E) is a unit for the algebra (HF: . (£),*) and the ring map
HE} . (§) — HF " (£,€) is unital.

mon

b) If E° and E' are local systems on L and E° dominates E', then one has ®(é¢0) = é¢1. In

particular H(®): HE},,(E%) — HE},(E") is a unital algebra homomorphism. O
These properties have the following immediate consequences.

Proposition 2.3.5.

1) IFHF " (£,€) =0, then HF " ((L,E), (L' ,E")) = 0 for any other object (L',E') in F(M).
2) IfHE} ,(§) =0 then HF " (£,) = 0.
3) IfE°,E" — L are local systems, E® dominates E' and HF},,(£°) = 0 then HF,,(E') = 0.

4) If HF},,(L) = 0 then HF *((L,&),(L’,£")) = 0 for any Lagrangian L' such that (L,L') is a

monotone pair and for any local systems € — L, £’ — L.

Proof. Part 1) holds because HF " ((L, &), (L ,£')) = homy 7y (€, E") is a unital right module over
the ring homy (7 (u))(€,€) = HF " (£,€) = 0. Parts 2) and 3) hold because of the unital algebra maps
HE}:(§) = HF " (£,€) and H(®): HF},,(£%) — HF:,,(E"), respectively. Part 4) follows from

1), 2), 3) and the fact that &, dominates every other local system & — L. O

We can use the unit to turn morphisms of local systems on the same Lagrangian into mor-
phisms in the extended Fukaya category F(M). More precisely, we have the following lemma (for
completeness we state it in a rather general form but only the identity (2.31) will be used in the

sequel).

Lemma 2.3.6. Let {(L,E%), (L,EN}, {(K/, W) }i<jcr, {(NF,VK) }1<k<s be sets of objects in F (M)
and let F: 0 — &' be a morphism of local systems. Suppose we are given elements a; €
CF (E'W"), aj € CF" W/ W) for 2 < j < r, b € CF " (V',€°), by € CF"(VK, V% 1) for
2<k<sandc;cCF () forie {0,1}. Then we have
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a) The elements cioF € CF*(£°,EY) and F ocy € CF*(E°,EY) satisfy

r+1+s<

V+1+S(ar7~..7alacl;(FOb“),...,b‘s)

nu a,,...,al,(clOF),b“,...,b|S) = u

u

H'H'S(ar,...,al,(Foco),b“,...,b|s) /.L’*’”“(a,,...,(al OF),C(),b“,...,b‘S)

b) in the setting above if r = 0, then

[.LI+S(FOC(),b|1,...,b‘S) = FO,LL1+S(C0,b‘1,...,b|S)

“S(Fobﬂa"',b\s) = Fous(b\lv-“abh)

and if s = 0, then

wNay,...,a1,c10F) wNa,,...,a1,¢c1)0F

u(a,...,ajoF) = u'(ay,...,a1)oF.
Consequently c; o F € CF (°,E') and F oco € CF " (E°,EM).
c) Writing & = égi for i € {0,1}, we have that €, o F equals F 0 &y and is a closed element of
CF (&9,&M).
d) The map F o —: ﬁ*(Vl,SO) — ﬁ*(vl,gl) is a chain map, homotopic to the map
u*(é oF,—): CF (V&% = CF (V' &h).
Similarly, the map — oF : CF " (E',W') — CF " (E°,W?") is a chain map, homotopic to

(=& oF) : CF (E', WY = CF (% W).

e) If £ — L is another local system with corresponding unit cochain é and G: £' — £2 is
a morphism of local systems, then for the cohomology classes (&) o F] € ﬁ*(EO,S 1) and
[620G] € HF(E',£?) we have

[620G]*[éj0F] =[é20(GoF)]. (2.31)

Proof. Let x, € X(NK,N*=1) for 2 <k <5, x; € X(N',L), xo € X(L,L), x; € X(L,K"), x; €
X(K/71KY) for 2 < j <r. We write o = (aj,x;), B = (b, xx) and g; = (ci,xo). Finally, let
z€ X(N*,K"). Then for every u € RY.. (2 :X/,...,X1,%0,X1,...,X-) we have

uu(ar,"'aalvgl OF(XO(O))7ﬁ‘l""7ﬁ‘S) =

=Ppir10--0PpnoaoP) wiog 0 F(x0(0)) o Pyys o By oP. 1Py o B0 Py

:Pyﬁrﬂ o...oPy,;H 0ol sr10610P yoF(x(1))of) oP%;,1 ~- Py oﬁ‘SoPyg
:.uu((xrw"aahgl?F(xH(l))oﬁll""?ﬁ‘s)'

»Yu
Summing this identity over all possible relevant Hamiltonian chords and all rigid pseudoholomorphic

discs yields the first claim in a). The second one is done analogously. To prove the first identity in
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b) we note that

H(F(x(1)) 00 Bty sBy) = Py oF (x0(1) 0 @0 Pog oy 0Py 1Py 0 B0 Py

F<Z(1)>OP0)G;+I Ogoopomoﬁ“ OP’J/,;71 .P%} Oﬁ‘YOP’yg
F(Z(l))O.uu(g()’ﬁlla"'aﬁ\s)'

Again, summing over all chords and disks yields the claim and the other identities follow similarly.

Applying the claim twice with r = s = 0 and using the fact that ¢ € CF" (&1, yields

u'(p'(croF)) =pu'(u'(c1)) o F =0,

ie.cioF € CF (£°,&"). Similarly, Foco € CF " (£9,&1).

For part ¢) we are in the situation ¢y = &y. Then from the above we have
W\ (Fodg) = Fou'(2) =0.

Further, from the definitions of &y and &, we have

Foéy = Yiexwr ZueR‘]{O(x) F(x(1))oPy oy
Yeex(L.L) Luer?, (x) Prou F ((0))
= ¢éoF.
For part d), note that Fo—: CF (V',£%) — CF"(V',&") is indeed a chain map, because by
part b) one has u'(F ob)=F o,ul(b“) for every b € CF"(V',£9). On the other hand, the map
u(é oF,—): CF"(V',£% — CF"(V',€") is a chain map because ' (&, o F') = 0. Further, by part

a), these two maps fit into the commutative diagram
CF (V&% L TFr (v, e)
233, —
WW\x l# o)
CF (V' &
in which the vertical arrow is homotopic to the identity. The claim follows. Similarly for the map
—oF: CF (" W") = CF"(E°,W).
Finally, we prove (2.31):

e0Gl*[e10F] = [1(60G,210F)]
= [u*(&2,Goé 0F)) by part a)
= [U*(&2,80(GoF))] by part ¢)
= [u*(é2,8)0(GoF)) by part b)
= [60(GoF)+u'(c)o(GoF)] forsomece CF (E% E?)
— [e20(GoF) +u'(co(GoF))] by parth)
— [e20(GoF) .

2.3.3 Closed-open string map and the AKS theorem

Recall that our main objective in this section is to verify that a version of Abouzaid’s split-generation
criterion holds in the setting of the extended monotone Fukaya category. A key role in the split-

generation criterion is played by the so-called closed-open string map

CO*: QH*(M) — HH*(CF " ((L,€),(L,£)), (2.32)
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whose definition in different settings can be found in [FOOO09], [RS17], [Shel6]. Its domain is
(in our case) the ungraded small quantum cohomology ring of M, whose underlying vector space
is simply H*(M;F) but whose ring structure is deformed by “quantum contributions” arising from
counts of pseudoholomorphic spheres (for a brief account see e.g. [Shel6, Section 2.2]; full details
are given in [MS12, Chapter 11]). We denote this product by . It is a fact that x is associative,
commutative (graded commutative when one works over characteristic different from 2 and QH* is

graded) and together with the Poincaré pairing makes QH* (M) into a Frobenius algebra, i.e.
(axb,c) = {(a,bxc).

Further, the usual unit 1 € H*(M;T) is also a unit for the x product.

In general the target of CO™ is the Hochschild cohomology of the entire Ao category F(M).
For our application however it suffices to focus only on the endomorphism A.. algebra of a sin-
gle object (L,E). The Hochschild cochain complex of this endomorphism algebra is defined to be
CC*(CF"(&,£)) =T 50 CC:(CF " (£,£))%, where

CCI(CF"(&,£))? := Homp(CF " (£,£)% CF " (£,€)),

equipped with the differential

adj |

6((¢07¢1ﬂ"'))d(ad7"'aa1) = Z Z:u“d_j+1(ada'"7ai+j+17¢](ai+j7'-'aai+1)aai"'aa1)
=0i=0
d—j

O (g, O W (G, Ol 1) G, OO ).
0

M=

+
1

~.
I

Given an element 8 € QH*(M) whose Poincaré dual is represented by a pseudocycle f: B — M,
one defines a corresponding Hochschild cochain CO*(B; f) = (CO*(B; f)¢)a=o as follows. For ev-
ery tuple of Hamiltonian chords (x,X) :== (x,xi,...,x;) in X(L,L) one considers the moduli space
Ri.q:1(x : X; f) of perturbed pseudoholomorphic maps u from a disc with d positive boundary punc-
tures, asymptotic to X, one negative boundary puncture which is asymptotic to x and an internal
marked point which is mapped to f(B). Every u € Ry.4.1(x : X; f) defines a map 1, as in equation

(2.28). One then sets
CO*(B;f)? = Y Y o e

(D)EX(LLH ueRy, ;. (x%f)

The facts that the resulting element is —closed and that its cohomology class is independent
of the choice of pseudocycle f are proved for rank 1 local systems in [Shel6, Section 2.5] and the
proofs hold just as well in our case (we review a similar argument for the open-closed string map in
more detail below).

By inspecting the definition of the differential 6 one sees that the length-zero projection
CC*(CF"(,£)) = CF(£,), (¢°,0",...) — ¢° is a chain map. Composing CO* with this pro-

jection at the level of cohomology gives the map

COY: QH*(M) — HF " (£,£).
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Observe that CO°(B, f) lies in CF

on (&) for any pseudocycle f, representing the Poincaré dual

of a cohomology class . Thus, we actually have the diagram

cob
cob

QH*(M) —— HF},,(L) —— HF

mon

(§) ——=HF"(£,€) . (2.33)
Proposition 2.3.7. All maps in diagram (2.33) are unital algebra homomorphisms.

Proof. Unitality is easy to see already at the chain level since for any local system £ — L, the

element

co’(m) = Y Yo,

XEX(L,L) ueRY,,, (:M)
is precisely the unit cochain &g € CF,(£) (when one chooses the same perturbation data to define
the moduli spaces). Thus the content of this proposition is that CO®: QH* (M) — HF}.,(L) inter-
twines the products x and *. More generally, the Hochschild cohomology HH*(CF;, (L)) itself is
an algebra when equipped with the so-called Yoneda product (see e.g. [Shel6, equation (A.4.1)]) and
the length-zero projection to HF

mon

from the fact that the full map CO*: QH*(M) — HH*(CF}},,(L)) is an algebra homomorphism.

(L) is an algebra homomorphism. The proposition then follows

The proof of this fact is a straightforward adaptation of [Shel6, Proposition 2.1]. O

We end this subsection by recalling an appropriate version of the Auroux—Kontsevich—Seidel

theorem (cf. [Aur07, Proposition 6.8], [Shel6, Lemma 2.7]).

Theorem 2.3.8. Let L be an orientable, monotone Lagrangian in a closed, monotone symplectic

manifold (M, ®). Then the map CO°: QH*(M) — HE}.,(L) satisfies
CO°(c1(TM)) = [mo(Eeg) 0 1)

A proof for rank 1 local systems is given in [Shel6, Lemma 2.7]. Strictly speaking, this proof
applies only when one works over characteristic different from 2 but the assumption that L is ori-
entable can be used to remove this restriction (the idea is that if L is orientable one can choose a
pseudocycle Poincare dual to ¢ (TM) and disjoint from L; see [Ton18, Theorem 1.10] and the dis-
cussion immediately after). Further, checking that the proof applies when L is equipped with the
local system &, amounts once again to using the fact that mo(é’reg) is a morphism of local systems.
Note that together with diagram (2.33), Theorem 2.3.8 implies that if £ — L is any local system,
then CO°(c1(TM)) = [mo(E) oég].

Consider now the endomorphism of quantum cohomology given by multiplication by the first
Chern class ¢ (TM)x: QH*(M) — QH*(M). For A € F denote by QH*(M),, the generalised A—

eigenspace of this map (which is trivial if A is not an eigenvalue). Then one has the following
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Corollary 2.3.9. Let £ — L be a local system and let u € F. If my(E) — ulde is an invertible
endomorphism of £, then CO°: QH* (M) — HF " (& ,€) vanishes on QH* (M) ..

Proof. Put ¢ = mo(E) — ulds. By Theorem 2.3.8 we have CO°(c;(TM) — u) = [6 0 &g]. Let
a € QH* (M), i.e. there exists k > 0 such that (¢;(TM) — u)* xa = 0. Then we have

CO%a) = (2] xCO°(a) = [0 Foee]*[0*0e]xCO%(a)  [by (2.31)]

= [067%0és]xCO°((c)(TM) — pn)*xa) = 0,
as we wanted. O

A well-known consequence of Corollary 2.3.9 is that if one allows only rank 1 local systems and
F is algebraically closed, then the Fukaya category splits into summands, indexed by the eigenvalues

of ¢ (TM)*. We now discuss this splitting in the setting of the extended Fukaya category.

2.3.4 Decomposing F (M)

For each A € IF, let us denote by F (M), the full subcategory of F (M) whose objects are pairs (L,E)
with mo(€) = Aldg. Further, we denote by F(M )Rﬂ the larger subcategory where we require that
objects (L, &) satisfy (mo(E) — Aldg)*e = 0 for some integer ke. Then the following easy lemma

shows that there are no non-zero morphisms between objects belonging to F (M )%l and F(M )E‘ll for

Ao # M.

Lemma 2.3.10. Let 0 — L0 and ' — L' be local systems such that there exist Ay, A € F and
ko, k1 € N such that (mo(E7) — ljldg_,-)kf =0for j€{0,1}. Then CT*(SO,EI) =0 unless Ay = Aq.

Proof. Leta e CF (E°,EH,J), x € Xy (L% L") and write o := (a,x). Further, if we write Ty :=
mo(E9)(x(0)), Ty :=mo(E')(x(1)), condition (2.19) says that o Ty = Tj o cx. It then follows that

(T[—A{))koo(%:ao(To—)L{))kOZO.

Assume for a contradiction that o # 0, i.e. there exists v € 5)?@ such that a(v) # 0. Substituting
into the above yields (77 — A9)* (ct(v)) = 0. Then there exists a unique non-negative integer k < k°
such that w := (T1 — Ao)*(a(v)) # 0 but (T1 — Ao)**! (a(v)) = 0. Then we must have Tjw = Agw and
thus (g — A1 )¥1w = (T; — A1)*tw = 0 which forces A9 = A;. O

Observe also that direct sum decompositions of local systems induce such decompositions for
the central Floer complexes. Indeed, if (L°,L') is a monotone pair, then for local systems £°!, £

on L and £'!, £'? on L' and a chord x € Xy (L%, L"), one has the splitting

Hom((£" @ €7),(0), (€ @£2),1)) = €D Hom(Ey),El)- (2.34)
ie{1,2}
je{1.2}
It is then convenient to represent an element o € Hom((£%' & £%%),g), (€' @ £'?),(1)) as a matrix

(0511 0612) with a;; € Hom(EOj

ll . . .
1 O x(0>,5x(1>). When similarly represented as matrices, the parallel
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transport maps for £ @ £9 and £!' @ £'2 have block-diagonal from. Since the Floer differential
involves only pre- and post-composing elements ¢« by such block-diagonal matrices, it follows that

d™7) preserves the decomposition

CF* (" &), (" w2 H, 1) = @ CF (EY,£YH,T),
ie{1,2}
je{1.2}

induced from (2.34). Taking maximal unobstructed subcomplexes, we then have

CF (" w&"), (") H,J)= @ CF (E%,€:H.J).
ie{1,2}
je{1r.2}

Suppose now that F is algebraically closed. Then we can decompose each finite rank local
system £/ — L/ into generalised eigen-subsystems for n(E/). That is, there exist finite collections
of scalars Spec (mo(£7)) C F and for each A € Spec (mo(£7)) there is a positive integer k; ; and a
non-zero local subsystem £/** < £/ such that

&= &t

A€Spec (my(E7))
) k;
(mg(é'lvk) - Mdm) ",
It follows from our observations above that we then have:
CF (&% = P CF" (&% &M, (2.35)
AeSpec (mo(£9))NSpec (my(E1))

Thus, if F is algebraically closed, we lose no information by restricting ourselves to work only in a
particular summand F (M)} for some fixed A € F.
Consider now the decomposition of QH* (M) into generalised eigenspaces for quantum multi-

plication by the first Chern class:

QH*( ) @AGSpcccl TM)x QH( ) (2.36)

We write 1, for the component of 1 € QH*(M) in QH*(M);. The fact that (QH*(M),*) is a
commutative Frobenius algebra implies that (2.36) is in fact a decomposition of algebras and 1,
is a unit for (QH*(M),,,x). From Corollary 2.3.9, we now have the following version of the AKS

criterion for higher rank local systems.

Proposition 2.3.11. Let (L,£) be an object of F(M)3. Then the map CO°: QH*(M) — HF},(€)
vanishes on QH*(M),, for all i # A. In particular, if HE;,,(€) # 0, then A € Spec(ci(TM)x) and

COY = €Oy, © (QH (M), 13) — (HFon(€), )

is unital.
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Proof. Suppose tt # A. Then ¢ :=mo(E) — uldg = (A — p)Ide + (mo(E) — A1dg) is an invertible
endomorphism of &, since my(E) — Aldg is nilpotent. Moreover, o lo é¢ defines an element of
CF}on(€). So the argument from Corollary 2.3.9 tells us that CO° vanishes on QH*(M),,. On the

mon

other hand, if HF*

7 2(€) # 0 then, since CO? is unital, it cannot vanish identically. Thus we must

have that A € Spec(c;(TM)). Unitality of COY is clear since CO" is unital and it vanishes on the

other eigensummands. O

We thus have that the only potentially non-trivial summands of (M) are those JF(M)4! for
which A is an eigenvalue of ¢ (TM)*. This is in parallel with the well-known situation for rank 1

local systems.

2.3.5 Split-generation

Finally, we discuss a generalisation of Abouzaid’s split-generation criterion [Abo10] to our setting
involving higher rank local systems. Such an extension has already been proved in [Abo12] for the
wrapped Fukaya category and our situation is in fact a lot simpler since we won’t have to deal with
infinite-dimensional Hom—spaces. On the other hand, the restriction to only finite-rank local systems
gives us the freedom to allow for the possibility that both the generating and the generated objects
of (M) are equipped with higher rank local systems.

Recall first that if A is any cohomologically unital A. category then an object E is said to
split-generate an object W if W is quasi-isomorphic to an object in the smallest triangulated (in
the Ao, sense) and idempotent-closed subcategory of II(Tw.A) containing E, where II(Tw.A) de-
notes the split-closure of the category Tw(.A) of twisted complexes over A (see [Sei08a, (31), (4¢)]).
Split-generation is important for computations in Fukaya categories but in the present work we are

interested only in the following well-known consequence.

Fact 2.3.12. Suppose that W is split-generated by E and H*(hom4(W,W),u') # 0. Then
H*(homA(E,W),u') # 0. In particular, if (L,E) and (K,W) are objects of F(M) and (K,\V)
is split-generated by (L,E), then HF *(£,W) # 0 and hence the Lagrangians K and L cannot be
displaced by a Hamiltonian isotopy. O

Abouzaid’s criterion gives a sufficient condition for (K,)V) to be split-generated by (L,E). As
we saw in section 2.3.4, a necessary condition would be that both objects lie in the same summand
F (M)ﬁ“. For technical reasons (in particular, the proof of Lemma 2.3.15 below) we require the
stronger condition that both objects (L,&) and (K,W) are contained in the smaller subcategory
F(M),. From now on, we impose this as a standing assumption. Note that in this case we have
CF"(£,6) =CF*(£,£),CF (W,W) =CF*(W,W) and CF " (§,W) = CF*(£,W). Thus we drop
the bars from the notation.

The version of the split-generation criterion we need is the following:
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Theorem 2.3.13. Let (L,E) be an object of F(M),,. If the map

CO;: QH* (M), — HH* (CF*(€,£))
is injective, then any other object (K,2WW) € F(M),, is split-generated by (L,E).

This theorem is due to Abouzaid ([Abol0]) in the case of exact Lagrangians in an exact sym-
plectic manifold and when £ and W are trivial of rank 1. The case of a general symplectic manifold
is work in progress by Abouzaid-Fukaya-Oh-Ohta-Ono [AFO™]. Still in the exact case, the paper
[Abo12] proves a version in which W is allowed to be non-trivial and possibly of infinite rank. This
last requirement is the cause of several algebraic complications which we avoid here. The proof for
the monotone setting and with £ and W of rank 1 (though possibly non-trivial) is treated in [She16,
Section 2.11]. We include a sketch of that proof, modified to incorporate local systems of any finite
rank. In our application to the Chiang Lagrangian we shall only use the split-generation criterion
in the case when €& is trivial of rank 1 (although WV isn’t) but for completeness we treat the slightly
more general case here.

While the statement of Theorem 2.3.13 concerns only the closed-open string map, its proof
relies on several other maps relating quantum cohomology of M with Hochshild invariants of the

objects (L,&) and (K,W). More precisely, these are:
o the open-closed string map
OC.: HH.(CF*(£,£)) — QH* (M)

from the Hochschild homology of the Ao algebra CF*(E,E) to quantum cohomology of the

ambient manifold,
o the evaluation map
H(u): HH.(CF*(E,€),Pw(E)) = HF* (W, W),

from Hochschild homology of CF*(€,E) with coefficients in the A. bimodule Py (E) :=
CF*(E,WW) @ CF*(W, &) to the Floer cohomology of (K, V),

o the coproduct map

HH,(A): HH,(CF*(£,£)) — HH,(CF*(E,),Pw(E)).

In the following three sections we describe these maps and the objects they relate.

2.3.5.1 Hochschild homology and the open-closed string map

For any A., bimodule A/ over the A, algebra (CF*(£,E), u*) there is a Hochschild homology group
HH,.(CF*(&,£),N). It is the homology of the complex

CC.(CF*(£,E),N) = PN ®CF*(£,)
d>0
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with respect to the A cyclic bar differential

r|lls
b(ﬁaadv'“aal) = Z Hpr (aﬁ’“aa17ﬁ7ada'"7ad—s+l)®ad—s®"'®ar+l
r>0,s>0
r+s<d

+ Y @@ @A @ (i, 0 ) R OGR R
i>0,/>1
i+j<d

where /.L/'\lfl" denote the bimodule structure maps for V. Substituting A" = CF*(€, ) one obtains the

group HH,(CF*(£€,£)), which is the source of the open-closed string map OC,.

In the case of rank 1 local systems, this map has been heavily studied by many authors
([FOO009], [Abo10], [Gan12], [Shel6], [RS17] etc.). To incorporate local systems of higher fi-
nite rank one needs to algebraically modify the construction using a trace map. We now give a brief
description of how the construction works.

Following [Shel6, Section 2.6], we define the open-closed string map in terms of a pairing
(OC.(-),—): HH.(CF*(&,€)) @ H (M;F) — TF. (2.37)
Given a generator

a®oy®---@u € Homp(Eyo),Exy) ©Homg (&, (0),Exy(1)) @ - @ Homg (&, (0), Ex, (1))
< CC,(CF*(&,£))

and a pseudocycle f, representing a homology class a, we consider the moduli space
Ro:a+1:1(x,X%; f), consisting of perturbed pseudoholomorphic discs asymptotic to x and X =
(x1,...,x4) at the boundary punctures and mapping the boundary to L and the internal marked
point to im(f). We define

(OC(a®ay®@---@0y),a; f) = Y tr(Pyg 0 0g 0 Pyg-100q_10:--0PyoaoPpoa),

”€R8>d+1;1 (2,%:f)

where on the right hand side one takes the trace of the element in brackets which is an endomor-
phism of £, (g). For index reasons, the boundary of the Gromov compactification of the 1-dimensional
component R(l)y dilil (x,X; f) consists only of strip breakings at the incoming punctures and configu-
rations of pairs of discs, one of which carries the internal marked point and the other carries at least
two punctures. With the correct choice of perturbation data, these are precisely the moduli spaces

contributing to the composition

OCy(—)a;
CC.(CF*(£,€)) ———» CC(CF*(£,8)) — 24D g (2.38)
We claim that this implies (OC.(b(@¢® 0oy ®---®0ay)),a; f) =0. Let us illustrate this by an example.
Suppose that d = 4 and the two broken configurations in Figure 2.2 appear as opposite boundary

. =1
points of a connected component of R.s.; (x,x1,Xx2,x3,X4; ).
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Figure 2.2: Evaluating OC. on a Hochschild boundary

Their contributions to the composition (2.38) are given by:

tI‘(Pyuzo(X:;OPYulO(XzOPﬁO(PﬁO(XlOPy‘?OQOP%! Oa4OP79)>

and

tr (Pyz, o (ny, 0o 0y OPyvl/ o03 OP),‘(?,) OPYE’ o0 OPV,}/ o 0 OPYB’ OQ) .

Since there is a 1-parameter family of glued curves interpolating between the two broken configura-
tions, we have that for every 0 < j <4 the two paths connecting x;(1) to x;11(0) (Where xo = x5 = x)
arising from (u,v) and (', V') are homotopic. In particular 1 - 1 = !, € I} L(x; (1),x2(0)), 72 - %0 =
Y € ILL(x3(1),x4(0)), % =¥ - 73 € TLiL(x4(1),x(0)) and ¥} = 7 - ¥ € T L(x2(1),x3(0)). Using
this we see that the two expressions of which we are taking the trace are cyclic permutations of com-
positions of the same maps and hence the traces agree. Since all broken configurations contributing

to (2.38) come in such pairs, we conclude that the composition vanishes altogether.

On the other hand, given a Hochschild chain ¢ and two pseudocycles f, g representing a,
then by considering moduli spaces of discs with asymptotics determined by ¢ and which map the
internal marked point to a homology between f and g one can show (see [Shel6, Section 2.6])
that (OC..(9),a; f) + (OC.(@),a;g) depends only on b(¢) and so vanishes when ¢ is a Hochschild
cycle. One thus obtains a well defined pairing (2.37) which defines the map OC...
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2.3.5.2 The bimodule Ay (&) and the evaluation map H ()
Let us consider for a moment a purely algebraic setup. Let A be an A., category and let E be an object
of A. Then for every object W one can consider the space Py (E) := hom4(E,W) ® hom 4(W,E)
which is an A, bimodule over homy (E, E') with structure maps

w0 nom 4 (E,E)*" @ Py(E) — Py(E)

Wiy, .. o0, fog) = fop™(o,... o,8),

uO': Py (E) @ homa(E,E)*  — Py(E)

:uo‘l‘s(f®gaa‘la"'7a|s) = ”S—Fl(f,a“?”.’a‘s)@g

and p’"l8 = 0 for r # 0 # 5. Thus one has a Hochschild homology group HH, (hom 4 (E,E), Py (E)).

There is a natural evaluation map:
H(w): HH.(homA(E,E), Py (E)) — H*(hom4(W,W),u"),
induced on the chain level by the map:
C(u): CC(homy(EE),Py(E)) — homa(W,W)
Cu): (fRg®o®-®u + u(f a... 0,8).
In this setting one has the following lemma of Abouzaid:

Lemma 2.3.14. ([Abol0, Lemma 1.4]) Let A be a cohomologically unital A« category and E, W be
objects in A. If the unit e € H*(hom4(W,W),u") lies in the image of the evaluation map H(u),
then W is split-generated by E. O

Let us now specialise to the case where A is the category F (M), from section 2.3.1 above. The
bimodule is then Py () = Pk ) (L,E) = CF*(E, W) @ CF*(W, ). Note that this can be rewritten

as

CF*(E, V) @CF*(W,€) B Hom(&p W) |©| € Hom(W,).E 1))

yEX (LK) z€X(K,L)

@ Hom(&q), Wy1)) @ Hom(W.(0), 1))

- & gyv(O) W) ®Wzv(o) ® &1y

= @ Hom(W.q), Wy1y) @Hom(Ey(g),E1)),
yeX (LK)
z€X(K,L)
where we have crucially used the fact that £ and W have finite rank. So one can write the elements

of the components of Py (&) as linear combinations of terms of one of the following two kinds:
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o fy®8§: € Hom(E,(p), Wy(1)) @ Hom(W, ), E,1)
o fiy®gy; € Hom(W, ), Wy1)) @ Hom(Ey 0y, E.(1))-

We will find the second description more useful. We then need an expression for the output of the

evaluation map C(u), when it is applied to elements of the form f, ® gy..

Lemma 2.3.15. For elements f;y ® gy, € Hom(W,q), Wy(1)) @ Hom(Ey(0y, E-(1)) < Pw(E) and 0y @

~®@ay € Hom(&, (), &, (1)) @ - @Hom(&, (0), &y, (1)) < CF*(&£,€)%4, the evaluation map C(u)
is given by

C)((fy®ep) @@ @)= (2.39)

) ) tr(Pgs100q---0PpooyoPyogy)PaaofyoPy,
weX (KK)ueRY |, (wiz X1, x4.9)

where one takes the trace of the element in brackets which is an endomorphism of &, o)

Proof. Note that the contribution of every disc u € R?: di2 (w:z,x1,...,%4,y) tO

C(l»‘)((fv@)gz)@ad@@al) = ud+2(fy7ad7"'>a1a§2)

is obtained by applying the composition map:

Hom(Ey(o) , Wy(l)) ® Hom(é’zm , 5},(())) ® HOH’I(WZ(O),SZ(I)) I Hom(Wz(o) , Wy(l)) (2.40)
to the element fy RT®g,, where T =P, yi+10 0lg 0+ 00 © Py Using again that our local systems

have finite ranks, we have

Hom(gy 0),W (1))®H0m(5( ) & (0))®H0m(Wz(0)v‘€z(1))
5 0) @ Wy1) ®Ey) @ Ey(0) @ Wig) @ Eq)
= (51(1),%( y) @ Hom(Ey0y, &-(1)) @ Hom(W,(g), Wy(1))-

We then see that the composition map (2.40) coincides with the map

Hom(8< 1) 5( ))®H0m(€( 0)s & (1))®Hom(Wz(0),Wy

T@ge®fy = u(Togy)fy, (2.41)

1) — HomW, ), W)

as both are given by performing all possible contractions of dual tensor factors in the product
v v v
Ey0) @MW) ® 1) @ Ey(0) @ W) @ &) -

2.3.5.3 The coproduct map A

Following [Abol0, Section 3.3 and 4.2], [Abol2, Section 5.1], [Shel6, Section 2.11], we relate
CF*(&,€) to the bimodule Py (&) via an A. bimodule homomorphism obtained from counts of
pseudoholomorphic discs with two outgoing boundary punctures. More precisely, one defines a

coproduct map

A: CF*(£,) — Pw(€)
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as follows. Consider holomorphic discs with two negative boundary punctures y;, o and one
positive {;, appearing in this cyclic order counterclockwise around the boundary of the disc. For
every choice of Hamiltonian chords x € X' (L,L), y € X(L,K) and z € X (K, L), one has the moduli
space R:1(z,y: x) of perturbed pseudoholomorphic discs u which are asymptotic at &y, {op and &) to
z, y and x, respectively, and which map the boundary arc between y; and {y, to K and the remaining
two arcs to L. Every map u € Ry, (z,y : x) defines paths ¥0 € IT; K (z(0),y(1)), ¥} € IT;L(y(0),x(0)),
Y} € I} L(x(1),z(1)) which are the images of the boundary arcs connecting {o; to {2, {oa to & and
1 to o1, respectively. The map A is then defined by setting for every o € Hom(é’x(o),é’x(l))
Ma)= ) ) Pype(Ppoachy)
iéfé((é’z; u€RY,) (z.y:x)

with Pp ® (P2 o aoPy1) € Hom(W; ), Wy(1)) @ Hom(Ey o), E1)) < Pw(E).

One can now extend the map A to a homomorphism of A., bimodules. That is, for every r > 0,

s > 0 one defines an operation
AN CF*(£,6)%" @ CF*(£,E) @ CF*(£,€)% — Py(€)

by considering discs with two negative punctures and r + 1 4 s positive ones. Given chords ¥ =
(X1, +,%7), X, X| = (X)5,.--,X|1), all connecting L to L, and elements ¢; € Hom(E, (), Ey,(1)), & €

Hom(&y (o), Ex1))> 04i € Hom(Ex‘i(()),Ex“(l)) one sets

1
Ar‘ ‘s(ah“ 501, 4, a|17' . ->a\s) =

);Lm . Z Pﬁ@(P%-H-*—ZO(ZrOPmﬂHO"'OPY;+2OQOP%5+1O"'OP%%OOZLVOPYJ),
ye K)ueR?. (z,y:X),x,X)
ZEX(K,L) 2ir+1+4s |

where y},’ is again the image of the arc between the two negative punctures, which is mapped to K
and the other arcs are ordered counterclockwise around the boundary of the disc. Note that A0 g
the initially defined coproduct map. The fact that A is indeed an A. bimodule homomorphism (i.e.
satisfies [Abo10, Equation (4.13)]) is verified again by considering the Gromov compactification of
the one-dimensional component R}, (z,y : |,x,%). It follows that A induces a map HH,(A) in
Hochschild homology. It is defined on the chain level by using all cyclic shifts of arguments of A'!l".
That is, given an element & ® 0ty ® - -- Q@ a1 € CC,(CF*(E,E)), one has

CC.(A)(aay® 2a)= Y A (0o U2t @t 1)@ 0y @ Dy,

r+s<d
2.3.5.4 Proof of the split-generation criterion

We are now in a position to give a sketch proof of Theorem 2.3.13. It follows from the following

two facts:
Proposition 2.3.16. (cf. [Shel6, Corollary 2.5, Proposition 2.6]) There exists a perfect pairing

HH*(CF*(£,€)) @ HH,(CF*(£,E)) — F. (2.42)
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Further, the diagram

~

OH*(M) ————~ QH*(M)" (2.43)

J{co* loc*V

HH*(CF*(E,£)) — HH,(CF*(£,£))"
commutes, where the top isomorphism is given by the Poincaré pairing and the bottom one comes

from (2.42).

Proposition 2.3.17. ( ¢f. [Abol2, Proposition 4.1], [Shel6, Lemma 2.15]) The following diagram

commutes.:
HH,(CF*(£,€)) — Y HH,(CF*(£,€), Pp(€)) (2.44)
loc* lH(u)
* co® *
OH* (M) HF* (W, W).

Assuming these facts we have:

Proof of Theorem 2.3.13. Since QH*(M) is a Frobenius algebra we have that ¢ (T M)« is symmetric
with respect to the Poincaré pairing <, > and so its generalised eigenspaces are orthogonal. From

Proposition 2.3.16 we thus have the commutative diagram

OH*(M); ———— (QH*(M);)"

icoj{ locy

HH*(CF*(£,£)) — HH,(CF*(£,£))Y

Hence, if COj is injective, then OC, surjects onto QH*(M), and in particular 1, €
OC.(HH.(CF*(£,£)). By Proposition 2.3.11 we know that CO%(1;) = ey, and so eyy lies in
the image of CO® 0 OC,.. By Proposition 2.3.17 we then have that ey, lies in the image of H(u) and
applying Lemma 2.3.14 yields that (K, W) is split-generated by (L,€). O

Proof of Proposition 2.3.16. The construction of the pairing (2.42) and the proof that it is perfect
can be taken directly from [Shel6, Lemma 2.4 & Corollary 2.5]. The only extra input needed to deal
with local systems of higher finite rank is a linear algebra argument, analogous to Lemma 2.3.15
above (the proof of [Shel6, Lemma 2.4] uses the coproduct map A; as seen above, the output of A
lies in a slightly awkward tensor product of spaces of linear maps; one needs to rearrange the tensor
factors to make this output more manageable). We omit the details of this proof here.

The fact that diagram (2.43) commutes is proved in [Shel6, Proposition 2.6]. O
We now give a sketch proof of Proposition 2.3.17, following [Shel6, Section 2.11].

Proof of Proposition 2.3.17. Given Hamiltonian chords {x,x,...,x;} € X(L,L) and w € X (K,K),

consider the moduli space

Dw:x,x1,...,x3) = {(u,v) € Ri:00(W; M) X Ro.gs1:1 (X, %1, .., x5;M) = ev(u) =ev(v)},
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which consists of pairs of discs, connected at an internal node and asymptotic to the prescribed
chords at their boundary punctures. One can use the component D°(w : x,x1,...,x4) of rigid such

configurations to define a map:
x: CC.(CF*(£,E)) = CF*(W,W)

xRy ®...0q) = Z tr(PﬂO(Xdo-..oPY()/OQ)PaM/. (2.45)
weX(K.K)  (u'V)e v Y
DO (Wi, X1 5o Xg)

By considering the boundary of the Gromov compactification of the one-dimensional component
D' (w:x,x1,...,Xg), one shows that y is a chain map. As a preparatory step for proving Proposition

2.3.17 one needs the following lemma:

Lemma 2.3.18. Let H(y): HH.(CF*(£,£)) — HF*(W, W) denote the induced map on homology.
Then H(y) = CO%0 OC,.

Proof. Let {ej,...,en} be a basis for H,(M;F) elements of pure degree and let {e!,... "} C
H*(M;TF) denote its dual basis. Further set & = PD(e’) and &' = PD(e;). Choose pseudocycles f;, g;
representing e; and &; respectively. Then, given a Hochschild cycle ¢ = Y;4; o QR ...,
one has

CO™(0C.(9) = | L Ao (4,00 ®... @ o {fik, {e}) |

where the square brackets denote the cohomology class in HF*(W, W) and

clavoy®..@u:{fil{g}) = Y (0C.(a®ou®...@u),e;f)CO%Eg:)
i=1
= Z Z tr(P%J o0 O--- OP};) Og)Pau
weX (K K) (uw)e ' !

1 R0 (380 X R, g1 (831303 3)
Now, given Hamiltonian chords {x,x,...,xs} € X(L,L), w € X(K,K) and a bordism h: B — M X

M, realising a homology between ):ﬁzl e; x & and the diagonal, consider the moduli space
Hw:x,x1,...,x5:0) = {(u,v) € Ri01(W; M) X Rogs1:1 (%, %1, .., x5 M)+ (ev(u),ev(v)) € im(h)}.

Then |_|;-”:1R(1):0;1(w; gi) X Ry, 1.1 (&1, .,xg5 fi) and the zero-dimensional component of discs
connected at a node D°(w : x,x1,...,xg) form part of the boundary of the Gromov compactifica-
tion of the 1-dimensional component ! (w : x,x1,...,xg; /). By analysing the remaining boundary
components of this compactification and using again that the homotopy classes of the paths involved

in parallel transport remain invariant in 1-parameter families, one finds that the sum

Z tl'(PﬂO(XdOH'OP%() OQ)P()M
(u,v)e
L R 0 (w380 X R,y 4 111 (K1 ee-5%3)
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+ tr(Pyd/ O(XdO"'OPyO, o )Py, IS Hom]F(WW(O),WW(l))
(W' V)e Y v
DO(wixxy,...Xg)

depends linearly on b(¢, 0ty,...,1) up to a term which is the Homg (W,0), W,,(1))-component of

a u'-exact element. O

To prove Proposition 2.3.17, it remains to be shown that H(x) = H(u) o HH.(A). This is

implied by the following lemma.
Lemma 2.3.19. The maps ) and C(u) o CC.(A) are chain-homotopic.

Proof. Following [Abol2, Section 5.3], we construct such a homotopy by considering a moduli

space of perturbed pseudoholomorphic maps, whose domain is an annulus A, = {z€ C: 1 <|z| <r}

(for some r) with d + 1 positive punctures {{ = r,{1,..., &4} on the outer circle and one negative
puncture on the inner circle, constrained to lie at —1. Given chords {x,x,...,x;} € X(L,L) and
w € X(K,K), we denote by C;_, | (w: x,x1,...,%;) the moduli space of maps as above, which are

furthermore required to map the boundary component {z € A, : |z| = 1} to K, the remaining bound-

ary components {z € A, : |z| =r} to L and which are asymptotic to w at —1 and to {x,x1,...,x4}
at { =r0,...,0q}. The boundary of the Gromov compactification of the one-dimensional com-
ponent C;&Ll(w :X,X1,...,%7) consist of the following four types of configurations (see [Abol2,

Equations (5.18), (5.19), (5.20)]):

1. a strip breaking at the outgoing puncture; connected components of this stratum are given by
products

-0
RY,(w:w) x Cramt W i x,x1,...,xq)
for some w' € X(K,K).

2. astrip or a stable disc component (i.e. a disc carrying at least two punctures) breaking off at a

positive puncture; connected components of this stratum are given by products
C—.O ( L % RO /.
Lid—s—r+1 W X Xt 1500 7xd—s) 1:r+s+1 (E S Xd—s+15 -5 Xdy Xy XDy e ,xr)
for some ¥’ € X(L,L) and
C*,O . o RO I o
1:d7j+2(w'£’x1’ o Xy X Xig g1, Xg) X 1;]‘()5 CXidg s Xig))

for some x’ € X(L,L).

3. adegeneration of the conformal modulus of the annulus as r — 1; components of the boundary

at r = 1 are given by products
Ri (w: ) X R2pasi (3 )
l:d—r—s+2 WIiZ, X1y o3 Xd—syY 2:r+s+1 Y i Xd—g41y -9 Xd s Xy XLy oo Xy

for some y € X(L,K), z € X(K,L).
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4. a degeneration of the conformal modulus of the annulus as r — +oo; the boundary at r = 4o

is the moduli space Do(w X, X1,...,Xq) of pairs of discs, connected at a node.

Observe that the degenerations of types 3 and 4 are precisely the ones which account for the
Homp (W,0), Wh(1))-component of C(i) o CC(A)(@® 0y @+ @ 0y) and (@@ 0ty @ -+ @ o),
respectively. Further, from the description of C(u) in Lemma 2.3.15 one can see that both
(0@ ®...Q01) and C(1t) o CC.(A) (0t ® 4 ® ... ® oy ) weight the parallel transport map along
the boundary component mapping to K by the trace of the the loop of linear maps, obtained by
composing the elements ; with the parallel transport along the boundary components mapped
to L. On the other hand, each a € C; | (w : x,x1,...,xq) defines paths v € IT L(xj(1),xj41(0)),
0 < j <d, which are the images of the boundary arcs connecting {; to {;,; (again the notation
means o = {;11 = € and xo = x441 = x) and ¥, € [T, K(w(0),w(1)), which is the image of the inner

boundary circle, oriented clockwise. We then define a map
h: CC.(CF*(€,E)) = CF*(W, W)

h(g@ad®-~~®061)= Z Z tr(meoOCdon-oPygog)Pya.
WEX(KK) aecy ) (wira )

This is analogous to [Abol2, Equation (5.22)], except that we weight the parallel transport on K
by the trace of the loop on L. Looking at the remaining types of boundary components of the
compactification of Cfm"ll 41 (w:x,x1,...,x4), we see that the degenerations of types 1 and 2 account
for the Hom(W,,(g), W(1))-component of ! (h(@®@ 0y ®--- @ o)) and h(b(@ @ 0 @ --- @ a11)),
respectively. Using again that all these terms are paired-off as boundary points of closed intervals
we conclude that C() o CC,(A) + x +u' oh+hob =0, i.e. his achain-homotopy between y and
C(u)oCCL(A). O

2.4 The pearl complex

We now recall an alternative approach to calculating self-Floer cohomology of a single monotone
Lagrangian, namely Biran and Cornea’s pearl complex (see [BC09a] for an extensive account of this
theory or [BCO7b] for the full details). This is precisely the machinery which we use in all subse-
quent chapters in order to compute Floer cohomology. It provides a much nicer setting for doing so,
because it does not require the introduction of Hamiltonian perturbations or time-dependent complex
structures. In this section we explain how to adapt Biran and Cornea’s theory in order to incorporate

local coefficients.

2.4.1 Definition and obstruction

Let L C (M, ) be a closed monotone Lagrangian submanifold whose minimal Maslov number sat-

isfies N¥ > 2. Further, let L be equipped with a pair of F-local systems £%, £!. Choose a Morse
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function f: L — R and a Riemannian metric g, such that & := (f, g) is a Morse-Smale pair. The un-
derlying vector space of the pearl complex is basically just the Morse complex C; (L; #2020 (E0,EM))
(recall (2.6)) but the differential is deformed by contributions from pseudoholomorphic discs with
boundary on L. We will see that this new differential meets the same obstruction to squaring to
zero as the one on CF*(£%,£") and that the two maximal unobstructed subcomplexes are homotopy
equivalent. One difference between Cj(L; #22(£°,€")) and CF*(£°,€") is that the former comes
with a Z-grading by Morse index and it will be convenient to keep track of it? As we shall see,
the deformed differential respects this grading (i.e. has degree 1) only modulo N}, so to keep the

grading absolute we follow Biran-Cornea and define:

Definition 2.4.1. The pearl pre-complex of the pair (L,E°), (L,E") with respect to the Morse func-
tion f is

Cj(&%,€1) = Cj(Li Ao (°,E")) @5 F[TH),
where F[T*!] is the ring of Laurent polynomials in a formal variable 7' of degree N¥. %

Notation 2.4.2. We write C7(L, (L, EN) and Cr((L, £9),L) in case £ or £! is trivial of rank one and
C(L,L;F) when both are. We also set C*(£°,E") = C} (L; #2r»(€°,E")) - T". Given an element
a =Y ecrit(f) Lrez Or @ T" € C3(E°,E") and a critical point x € Crit(f), we write
(@.x) =Y o, @T" € Homp(£2, 1) @ F[T]]
reZ

to denote the respective component. If we have local systems ;W — L and morphisms of local

systems F € Hom(V,£°), G € Hom(E', W), we will write

aoF = Z Z(Oc),A,,OF)@TrEC}(V,é’I),
yeCrit(f) reZ

Goa:= Z Z(GOOL),J)@TrEC;?(SO,W). /

yeCrit(f) reZ
Remark 2.4.3. Tt is standard in the construction of algebraic invariants from holomorphic curves to
work over a Novikov ring whose purpose is to record the areas of the curves that are being counted. In
more general situations this is a necessity as otherwise the counts are not finite, but in the monotone
case the use of F[T*!] is more of a convenience which allows us to keep track of gradings. In
particular, we are free to set the variable 7" equal to 1 and thus obtain a complex which is only

Z/NJ-graded or indeed to forget the grading altogether. /

In order to define the appropriate candidate differential, one chooses a time-independent, -
compatible almost complex structure J € 7 (M, ®). Then one considers the following moduli spaces

of pearly trajectories.

3 There is also a natural way to put a corresponding grading on CF*(£9,£1) (see e.g. [BCO7b, Section 5.6]) but it is less

straightforward and we will not discuss it here.
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Definition 2.4.4. For any pair of critical points x,y € Crit(f) a parametrised pearly trajectory from

y to x is defined to be a configuration u = (uy,...,u,) of J-holomorphic discs
up: (D?,0D*) — (M,L), duy+Joduyoi=0,

such that if ¢ : R x L — L denotes the negative gradient flow of f with respect to the metric g, then

there exist elements {1, ..., } C (0,0) such that
1. llm[%7w¢[(ul(71)) =Yy,
2. forall 1 <0 <r—1, ¢, (ue(1)) =up1(—1);

3. llmlﬁ+w ¢[(Mr(1)) = X. <>
The relevant moduli spaces now are:

o For any vector A = (Ay,...,A,) € (HY(M,L)\ {0})" we denote by P(y,x,A;2,J) the set of

all parametrised pearly trajectories u = (uy,...,u,) such that [;] = A; forall 1 <i <r;

e For any positive integer k we define

PO ANE2,0) = | POoxA2,J),
H(A)=kNF

where the length r of the vector A is allowed to vary and u(A) ==Y/, I, (A;).

o We impose the following equivalence relation between such tuples of J-holomorphic discs:

u= (ur,uz,...,u;) ~w = (u},uy,...,u,) if and only if r = ' and there exist elements ¢, €
G_11 ={g€PSL(2,R) : g(—1)=—1, g(1) = 1} such that uy o ¢, = u},. We now set
POxAD]) = PO.xA20)) ~
P,xkNi:2.J) = PnxkNE2.0)/ ~

These definitions extend naturally to the case when A is the empty vector, in which case one
defines P(y,x,0;2,J) = P(y,x,0,2,J) to be the space of unparametrised negative gradient

trajectories of f connecting y to x.
e We also declare the following to be standing notation:
0(y,x,A) =indy—indx+pu(A)—1,
6(y,x,kN) :=indy —indx+kNJ — 1.

These moduli spaces of pearly trajectories have natural descriptions as pre-images of certain
submanifolds of products of L under suitable evaluation maps and are thus endowed with a topology.

That is, given a vector A # () as above, one considers the map

eva: MAY(LT) x - x MA(LyJ) — L,
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eva(ur,. .. up) = (ur(=1),u; (1), ua(—1),uz(1),...,u,(—1),u-(1)).

Then, putting Q == {(x,¢:(x)) e Lx L : t >0, x € L\ Crit(f)}, we have that
P A2, 0) =evy (W (3) x @ x W ().

Note that from this description and our discussion about dimensions of moduli spaces of discs in
section 2.2.1, it follows that the expected dimension of the space P(y,x,A; 2,J) is exactly 6(y,x,A).

Following [BCO7b], one can also use these descriptions to exhibit P(y,x,A; 2,J) as a topolog-
ical subspace of the much larger space £, defined as follows. Let P, denote the space of continuous
paths {y: [0,b] — L : b > 0} (with the compact-open topology) and let Py C P, denote the sub-
space consisting of paths y which parametrise negative gradient flowlines of f in the unique way

such that f(y(r)) = f(y(0)) —z. Then P(y,x,A;Z,J) embeds continuously into the space
L:=Pg x (MY (L) /G_11) x Pg x (M*2(Lid)/G_1 1) x - x (MY(L:J) /G_1 1) X Pa.

Now let u = (uy,up,...,u,) € P(y,x,A;2,J) be a pearly trajectory connecting y to x and let
(To,u1,T1,U2,...,Tr—1,Ur, Tr) be the corresponding element of £. For any 1 </ <rand j € {0,1}
define ¥, : [0,1] = L, 1, (t) = g (¢*U1+1)) for some parametrisation iy € MALL; ) of the disc uy.
That is, 73/ parametrises the image of the “bottom” half-circle, traversed counter clockwise, while
y) , parametrises the “top” half-circle. Since we will only be interested in the homotopy classes of
these paths, the particular choice of parametrisations of the discs are irrelevant. We now define the

following two paths, which are the “bottom side” and “top side” of the pearly trajectory, respectively:

W o= o ne T e ML)

Yo = T % Tyt €TLL(x,Y). (2.46)

We then get corresponding parallel transport maps F, E 53 — &Y and P gl — Eyl. Whenever

we have £ = £! = £ we will just write P =P, as before.

Remark 2.4.5. 1f one considers a function £ which is small-enough in the C'-norm, then the graph L
of d f can be assumed to lie in a Weinstein neighbourhood of L and so is a Hamiltonian deformation
of Lin M. Transverse intersection points of L with L correspond precisely to non-degenerate critical
points of f. This point of view has been explored already by Floer who showed that, if f is in fact
sufficiently small in the C2-norm, then for a specific almost-complex structure J, there is a one-
to-one correspondence between finite-energy J-holomorphic strips between L and Ly which do not
leave the prescribed Weinstein neighbourhood and gradient flowlines of f with respect to the metric
g7 = o(-,J-). Moreover, this correspondence is given simply by u — u(-,0). That is, intuitively,
low-energy strips can be “collapsed” to gradient flowlines on L. Extending this analogy, one can
think of the pearly trajectories defined above as “collapsed” strips, where the “excess energy” which

allows some strips to leave the Weinstein neighbourhood has concentrated in the J-holomorphic
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discs. From this intuitive point of view the paths defined in (2.46) are analogous to the ones we used

in Definition 2.2.9. /

We wish to define a candidate differential on C;E(E 0 &1) by using parallel transport maps along
the paths (2.46) corresponding to isolated pearly trajectories. The relevant theorem, guaranteeing

that this is possible is the following.

Theorem 2.4.6. ([BCO7b, Proposition 3.1.3]) For any Morse-Smale pair 9, there exists a Baire
subset Jieg(2) € J (M, ®) such that for every J € Jres(2) and every pair of points x,y € Crit(f)
the set P(y,x,kNI; 2,J) has naturally the structure of a smooth manifold of dimension 8(y,x,kNJ),
whenever 8(y,x,kNJ) < 1. Furthermore, when 6(y,x,kNJ') = 0 the space P(y,x,kN[';2,J) is

compact and hence consists of a finite number of points. O
We can now define the candidate differential:

Definition 2.4.7. Fix a Morse-Smale pair £ on L and an almost complex structure J € Jreg(Z). We
define a degree 1 map d(?): C}(£9,€") — C}(£°,€") to be the unique F[T*!]-lincar map which
satisfies the following: for every x € Crit(f) and every o € Homp(E?, &),

d7e)y =Y Y Y (Pgoack p)-Th

keN  yeCrit(f) weP(yxkN[:2,J)
8(yx,kNJF)=0

We write d7+) : CH(L; Hoormn(E0,E1)) — CH(L; Hom(EY,EY)) for the map induced by d7+) after
setting 7 = 1. %

Propositions 5.1.2 and 5.6.2 in [BCO7b] assert that (for a possibly smaller Baire subset of almost
complex structures, still denoted Jieg(Z)) the above map is a differential whenever the local systems
£ and &' are assumed trivial of rank 1, and the resulting cohomology is canonically isomorphic to
the Floer cohomology HF*(L,L) (after setting T = 1 or equipping HF*(L,L) with a grading). With
higher rank local systems, we don’t necessarily have (d (@.J >)2 = 0 and we are thus forced to pass to
the maximal unobstructed subcomplex 6}(5 0 ,E 1 ). Still, most of the content of [BCO7b, Propositions
5.1.2 and 5.6.2] applies to our setting just as well and we summarise these results in the following

theorem.

Theorem 2.4.8. Let (M, ®) be a closed monotone symplectic manifold and let L C M be a closed
monotone Lagrangian submanifold with N > 2, equipped with a pair of F-local systems E0.&' and
a Morse-Smale pair 9 = (f,g). Then there exists a Baire subset Jieg(2) C J (M, ®) such that for
every J € Jreg(2):

A) i) themapd (2) is well-defined;

ii) foreverya € C;-(Eo,é’l) one has

(¢99) a= (aomo(E”) ~mo(E'yoa) T (247)
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2
In particular, if NJF > 2, then (d(@J)) =0.

B) Let 9 = (f,g) and 9" = (f',8') be two Morse-Smale pairs for L and J € Jee(2), J' €
Jreg(2') be regular almost complex structures. Then there exists a canonical up to homotopy

map of pre-complexes
2'J * ry
vy (Cre0 e, d @) < (cpe,e),a? ) (2.48)
which induces a homotopy equivalence

P57 (CHEn e ) - (Coeeh.a ).

C) Let (H J ) be a regular Floer datum for L. Then there is a canonical up to homotopy map of

pre-complexes
(Prss)) : (CHLsHorn(€0,1),d 7)) — CF* ((L.€%), (L, HT),  (249)
inducing a homotopy equivalence of maximal unobstructed subcomplexes.

Notation 2.4.9. We will write HF g (£°,£") for the cohomology H*(C1(£°,"),d\?*))), which is a
Z-graded F[T*!]-module. If the obstruction (2.47) vanishes, we will drop the bar from the notation.

In light of part C), we have an isomorphism
HFp(E°,€") @ F — HF " (£°,€")

so will will not distinguish these notationally. /

Let us now give a sketch proof of Theorem 2.4.8, emphasising part ii) which is the only place
where higher rank local systems make a difference.
Proof of part A) i): This is an immediate consequence of Theorem 2.4.6 above.

Proof of part A)ii): We need to show that for every x € Crit(f) and & € Homp(E?,E!) one has
2
(4%9)" = (@omo(E)w) - mo(€ ()00 T

The proof of this fact relies on analysing the natural Gromov compactifications of the spaces
P(y,x,A;2,J) when 6(y,x,A) = 1.

These compactifications are described in detail by Biran and Cornea in [BCO7b, Lemma 5.1.3],
where they also prove that d*> = 0 in the case of trivial rank 1 local systems (we have dropped
the decoration (Z,J) from the differential to alleviate notation). Generalising the same arguments
to the case of arbitrary local systems yields that for any distinct x,y € Crit(f) and each element
a € Homp(E2,E!) @ F[T*!] one has (d*(a),y) =0.

However, some care needs to be taken when evaluating (d”(«),x). To that end we consider

the space of twice marked discs M4(L;J)/G 1 for some A € 7§(M,L) with I, (A) = 2. Since
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NJ > 2, the Gromov compactification MA (L;J)/G—1, is obtained by adding equivalence classes of
stable maps (see [Fra08, Definition 2.3]) with two components: one is a disc in the class A, while
the other is a constant disc component and contains the two marked points. We distinguish these
configurations into two types, depending on the cyclic order of the special points on the constant
component. That is, with the marked points fixed at —1 and 1, we have (up to equivalence of stable

maps) two possibilities for the nodal point: we write
2 (MA(L:0)/G11) =D~ (4)UD*(4),

where D~ (A) consists of equivalence classes with the nodal point of the constant component at —i,
while DT (A) consists of the ones with the nodal point at i. Since both marked points lie on the con-
stant component, the extended evaluation map €v,): MA(L;T )/G_11 — L* maps D~ (A) UD*(A)
to the diagonal. We shall write D~ (A, x) := D~ (A) N @@; (x,x), Dt (A,x) == D*(A) mev(jj)(x,x)
and D¥(A,x) :=D~ (A,x) UD"(A,x) for any point x € L. Then, one has the following addendum to

[BCO7b, Lemma 5.1.3]:

Theorem 2.4.10. There exists a Baire subset Jreg(Z) C J (M, ®) such that for every J € Jreo(Z)
one has that for each x € Crit(f) and A € ni(M,L) with I, (A) = 2, the Gromov compactification
P(x,x,(A); 2,J) has naturally the structure of a compact I-dimensional manifold with boundary.

Furthermore, the boundary is given by

IP(x,x,(A); 2,J) = U P(x,2,0,2,J) x P(z,x,(A); 2,J) U

z€Crit(f)
Lind(z)=ind(x)—1

U  P&zA):2J)xPlx0:2J)| U DTAx). O

zeCrit(f)
Lind(z)=ind(x)+1

The above description of the boundary 9P (x,x,(A);2,J) is not explicitly mentioned in
[BCO7b] since a natural bijection between D~ (A,x) and DT (A, x) is implicitly used there to glue
the two spaces together and thus treat them as points in the interior of W An explicit
description of this idea can be found in [Zap15, Section 6.2].

We claim that the above theorem suffices to prove part ii) of Theorem 2.4.8. Indeed, consider

w= [{ﬁavﬁﬁ}a {Zaﬁ = :Fiv Zﬁa}a{(avil)’ (av 1)}] € D:F(Avx)7

the notation being [{maps}, {nodal points}, {marked points}]; note in particular that iy is constant.
Write diig € TT;L(x,x) for the boundary of iig, viewed as a loop based at x = iig(z4). If w €
D (A,x), we define ¥ := diig and ¥,, to be the constant path at x, while, if w € DT (A, x) we define
¥} := diig and 7} to be the constant path at x. Note that there are obvious bijections D~ (A,x) =
Mé,l (x,L;J) and D* (A, x) = MG, (x,L;J) given by

w= [{ﬁ%ﬁﬁ}7{zaﬁ = i, ZBa}v{(av_l)ﬂ (a, 1)}] Uy = [ﬁﬁ,Zﬁa].
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Observe that if w € D~ (A, x), then 12 = du,, and if w € D¥(A,x), then ¥} = du,,. From this it is

immediate (at least when J € Jreg (L|x)) that for every o € Homp (E2,E!) we have

m(EN(x)oa—oom(E%)(x) = Z Z PyootoPy. (2.50)
Aerf(M.L),weDT (Ax)
I, (4)=2

Note now that we also have

2
(d“a,x) = Z Z PlyyloaoPoyow +
z&Crit(f) (u,v)e
ind(z)=ind(x)—1 P (x,2,0;2,J)x P (2,x,2;2.J)

Z Z Plyy1o(xo ,73)’9 -T.

zeCrit(f) (u,v)e
ind(z)=ind(x)+1 P (x,2,2:2,J) x P(2,x,0;2,])

Multiplying equation (2.50) by T and adding it to the above, we obtain what we were after:
(d?0t,x) + (mo(EN) (x) o ot — o m(E) (x)) - T =0,

where the right-hand side vanishes since, by Theorem 2.4.10, the sum runs over all boundary points
of the compact 1-dimensional manifold W This completes the proof of part ii) of The-
orem 2.4.8.

Proofs of part B) and part C): These are proved for trivial rank 1 local systems in [BCO7b,
Section 5.1.2] and [BCO7b, Proposition 5.6.2], respectively. Straightforward generalisations of these

arguments to the case of higher rank local systems yield the results. O

2.4.2 The spectral sequence and comparison with Morse cohomology

In this section we compare the cohomology of the pearl complex C}?(EO,S 1) with the singular
(Morse) cohomology of L with coefficients in an approriate local system. The key tool here is
the Oh-Biran spectral sequence (constructed in [Oh96], [Bir06, Section 5.2] for different models
for Floer cohomology and in the present context in [BCO9b]). This spectral sequence will be used
extensively for computations in subsequent chapters so we now briefly describe it.

Observe that the complex 6; (£9,€") comes equipped with a decreasing filtration by increasing

powers of T':
> F'C; 2 FC; 2 F'C; 2 - (2.51)
FPCp(e%eh)y = Cpe%heh) n PeyEe
rSEZ
r>p

This filtration is preserved by the differential and in fact the map d(?+/) decomposes as

d7) = @1+ T +H@T*+ -, (2.52)
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where 0 : C(L; 2, (E%,E")) — C;-+17kNg(L;ZmO(€0,€1)) sends & € Z,,(£%,EY), for some x €
Crit(f) to
oo = Z Z P ook, .
yeCrit(f) ueP(yx,kNF:2 J)

ind(y)=ind(x)+1—kNp,
Therefore the standard machinery of filtered complexes (see e.g. [McCO1]) gives rise to a spectral
sequence whose first page is the homology of the complex (6;(5 0.gh), 80) and which converges to
HF 5 (£°,E"). To unravel this, note that since mo(E°) and mo(E") are morphisms of local systems,

they give rise to a morphism:

Hom(EQ,EY)  —  Howmn(E0,EY) (2.53)

a — oomy(E®)—my(ENoa

We denote the local system which is the kernel of (2.53) by Z,,,, (£0,&"). Since 9 is just the Morse
differential 7 as described in (2.8), we conclude that the first page of the Oh-Biran spectral se-
quence is given by

Elp_q &~  gpta—pNf (L§Zm0 (50,5] ))-TP. (2.54)

Even without the full machinery of the spectral sequence, it is useful to compare the Morse and
Floer cohomology of L. In particular, observe that there is an obvious inclusion of graded vector
spaces

CHL; 2y (£°,6")) =215 €€, €M),
This is not a chain map between the Morse and pearl complexes in general but it becomes one when

restricted to the subcomplex (C} o (L; Zyny (€°,E1)),07), defined by

Ch s (L: Zng (E0,EN)) = CH(L; 2y (E%,E€Y)), k< NF -2

AN L2, (E0,61)) == ker| do| ur Nker | 91 wr

s (L3 Zmg (E7,E7)) er O|C};]L71(L§Zm0(50,51)) er 1‘cyL*'(L;zm0(£0,51))
Ch (Ls 20y (E0,ET) = 0, k> NF.

It is easy to see that the inclusion of (C} . (L; Z(E%,E")),07) into the full Morse complex
with coefficients in Z, (50,5 1) induces an inclusion on homology and we denote its image by

H (L; 2, (E°,E1)). By the preceding discussion, we have a map
qr: Hio(L; 2y (E°,E")) — HF o (E°, ), (2.55)

induced by —® 1.

Remark 2.4.11. The notation we have used here is not standard. The abbreviation “cls” stands for
“classical” and the map ¢y is meant to be seen as “quantising” classical cohomology. If we were
working with the Hamiltonian, rather than the pearly model for HF *(£°,£"), the existence of the
map ¢y, is a non-trivial fact and the map itself is known as the “Lagrangian PSS morphism” [AlbO8].

However, as we saw, once the pearl complex machinery is set up and the full power of the Lagrangian
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PSS map Wpss is used to identify the homology of the pearl complex with Floer cohomology, the

definition of gy is basically trivial. /

2.4.3 The monodromy pearl complex

We now consider the pearl model for the monodromy complex of section 2.2.3. Note that the spaces
Endmon(&x) :== Hompen (Ex, Ex) for varying x € L fit together to form a local system of rings on L
which we denote by &»+,.,(E) (in the terminology of [Ste43], it is called a system of operator

rings). We can then define

Definition 2.4.12. The monodromy pearl complex of E with respect to the Morse function f is
Ctmon (&) = CH(L: e, (€)) @F[T]

The monodromy pearl complex of L over I is defined by setting £ = 5};g in the above and denoted

5 mon (L F)- %

The same kind of arguments as in section 2.2.3 show that (C} ,,,(€).d (2:)) is a subcomplex
of the unobstructed complex (6}(5 ,€),d?7)), that its homology is invariant under changes of 2

or J and that the PSS morphism induces an isomorphism
H* (c;(L; gm,/w(g)),cﬂm) ~ HE*, ().

We will write HF ,,0,(€) for the cohomology of (C} ., (€ ),d?)) and HEe o (L; F) instead
of HFgc,mon (g]F

reg)- Note that if £ 0 dominates £, then we still get domination maps

®: Ci(L; 60, (E°)) — CiLind,..(E")) (2.56)
H((I)) : HFgC,mon (50) — HFgC,mon(gl) (257)

simply by relabelling parallel transport maps as in section 2.2.3.

The filtration (2.51) restricts to a filtration of the monodromy pearl complex and we again get a
Oh-Biran spectral sequence converging to H Fﬁc,mon(g ). Its first page is built out of the cohomology
H*(L; &, (E)) @ F[T*!]. For a general local system &, this is hard to interpret geometrically but
when £ = £E

reg» the cohomology H*(L; 5%/,(5&)) can be identified with the singular cohomology
with compact support of a particular (generally non-regular) cover of L.

Define L := L x m (@) (L), where L denotes the universal cover of L and the twisted product
is formed using the deck transformation action of 7; (L) on L and the conjugation action of (L)
on itself (here 7; (L) is given the discrete topology). Noting that the local system &%/(Egg) is
precisely the one associated to the (right) conjugation action of 7; (L) on F[m; (L)], we see that we

have an isomorphism of local systems @%4,,/,,(5};%) = &;. Thus we conclude that the first page of

the Oh-Biran spectral sequence computing HFgc ..o, (L; ) is given by

E{”q ~ Hcp+4*PNg( L :F) - TP, (2.58)
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The cover L has previously appeared in the work of Fukaya [Fuk(06]. It has the following
properties which are easy to derive from the definition. First, its connected components are in
one to one correspondence with free homotopy classes of loops on L or, equivalently, conjugacy
classes in 7y (L). In particular, it is disconnected unless 71 (L) is trivial. The connected component
corresponding to the conjugacy class of an element y € 7; (L) is homeomorphic to the (left) quotient
C(y)\L, where C() is the centraliser of ¥ in 7; (L). Further, if £; denotes the free loop space of L,
then the evaluation map £; — L factors through L and the fibres of the map L; — L are connected.
In fact, the fibres of this map can easily be identified with the connected components of the based
loop space of L. In particular, if L is aspherical, then the map £; — L has contractible fibres and
therefore is a homotopy equivalence (cf. [Fuk06, Lemma 12.5]). Combining this with Poincaré
duality one obtains that for an aspherical monotone Lagrangian L of dimension #, there is a spectral
sequence with first page

E{y’q = Hn+pN17ff(p+q)( Ly ;F) - TP (2.59)
converging to HFg. o (L IF).

2.4.4 Algebraic structures

In [BCO7b, Sections 5.2, 5.3] Biran and Cornea also define a product and an action of quantum coho-
mology on HI-, when L carries the trivial rank 1 local system. Moreover, with these structures in
place, the map Wpss becomes a unital homomorphism of QH*(M)-algebras, as shown by Zapolsky
in [Zap15, Section 5.2.4]. These constructions generalise in a straightforward way to incorporate
high rank local systems. We now give a very brief account, citing the literature for proofs of the
statements without local systems and leaving the generalisations to the reader.

Given a triple of local systems £°, €1, £2 on L, the product is a degree zero, F[T*!]-linear map
HF o (EY,E2) @ HF (0, — HFp(£°,8). (2.60)
It comes from a map of pre-complexes
Ch(E,E)RCHE,E") — Clu(£°,E7),

defined by parallel transport along the “sides” (paths defined analogously to (2.46)) of Y-shaped
pearly configurations. The product (2.60) gives rise to a graded, F[T*!]-linear category (L), whose
objects are F-local systems on L and the morphism space between £° and £ is ﬁgc (£9,€1). That
is, the product satisfies the appropriate associativity property ([BCO7b, Lemma 5.2.6]) and has a
unit ([BCO7b, Lemma 5.2.4]). The unit is most easily defined by picking a Morse function f with
a unique minimum X, € Crit(f), in which case the element &z :==Id® 1 € End(&, . ) @ F[T*!] is
a cochain representative of the unit eg € ﬁgc(é’ ,&€). Note also, that since the product is defined
by parallel transport, it makes H F];‘C’mon (€) into a unital algebra and the domination map (2.57) is

a unital algebra homomorphism. It was verified by Zapolsky in [Zap15, Section 5.2.4] that the map
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Wpss induces algebra isomorphisms

HE3e mon (€) @ppra1) F — HFjn (€) 2.61)

HFpc(&,€) @pppen F — HF " (E,€).

Recall from section 2.3.3 that the length zero closed-open string map CO° makes the rings on
the right-hand side of (2.61) into QH"(M)-algebras. To define a similar structure on HFg .0, (€)
and HF ¢ (€, €) without collapsing the grading, one also needs to keep track of grading on QH* (M).
Since the quantum product * preserves the grading on H*(M;F) only modulo 2N}, in order to
keep the grading absolute one considers the vector space H*(M,F) ® F[g*!], where g is a for-
mal variable of degree 2Nj;,. The quantum product naturally defines a product (still denoted
by %) on this space, making it into a graded, associative, (graded-)commutative algebra. Using
the identification ¢ = T?Mi/NZ) and extending % to be F[T*!]-linear, we have a graded algebra
OH(M;F) := (H*(M;F) @ F[T*!], ). Then, the construction from [BCO7b, Section 5.3] gives

rise to the quantum module action

QHEC (M; IF) ®I_IFL;:C,mon (5) — HF];C,mon (5) (2.62)

OH}yo(M;F) @ HF e (€,E) — HF e (€,€),

which makes the rings on the right-hand side into graded, unital QHj-(M;F)-algebras. We will
write CO%: QH}y(M;F) — H F3c mon(€) for the algebra homomorphism, obtained by acting on

the unit eg € HFS: on

(€). Again, after setting T = 1 and collapsing the grading, the action (2.62)
is identified via the PSS map with the action we considered in section 2.3.3 (this was also checked
in [Zap15, Section 5.2.4]).

Now note that there is an obvious inclusion of graded vector spaces gy : H*(M;F) —
QH},(M;F), given by just tensoring with 1 € F[T*!]. It will be important to us that when one takes
trivial rank 1 local systems on L, the closed-open string map CO%: QH* (M;F) — HF;c(L,L;F) is

related to the classical restriction i*: H*(M;F) — H*(L;TF) via the diagram

HYM:;F) — "~ HX

cls

(L;FF)
qu qu VO<k<NF—1. (2.63)
0

k . €Ohc k .
QHE (M;F) —S HF} (L, L;F)

Note that the image of HVZ ! (M;T) under i* is contained in Hé\g - (L;T) since at chain level /* and
C(’)gc coincide on chains of degree strictly less than N and CO" is a chain map with respect to
the Morse differential on M and the pearl differential on L. Observe also that since N f > 2, there is
always a map g, : H°(L;F) — HFS.(L,L;F) which sends the unit for classical cohomology to the
unit e;, € HE)- (L, L;F).

Finally, one more crucial fact which we will need is that the Auroux-Kontsevich-Seidel theorem
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2.3.8 still holds in the pearly setting. That is, if L is orientable, then

CORc(c1(TM)) = [(mo(E) 0ée)-T] €  HFge mon(€)- (2.64)

*

This can be proved directly using the pearl models for CO%C and HFgc ,, Or by relying on the
fact that Wpss : HFyc mon(€) = HF;ion(€) is a unital homomorphism, which intertwines CO% and

coP.



Chapter 3

Topological restrictions on monotone

Lagrangians in CP"

ﬂanaH)KeBO He6eT07 JIaI'DaH>KEeBO MODPETO,

JIAPAHIKEBA, TPEBATA, JAIDAHIKEB € IPaJIbT.

In this chapter we use Floer theory with local coefficients in order to derive some restrictions on
the topology of closed manifolds which admit a monotone Lagrangian embedding in CP". The local
systems which we will use are very limited — we will only be interested in the cohomology of the
complex C}(L, (L,&p)) for different covers L' of L for which the complex is unobstructed. This is
exactly the “lifted” Floer cohomology, introduced by Damian in [Dam12]. However, we will heavily
use the algebraic structures discussed in section 2.4.4, in particular, the quantum module action
and the AKS criterion. Moreover, we will need to work with coefficients in rings of characteristic

different from 2 so we now make a small interlude to discuss this issue.

Signs

The Biran-Cornea machinery with coefficients in Z (when it is well-defined) contains much more
information than the theory over characteristic 2 but requires more work to set up. It also requires
some additional assumptions on L for the constructions to be possible. The reason is that one needs to
be able to orient the various moduli spaces and do so coherently, so that configurations corresponding
to opposite ends of a connected component in a 1-dimensional moduli space come with opposite
signs. Note that in all our constructions with local systems in chapter 2, we only used the fact that
contributions from such configurations cancel out. Thus, if there exists an orientation scheme which
makes the theory with trivial local systems well-defined over characteristic other than 2, then the
same scheme can be used to make the high rank theory work, as our proofs above will carry over,

after being modified to incorporate the appropriate signs.

I'See footnote on page 116.
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There are several orientation schemes in the literature and it is not entirely clear to what extent
they agree with each other. However, we will not need the actual specifics of such a scheme, only

the fact that it exists. To be more concrete, consider first the following definition:

Definition 3.0.13. Let L be an oriented, monotone Lagrangian and let £ — L be an R-local system for
some commutative ring R. Let J be a generic almost complex structure and assume that Mo (2, L;J)
is an oriented manifold. Then, if p € L is a regular value for ev: Mo (2,L;J) — L, we define
mo(€)(p) =}, deg,(ev)Py, € End(&p),
ucev—1(p)

where deg, (ev) denotes the local degree of ev at u. &

In this chapter we will rely on the following assumption with respect to the above definition:

Assumption 3.0.14. If L C M is a monotone Lagrangian with NJ¥ > 2, equipped with an orientation

and a relative spin structure, then:

a) The orientation and relative spin structure on L induce orientations on the moduli spaces
Moo(2,L;J) and Mg 1(2,L;J) for any generic J. With these orientations and mg(€) defined
as in Definition 3.0.13, the invariance properties of Proposition 2.2.3 hold. That is, mo(€) is

an element of End(&) which is independent of the choice of generic J.

b) The moduli spaces of pearly trajectories can be oriented and their isolated points counted with

signs in such a way that the following hold:

i) for any pair of R-local systems £, £! — L the resulting pre-complex (CH(E 0.&"),d?7))

satisfies
2
Va e C(E%,€") (d(@*J)) a=+(aomy(E%) —mo(Eoa) - T;

ii) the product (2.60) gives rise to a unital, graded, R[T*!]-linear category (L)g of R-local
systems on L, where the space of morphisms from £° to £! is HF p(£%,&1);
iii) for any R-local system & — L the map CO%: QHie(M;R) — HFjc ... (€) is a unital

R[T*!]-algebra homomorphism and it satisfies

COBc(e1(TM)) = [(mo(€) 02¢) - T,

0

where &g € HFg . (€) is any cocycle representing the unit;

iv) in the special case when & is the trivial, rank one R-local system, there is a commutative

diagram

HY(M;R) — = H¥

cls

in iqL VO<k<NF—1; (3.1)
0

(L;R)

k . €Ohe k .
OHE(M;R) —5 HF¥(L,L;R)
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v) the dy-part of the differential d (2-J) can be identified with the Morse differential 97 from
(2.8); in particular, for any pair of R-local systems £°, ! — L, the first page of the Oh-
Biran spectral sequence which computes HF g (E°,£") is identified with the singular

cohomology of L with coefficients in the R-local system Z,,,(%,E1). /

Let us reiterate that as long as there exists an orientation scheme for which Assumption 3.0.14 is
satisfied with all local systems trivial and of rank one, then it is automatically satisfied with arbitrary
local systems. It is known that a choice of orientation and relative spin structure on a Lagrangian
L determines an orientation on all moduli spaces of pseudoholomorphic discs with boundary on L
([FOO009, Chapter 8], [Sei08a, Lemmas 11.7, 11.17], [Zap15, Section 7.1]). Using this fact, Biran
and Cornea give an orientation procedure for pearly moduli spaces in [BC12, Appendix A] and
sketch the verification of b) ii), iv) and v).

A different approach to orientations for the pearl complex was introduced by Zapolsky in

[Zap15]. Given a monotone Lagrangian L with N¥ > 2, he imposes the following restriction:

Assumption(0): For some (equivalently, any) point ¢ € L, the second Stiefel-Whitney class wy(TL)

vanishes on the image of 73(M,L,q) in m (L, q) under the boundary map.

When this assumption is satisfied, Zapolsky constructs a complex, called the canonical pearl com-
plex of L with coefficients in an arbitrary commutative ring R. We will denote this complex by
C;?y Zap (L,L;R). If R =TF, (or any other ring of characteristic 2), then Assumption (O) can be dropped
and in fact the Biran-Cornea complex CJ’Z(L,L;IFQ) is naturally a quotient of C7 ;. (L,L;F). If R
does not have characteristic 2 however, Assumption (O) is necessary in order to define the chain
groups C} 7,,(L,L;R).

These groups are obtained by attaching a particular free R-module with basis indexed by
m(M,L,x) to each critical point x € Crit(f). For each rigid pearly trajectory, Zapolsky defines
an isomorphism between the modules attached to its endpoints and the sum of these isomorphisms
gives an endomorphism dé?pj) of Cy Zap (L,L;R). He then carefully checks that this map squares
to zero and in particular in [Zapl5, Section 6.2] he verifies a generalised version of our Assump-
tion 3.0.14 b) i). Zapolsky also defines a product on the cohomology HFZ*ap(L, L;R), a graded-
commutative algebra QHZ*ap (M;R) (which we may call the canonical quantum cohomology of M)
and the corresponding map C O%ap: OHy, (M;R) — HF},,(L,L;R) which he shows to be a unital
algebra homomorphism (in Zapolsky’s paper this is expressed in terms of quantum module action of

QH;ap on HF}, = without explicit mention of a closed-open map). One can verify directly from the

Zap
definitions that the analogue of Assumption 3.0.14 b) iv) holds for the canonical complexes (that is,
after replacing the abbreviation “BC” by “Zap” in diagram (3.1)). There is again a spectral sequence
whose first page contains only topological information (it is the cohomology of L with coefficients in

a particular graded local system of free R-modules, see [KS18, Section 3.1]) and which converges to

H FZ*aP(L,L;R). Zapolsky’s complex can also be twisted by a rather general version of local system
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(see [Smil7, Appendix A]) of which the local systems we consider in this thesis are a special case.
The obstruction issues for the differential to square to zero are more delicate but are still controlled
Maslov 2 discs. In particular, if NJ > 3, then there are no obstructions.

Assumption (O) is the weakest condition on a monotone Lagrangian L C M under which a
version of Floer theory has been defined over an arbitrary ground ring. In particular, if L is relatively
pin (recall that this means that either wo (T L) or wp(TL) +w; (TL)? lies in the image of the restriction
map H*(M;F,) — H?(L;F,)), then L satisfies Assumption (O) (see [Zapl5, Section 7], [KS18,
Section 3.4]). Note that this does not require L to be orientable but, if L is orientable, then being
relatively pin is the same as being relatively spin which puts us in the setting of Assumption 3.0.14.
As far as the author knows, there are no known examples of monotone Lagrangians which satisfy
Assumption (O) but are not relatively pin (Zapolsky erroneously gives RP°> C CP3 as an example
but, as we shall see below, RP? is relatively spin). On the other hand, in chapter 4, section 4.1.5 we
give for each k > 1 an example of a non-orientable Lagrangian in CP**! whose minimal Maslov
number is 2k + 1 and which does not satisfy Assumption (O) (see Lemma 4.1.34).

Here is how this story relates to the construction we need. As explained by Zapolsky in [Zap15,
Section 7], if one fixes a relative pin structure on L, one can take natural quotients of C,)*‘,Zap (L,L;R)
in order to obtain simpler versions of Floer cohomology which still satisfy all the desired algebraic
properties. In particular, if L is orientable and carries a relative spin structure, then there exists a
quotient complex of C} ,,(L,L; R) which can be given a natural structure of a module over R [T+
(with T of degree NJ) and which satisfies all the properties in Assumption 3.0.14b). Thus, from
now on, we declare that whenever we refer to the Biran-Cornea pearl complex with coefficients in a

ground ring of characteristic different from 2, we mean exactly this quotient of C}i Zap (L,L;R).

Remark 3.0.15. Strictly speaking, the quotient complex may depend on the choice of relative
spin structure on L and so can the structure of its cohomology HFj-(L,L;R) as a module over
QH};-(M;R). This dependence will not enter into our discussion, since we will only be using the

properties listed in Assumption 3.0.14 and these hold for all choices of relative spin structure. /

Some facts about CP"

For the remaining part of this thesis we will be concerned almost exclusively with the symplectic
manifold (CP"; wgs) for n > 1. Here wgs denotes the Fubini-Study symplectic form, normalised so
that a line CP! C CP" has area . We now collect some facts about this manifold, most of which are
well-known and which we will use repeatedly in many of the arguments that follow. The notation
established here will also be used in the rest of this work.

Let R denote any commutative ring. Recall first that the cohomology ring of CP” is
yp— R[H]
H ((CIED’Z,R) - W’
where the generator is H := PD¢ps (CP"!) is called the hyperplane class. With our chosen nor-

malisation of the symplectic form, one has the equality [wrs] = 7£H in H>(CP";R). The first Chern
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class of CP" is ¢; (TCP") = (n+ 1)H and so we have

(wps] =2 c1(TCP).

_T
2(n+1)
In particular, CP" is a monotone symplectic manifold and any monotone Lagrangian L C CP” has
monotonicity constant A = ﬁ Also, if L C CP" is a Lagrangian with H'! (L;R) =0, then L is
automatically monotone (recall (2.3)).

We denote the standard integrable complex structure on CP” by Jy. It is compatible with wps
and so defines a Kéhler metric ggs on CP". This metric is also Einstein, making (CP", ggs,Jo) into a
Kaihler-Einstein manifold. In particular, if L C CP" is a Lagrangian submanifold, which is minimal
with respect to grs, then L is monotone by a result of Cieliebak and Goldstein [CG04].

The manifold CP" is simply connected and has 7, (CP") 2 Z. In particular, there is no ambigu-
ity about the definition of minimal Chern number and one has Ngp» = n+ 1. If L C (CP", Jp) is an
n-dimensional totally real submanifold, there is also no ambiguity about its minimal Maslov number
Ny, and one has that Ny, divides 2(n+ 1). Moreover, L is orientable if and only if N, is even. One can

also make the following topological observation.

Lemma 3.0.16. Let L C CPP" be a totally real submanifold with minimal Maslov number Ny, and let
i: L — CP" be the inclusion. Then one has 2(n+1)i*H = 0 € H*(L;Z). Moreover, if H' (L, Z) = 0,

then i*H has order exactly ZMT?) in H*(L; Z,).
Proof. The long exact sequence in cohomology for the pair (CPP", L) yields the exact sequence
H'(L;Z) — H*(CP",L;Z) —— 7.(H) - H*(L,Z).

Since the Maslov class y; € H>(CP",L;Z) satisfies j*(uz) = 2c1(TCP") = 2(n+ 1)H, we imme-
diately get i*(2(n+ 1)H) = 0. Now, if H'(L;Z) = 0, we have that H>(CP", L;Z) injects into Z(H)
and so it must be freely generated by some class g € H>(CP",L;Z), which is non-zero since i, is
non-zero. By the universal coefficients theorem there exists a class u € H(CP", L; Z) with which g
pairs to 1, and so we must have p;, = Npg. Applying j* to both sides, we get 2(n+ 1)H = Ny j*(g)

2(n+1) 2(n+1)

and hence j*(g) = =, H. By exactness of the above sequence, it follows that i*H has order =~

in H 2(L; 7). O
After these topological preliminaries, let us note some of the crucial properties of CP” related

to holomorphic curve theory. The quantum cohomology of CP” over an arbitrary commutative ring

Ris

R[H.q"]

H*(CP";R) = ————,

0 ( ) ( Hntl — q)

where ¢ is a formal variable of degree 2(n+ 1) which we may sometimes implicitly set to 1, if we are

not interested in the grading. Note the crucial fact that H € QH?(CP";R) is an invertible element.

Using this, together with the action of quantum cohomology on Lagrangian Floer cohomology, one
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can show that, if L C CP" is a monotone Lagrangian, then
1 <N, <n+1. (3.2)

This bound was first established by Seidel in [Sei00, Theorem 3.1] but a proof along the lines of our
above discussion can be found in [BC09b, Lemma 6.1.1].

Finally, we observe that combining Lemma 3.0.16 with the algebraic structures from section
2.4.4, has some immediate consequences for monotone Lagrangians in CP" with high minimal

Maslov number.

Lemma 3.0.17. Let L be a monotone Lagrangian in CP" with minimal Maslov number Ny, > 3. Let R
be any commutative ring and if R has characteristic different from 2, assume that L is orientable and
relatively spin. Then HFgc(L,L;R) is 2(n+ 1)-torsion. Further, if H' (L;Z) = 0, then HFj(L,L;R)
is (2(n+1)/Nyp)-torsion.

Proof. Since Ny > 3, we can specialise diagram (3.1) to obtain

H*(CP";R) —— H3 (L;R)

qcpr l J/LIL
0

cO
QH3-(CP";R) —% HF}~(L,L;R),

from which we see that CO%~(H) = g, (i*(H)). By Lemma 3.0.16, this implies that we have
CO%-(2(n+1)H) =0and, if H'(L;Z) = 0, then CO%((2(n+1)/N.) H) = 0. Since H is invertible

in QH};(CP";R) and COY. is a unital algebra map, we obtain the result we wanted. O

Remark 3.0.18. Note that if L is not orientable and relatively spin, Lemma 3.0.17 can still be useful if

H'(L;Z)=0and 2(n+1)/Ny is odd, because in this case it tells us that HFyj (L, L; ) vanishes.

3.1 Lagrangians which look like RP"

This section is based on the paper [KS18] which is joint work with Jack Smith and is devoted to

proving Theorem A. What we prove in fact is the following equivalent statement:

Theorem 3.1.1. Let L C CP" be a closed, connected monotone Lagrangian submanifold with min-
imal Maslov number N, = n+ 1. Then the fundamental group of L is isomorphic to 7./2 and the

universal cover of L is homeomorphic to S".

To see that this is equivalent to Theorem A, note that if L is homeomorphic to the quotient
of §" by a free Z/2-action, then [HM64, Lemma 3] tells us that L is homotopy equivalent to RP".
Conversely, if L is homotopy equivalent to RP", then its fundamental group is Z/2 and its universal
cover L is a homotopy sphere. But then the Poincaré conjecture (which is used in the proof of

Theorem 3.1.1) implies that Lis homeomorphic to S”.
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Remark 3.1.2. We will only give the full details of the proof in the case when n is odd. The case
of even n is completely analogous but requires the use of Floer theory over Z for non-orientable

Lagrangians and thus relies on Zapolsky’s machinery. It is carried out in [KS18]. /

From now until the end of this section we let L denote a monotone Lagrangian in CP" of
minimal Maslov number N, = n+ 1. We also assume that n > 2, since the case n = 1 of Theorem
3.1.1 is trivial. Lemma 3.0.17 is the crucial observation which allows us to prove the desired result
but to be able to apply it we need to know that L is relatively pin. To this end we use some known
results of Biran-Cornea about the Floer cohomology of L over F, ([BC09b, Lemmas 6.1.3, 6.1.4]).
Since Biran-Cornea state their results under an a priori stronger assumption on L than the one we are

imposing here, we give the full proofs. We begin with a simple topological observation.
Lemma 3.1.3. We have H' (L;F,) # 0.

Proof. The long exact sequence in homology for the pair (CP", L) gives the exact sequence
Hy(CP"Z) — Hy(CP",L;Z) — H,(L;Z) — 0.
Applying the left-exact functor Homy,(—,F,) we obtain the exact sequence
0 —s H'(L;2/2) % Homy,(H>(CP", L, Z), F2) 25 Homy (H (CP*; Z), F»),

and the penultimate term contains the mod 2 reduction j,, of I, /(n+1). Since I, /(n+ 1) restricts
to 21, /(n+ 1) on Hy(CP";Z), and this is always even, we deduce that 3(1},, ) is zero. This means

that ILL is in the image of o, and as ILL itself is non-zero, we must have H'(L;F,) # 0. O

Now consider the Floer cohomology of L over F. The p™ column of the first page of the
associated spectral sequence is then H*(L;F,)[—pn], and for degree reasons the only potentially
non-zero differentials in the whole spectral sequence map from H"(L;F,)[—(p — 1)n] = F, to
H'(L;F2)[—pn] = F, on this page. By construction these maps are independent of p, so it suffices
to understand the case p = 0.

From this spectral sequence and the action of C O%C(H ) we obtain the following two lemmas,

which are basically [BC0O9b, Lemmas 6.1.3, 6.1.4].

Lemma 3.1.4. There is an isomorphism of graded Fy-vector spaces
HF3c(L,LiF2) = D H(LiF2)[~p(n+1)].
p=—o
That is HF*(L,L;F) = &%_ JHHUP(L:Fy) = H%(L;Fy), where 0 < { < n and k = {
mod (n+1). Further, H*(L;F2) 2 F, for all 0 < k < n.

Proof. By the preceding discussion we see that to prove the first part, it is enough to show that the
differential

dy : H'(L;Fy)[n] — HO(L;IFZ)
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on the first page of the spectral sequence vanishes. Since the codomain comprises just O and the
classical unit, we are done if the latter is not in the image of d;. But the classical unit is also the
unit ey, for the Floer product and so we simply need to check that HFj~(L,L;F») is non-zero. To see
that this is indeed the case, observe that H'! (L;TF,) survives the spectral sequence and is non-zero by
Lemma 3.1.3.

We thus have that HFgo(L,L;F2) = @5 H*(L;F2)[—p(n+ 1)]. In particular, we see that
HFY(L,L;F>) =2 H(L;F,) 2 F, and HF3! (L, L;F>) = H"(L;F,) = F,. But by invertibility of the
hyperplane class H in quantum cohomology, Floer multiplication by CO%C (H) gives an isomor-
phism HFS~(L,L;F) = HF5 (L, L;F) for every k € Z and so we must have HF{(L,L; ) = T,
for all k € Z. This finishes the proof. O

Observe that Lemma 3.1.4 allows us to immediately complete the n = 2 case of Theorem 3.1.1

since, by the classification of surfaces, RIP? is the only closed surface whose first cohomology group

over [, is isomorphic to F,. It also allows us to deduce the following.

Lemma 3.1.5. The group H*(L;TF,) is isomorphic to Fy and is generated by i*H, where i : L — CP"

is the inclusion. In particular, L is relatively pin.

Proof. By the above lemma we already know that H?(L;TF5) is isomorphic to F, and in fact, during

the proof we saw that the following must hold:
1. Floer multiplication by COR(H) gives an isomorphism HFgc(L,L;F2) — HFac(L,L;F2);
2. HF(L,L;F>) is a copy of F,, generated by the unit e/;

3. the map g : H*(L;F,) — HF?(L,L;F,) is an isomorphism (this map is well-defined when

n =2, since even then dy : H*(L;Fy) — H°(L;[Fy) vanishes).

By the first two items, we conclude that HF3 (L, L;F») is a copy of 2, generated by CO% (H) xer, =

CO%C(H ). Now, specialising diagram (3.1) gives the commutative diagram

H2(CP";Fy) — = H2(L;Ty)

0

cO
OH3(CP";Fy) — 2% HFZ-(L,L; ).

The left-hand vertical map is an isomorphism between copies of [F,, and the preceding discussion
shows that the same is true for the right-hand vertical map and the bottom horizontal map. Hence

the top horizontal map is also an isomorphism, which is what we wanted. O

At this point we make the assumption that L is orientable, which is equivalent to assuming that
n is odd, since CP” is simply-connected. By Lemma 3.1.5, we know that in this case L is relatively
spin, so we can unleash the full power of Floer theory over Z. Further, since N =n+ 1 > 3, there

is no obstruction to using local systems of arbitrary rank for coefficients. For any cover L’ of L, let
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&ps denote the corresponding Z-local system. Then each column on the first page of the Oh-Biran
spectral sequence which computes HFg-(L,(L,&;/)) is isomorphic to a shifted copy of H*(L; &)
which by Proposition 2.1.1 is simply H}(L';Z). Further, all of the intermediate cohomology groups

(meaning 0 < x < n) survive the spectral sequence for degree reasons. The key result is the following:

Proposition 3.1.6. For any cover L' of L the compactly-supported cohomology groups HL’.‘ (L';Z) for

0 < k < n are 2-torsion and 2-periodic.

Proof. Since these intermediate cohomology groups survive to HF3(L, (L,&/);Z), they are acted
upon by the invertible element C (’)OBC (H) of degree 2. This gives us 2-periodicity.

To prove 2-torsion, first let L' = L and note that since Ny > 3, Lemma 3.0.17 tells us that
HF;(L,L;Z) is 2(n+ 1)-torsion. Since HF;(L,L;Z) contains the intermediate cohomology of L,
then the latter is also torsion which, in particular, tells us that H' (L; Z) = 0 since the first cohomology
must always be torsion-free. Now, by the second part of Lemma 3.0.17, we see that HFjj (L,L;Z) is
2-torsion. Since for each cover L' the cohomology HFj (L, (L,&;/);Z) is a (right) unital module over
the ring HFy(L,L;Z), the former must also be 2-torsion. This in turn means that the intermediate

compactly-supported cohomology groups of each L’ are 2-torsion. O

We can now complete the proof of Theorem 3.1.1, by showing that L has fundamental group

7,/2 and universal cover homeomorphic to S”.

Proof of Theorem 3.1.1 for n odd. Apply Proposition 3.1.6 to every connected cover L’ of L to see
that for every such cover the group Hg’_l (L';7Z) is 2-torsion. Since L is orientable, Poincaré duality
tells us that H"~!(L;Z) is isomorphic to H; (L;Z) and so the latter is 2-torsion.

By the Hurewicz theorem, this means that every subgroup of 7 (L) has 2-torsion abelianisation.
In particular, by considering the cyclic subgroups, we see that every element of 7; (L) has order 2, so
the group is abelian (every commutator aba~'b~! is square (ab)? and hence equal to the identity).
We deduce that (L) is isomorphic to H;(L;Z) and is 2-torsion. It is also finitely-generated (since
L is compact) and so 71 (L) = (Z/2)* for some k € N. On the other hand, by Lemma 3.1.4, we know
that H'(L;F,) = F, and so k = 1.

Consider now the universal cover L of L, which is compact by the above discussion. By the
Hurewicz and universal coefficients theorems H'(L; Z) vanishes and H2(L;Z) is torsion-free. Then,
by Proposition 3.1.6 we see that Lisan integral homology sphere. Since Lis also simply-connected,
the homology Whitehead theorem (see e.g. [May83]) and the Poincaré conjecture imply that Lis

homeomorphic to S". O

Remark 3.1.7. The proof when n is even proceeds along the same lines but one needs to replace “BC”
by “Zap” everywhere. We are allowed to do this since by Lemma 3.1.5 L is relatively pin. There is

also a small difference in the last part of the proof in order to apply Poincaré duality correctly.  //
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3.2 Monotone Lagrangians in CP>

In this section we focus on monotone Lagrangians in CIP*> and prove Theorem B. Observe that we
have Ngps = 4 and so the possible values for the minimal Maslov number of a monotone Lagrangian
are 1, 2 and 4. Since we cannot apply monotone Floer theory to Lagrangians with Ny = 1, we restrict
our attention to the cases Ny = 2 and N; = 4 in which we would like to classify Lagrangians up to
diffeomorphism (recall that in dimension 3 the smooth and topological categories are equivalent).
While in the case N, = 2 we remain far from this goal, Theorem 3.1.1 allows us to deal with the case

Np = 4 straight away:

Proposition 3.2.1. (/KSI8, Corollary 3]) If L C CP? is a monotone Lagrangian with minimal
Maslov number 4, then L is diffeomorphic to RIP3.

Proof. By Theorem 3.1.1, we know that L is homeomorphic to a quotient of > by a free involution.
By a result of Livesay ([Liv62, Theorem 3]) any such involution is conjugate to the antipodal map

by a homeomorphism. Thus L is homeomorphic (equivalently, diffeomorphic) to RP. O

From now on we focus on the case N; = 2. Note that this implies that L is orientable and by
a well-known theorem of Stiefel [Sti35], all closed, orientable 3-manifolds are parallelisable. In
particular, they are spin, so we are free to use Floer theory with coefficients in any commutative
ring. The main Floer-theoretic results we rely on in this section are the properties of the obstruction

section from Assumption 3.0.14 a) and the following easy corollary of the AKS criterion:

Lemma 3.2.2. Let L C CP? be a monotone Lagrangian with N = 2 and let K be any field of
characteristic different from 2. If mo(L;K) = 0, then HF§j-(L,L;K) = 0.

Proof. Suppose nip(L;K) = 0. By the AKS theorem we have
COY(4H) = COY(c1 (TCP?)) = mo(L;K)ep, =0 € HFc(L,L;K).

Since H is invertible in QHEC(CIPﬁ;K) and K is a field of charateristic different from 2, then 4H
is also invertible. But then, since C O%c is a unital algebra map, we see that 0 must be invertible in

HF;(L,L;K) and thus HF;-(L,L;K) = 0. 0

In what follows we use the above result and the geometry of the moduli spaces of holomorphic
discs in order to restrict the topology that a monotone Lagrangian in CIP? of minimal Maslov number
2 can have. Before we can start applying any Floer theory however, we need some preliminary ob-
servations about the topology of certain 3-manifolds. Note that throughout this section a 3-manifold

will always be assumed compact and without boundary.

Notation 3.2.3. For a group G and an element g € G we write C(g) for the centraliser of g, (g)
for the cyclic subgroup generated by g and [g] for the image of g in the abelianisation of G. If R

is a commutative ring and R[G] is the group algebra of G over R, we write €: R[G] — R for the
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augmentation sending all elements of G to 1 € R. For an element a € R[G] we define the support of

a to be the set supp(a) C G of elements which appear with non-zero coefficients in a. /

3.2.1 Preliminaries on 3-manifolds

Recall first that a closed 3-manifold N is called prime if the only way to write it as a connected sum
of two manifolds is if one of them is the 3-sphere. The Prime Decomposition Theorem of Kneser and
Milnor states that any closed orientable 3-manifold M can be decomposed as M = N #N#- - - #N,,
where each N; is a prime 3-manifold and this decomposition is unique, up to rearranging the factors.

Observe that if a 3-manifold is not prime, then the belt spheres of the connecting tubes in the
prime decomposition are embedded and homotopically non-trivial 2-spheres. A 3-manifold is called
irreducible if every embedded 2-sphere bounds a 3-ball. Thankfully, the distinction between prime
and irreducible 3-manifolds can be settled very easily: the only orientable 3-manifold which is prime
but not irreducible is S' x §% ([Hem76, Lemma 3.13]).

Papakyriakopoulos’s Sphere Theorem ([Hem76, Theorem 4.3]) tells us that if NV is an orientable,
irreducible 3-manifold, then 7, (N) = 0. Thus, if N is orientable and irreducible and 7; (N) is infinite,
it follows by an application of the Hurewicz theorem to the universal cover of N that N is aspherical.
Therefore, orientable, prime 3-manifolds come in three groups: the ones with finite fundamental

group, S' x §? and the aspherical ones.

3.2.1.1 Spherical manifolds

The 3-manifolds with finite fundamental group are the subject of the famous Elliptisation Theorem.
It is a generalisation of the Poincaré conjecture and states that every closed 3-manifold with finite
fundamental group is a quotient of the round S* by a free action of a finite group of isometries. The
Elliptisation Theorem is part of the Geometrisation Theorem, proved by Grigori Perelman and we
assume it in this work. The finite subgroups I" of SO(4) which can act freely on > have been listed

by Milnor [Mil57] and fall into the following classes:
1. the trivial group,
2. Qg = (x,y 1 x* = (xy)? = y*") with abelianisation Z/2 ® Z/2,
3. Pg = (x,y: x> = (xy)? =y* x* = 1) with abelianisation Z/2,
4. Pioo = (x,y : x> = (xy)® =y°,x* = 1) with trivial abelianisation,
5. Dykapsny = (0¥ : X2 =1,y = 1 xyx ! =y~1), k > 2, n > 1 with abelianisation Z /2%,

1 1 _

6. Py = (00,2, 0 X2 = () =y*, 2z =y,z9z7" = xy,2* = 1) with abelianisation Z/3%,

7. the product of any of the above with a cyclic group C,, with m co-prime to the order.
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We note for later that the only cases in which the abelianisation (i.e. the first homology group of the

corresponding 3-manifold) contains an element of order 4 are:

T2Cyy or T2 Dy, q) X Gy forn>1, k> 2, ged(2X(2n+1),m) = 1. (3.3)

3.2.1.2 Seifert fibred manifolds

A larger class of 3-manifolds, with which we will mostly be concerned, are the so-called Seifert
fibrable manifolds. We now define them and briefly describe their basic properties. For more details

we refer the reader to [JN83].

Definition 3.2.4. A Seifert fibration of a closed, oriented” 3-manifold M is a smooth map g: M — £
to a closed (possibly non-orientable) surface X such that for each point x € X there exists a neigh-

bourhood x € U, C X, a pair of coprime integers o, &’ with ¢ # 0 and a commuting diagram

g ' (U,) —= S' x D? (e rei?)
U, x—0 D2 raei(a(P+Ot/9)

where the horizontal arrows are diffeomorphisms. The set ¢~ ! (U,) is called a model neighbourhood
of the fibre g~ ! (x) and || is called the multiplicity of that fibre. If |a| > 1, we call ¢~ (x) a singular
fibre, otherwise we call it a regular fibre. Note that the only fibre in ¢~ !(U,) which is potentially
singular is ¢~ (x).

Two Seifert fibrations g;: M — X1, g2: M — X, are called isomorphic if there exists a com-

muting diagram

YI—
where the horizontal arrows are diffeomorphisms and the top arrow is orientation preserving.
We call an oriented 3-manifold M Seifert fibrable, if it admits a Seifert fibration. If an isomor-

phism class of such fibrations is understood, we call M a Seifert fibred manifold. &

Note that since only the central fibre in any model neighbourhood can be singular and the
base ¥ is compact, there can only be a finite number of singular fibres. Seifert fibrable manifolds
are completely classified in the following sense: there is a complete set of invariants of a Seifert
fibration (called the normalised Seifert invariants) which determine it up to isomorphism and, for
manifolds admitting more than one isomorphism class of Seifert fibrations, the invariants of all such
classes are known ([JN83, Theorem 5.1], [GL18]).

The (non-normalised) Seifert invariants of a given Seifert fibration are tuples of the form

(g;(a1,B1),---, (0, Br)), where g is an integer and (o, 3;) is a pair of coprime integers for each

2There is a definition of a Seifert fibration for non-orientable manifolds as well but we won’t need it in this work.
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1 <i < n. From this data one can construct a Seifert fibration whose base is an oriented genus g sur-
face, if g > 0, or a connected sum of |g| copies or RIPZ, if g is negative. The resulting Seifert fibred
3-manifold will be denoted by M(g; (e, B1), ..., (0, By)). The details of how the construction goes
and how to normalise the invariants can be found in [JN83]. For our purposes all we need are the

following facts:

1. The Seifert fibred manifold M(g; (o, B1),- .., (¢, B,)) has at most n singular fibres and their
multiplicities are among the numbers {|a |, |0/, ...,|®,|}. The remaining ¢ are all equal to

+1.

2. Let M =M(g; (o, B1),..., (0, Br)) and let x € M be a point which lies on a regular fibre. If

g >0, then 7; (M, x) has the presentation

<a1,b1,a2,b2,...,ag,bg,ql,qz,...,q,,,h ‘

h central, q?"hB’, Qq2---qgnlar,b]... [an,bn]>,

while, if g < 0, then 7; (M, x) has the presentation

<al7a27"'aa\g|7q17q2a'"7qnah‘

ajha;I =h7Y [hqi, q?"'hﬁi7 q]qz...qna%a%...a‘ng. 3.4)
In these presentations & denotes the class of the regular fibre through x.
A Seifert fibration ¢g: M — X gives rise to two important subgroups of 7; (M) which we now define.

Definition 3.2.5. Let X denote the minimal orientable cover of £ (i.e. X itself, if it is orientable,
or its orientable double cover, otherwise) and let 77 : £ — X be the covering map. The subgroup
C:=q; " (m}(m (7)) < my (M) is called the canonical subgroup of i (M). Let N := (h) < 1 (M)
denote the subgroup generated by the class of a regular fibre. The group N is called the Seifert fibre

subgroup of m (M). O

Note that C is the whole of 7; (M) when X is orientable and has index 2, otherwise. In particular,
it is always a normal subgroup. Also, it can be seen from the presentations that N is also normal.
This justifies the omission of base points in the above definition.

Let us now briefly discuss Seifert fibrable manifolds from the point of view of the 3-dimensional
geometries. Recall that a 3-dimensional model geometry is a pair (X,G), where X is a simply con-
nected (not necessarily closed) 3-manifold and G is a Lie group of diffeomorphisms of X, acting
transitively on X with compact stabilisers and maximal amongst such groups of diffeomorphisms.
One says that a closed 3-manifold M is modelled on (X, G) if M is diffeomorphic to X /T for some
discrete subgroup I' < G acting freely on X. Thurston (see e.g. [Thu97, Theorem 3.8.4]) has clas-

sified all 3-dimensional model geometries for which there exists at least one closed 3-manifold



3.2. Monotone Lagrangians in CIP3 104

modelled on (X, G) and they are: [E3 (Euclidean), S (spherical), H? (hyperbolic), $* x E!, H? x E!,
SL/(E,/R), Nil and Sol (in each case the group G is the group of isometries of the given space, when
the space is equipped with the obvious Riemannian metric, in the case of the first five, or any left-
invariant metric, in the case of the last three). A 3-manifold is called geometric if it is modelled on
one of these 8 geometries. It is a fact (see [Sco83a, Theorem 5.2]) that if a 3-manifold is geometric,
then it can be modelled on exactly one of these geometries.

All Seifert fibrable 3-manifolds are geometric ([Sco83a, Theorem 5.3]) and the model geometry
is determined by two invariants of the Seifert fibration — its Euler number and the orbifold Euler
characteristic of the base. Moreover, 6 of the 8 geometries — all apart from H? and Sol — are populated
only by Seifert fibrable manifolds. It is also known that Seifert fibrable spaces which admit more
than one isomorphism class of Seifert fibrations necessarily possess one of the geometries S°, §? x E!
or E3 ([Sco83a, Theorem 3.8]). In particular, a non-Euclidean, aspherical Seifert fibrable manifold
admits a unique Seifert fibration up to isomorphism.

We now discuss the Euclidean 3-manifolds in a little more detail, because they play an important

role in our partial classification of monotone Lagrangians in CP>,

3.2.1.3 The chiral platycosms

It is well known that there are only 10 diffeomorphism classes of closed 3-manifolds which admit a
Euclidean geometry (see [Sco83a, Table 4.4] and the discussion thereafter). We will adopt Conway’s
terminology from the paper [CRO3] which refers to these as platycosms and gives names to all of

them. Of the 10 platycosms, exactly 6 are orientable — the chiral platycosms — and they are:
1. the torocosm T3 = S' x §! x S!, a.k.a. the 3-torus,

2. the dicosm Ly = M(—2;(1,0)); it is the only Euclidean circle bundle over the Klein bottle
with orientable total space and it also admits a Seifert fibration over the sphere with invariants

M(0;(2,1),(2,1),(2,—1),(2,—1)) (see [IN83, Theorem 5.1])

3. the tricosm Ly = M(0;(1,—1),(3,1),(3,1),(3,1)) which is the mapping torus of an order 3
diffeomorphism of 72,

4. the tetracosm Ly = M(0;(1,—1),(2,1),(4,1),(4,1)) which is the mapping torus of an order 4
diffeomorphism of 72,

5. the hexacosm L = M(0;(1,—1),(2,1),(3,1),(6,1)) which is the mapping torus of an order 6
diffeomorphism of T2,

6. the didicosm Ly =M (—1;(1,—1),(2,1),(2,1)), ak.a. the Hantzsche -Wendt manifold, which

is the only 3-dimensional Euclidean rational homology sphere.

All platycosms are quotients of E3 by a crystallographic group I', i.e. a discrete and co-compact

subgroup of the group of isometries of 3-dimensional Euclidean space. By a well-known theorem
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of Bieberbach, the subgroup A < T, consisting of all translations in I, is isomorphic to Z> and has

finite index. Moreover, any other abelian subgroup of I" with finite index is contained in A (see e.g.

[Szc12, Lemma 2.6]). This means that for each platycosm L, there exists a minimal torus cover

Pmin -

T3 — L such that any other cover p: T3 — L factors through ppip.

What will be important to us is the map that pp;, induces on first homology groups. Using

[CRO3, Table 6], we now describe this map for all chiral platycosms:

1

For the 3-torus, the map pp;, is just the identity.

. For the dicosm Ly, one has H|(L,;7Z) = 7./2® 7Z,/2 © 7 and the map (pmin)«: Hi (T Z) —

Hi(Ly;Z) can be represented by the matrix

1 00
010
0 0 2

Z&ZHTL Z)20Z207 . (3.5)

. For the tricosm L3, one has Hy (L3;Z) =2 Z,/3@& Z and the map (pin )« : Hi (T3 Z) — H,(L3;7Z)

can be represented by the matrix

1 10
0 0 3

VASY Y/ 7367 . (3.6)

. For the tetracosm L4, one has H|(Ly;Z) = 7./2 ® Z and the map (pmin)«: Hi(T3;7Z) —

Hi(L4;Z) can be represented by the matrix

1 10
0 0 4

YAYAY/ 7267 . (3.7)

. For the hexacosm Lg, one has H(Lg;Z) = 7 and the map (pPmin)«: H1(T3;Z) — H\(L¢;Z)

can be represented by the matrix

(0 0 o)
VASVAY/ Z. (3.8)

. For the didicosm Ly,, one has Hy(Ly;Z) =2 7./4 ©Z/4 and the map (pmin)«: Hi (T3 Z) —

Hi(Lyy;7Z) can be represented by the matrix

2 0 2
0 2 2

YASYASY Z/ADZ/4 . (3.9)

3.2.1.4 Dominating maps from circle bundles to Seifert fibred manifolds

Finally in this preliminary section we prove a useful property of maps from a principal circle bundle

to an aspherical Seifert fibred manifold — the degree of such a map must be divisible by the mul-

tiplicities of all singular fibres of the target. This will be proved in Lemma 3.2.9. The main tool
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we rely on is the classification up to homotopy of maps between aspherical Seifert fibred manifolds,
proved by Yongwu Rong ([Ron93, Theorem 3.2]). To be able to use his results however, we first

need a couple of definitions.

Definition 3.2.6. Let f: M — N be a map between 3-manifolds and let K1, K>, ..., K; be a collection
of knots in N. We say that f is a branched covering, branched over Ki,K>,...,Kj, if the following

two conditions hold:
L. f|M\f*1(u§:1K,~) : M\ £V K;) = N\ (UL, K;) is a covering map,

2. foreach 1 <i < sthe preimage f_1 (K;) is a collection of disjoint closed curves C;1,Cp, . .. ,Ci

i

in M, such that for each 1 < j < k; there exist tubular neighbourhoods

@i S'xD* = U;CM
S'x{0} — G
vi;:S'xD* — V;CN
stx {0} — K

of C;; and K;, a pair of positive integers m;;,n;; and an integer g;; such that f(U,-j) =V;j and

the diagram

(u,z)— ("7, uii ")

S x D? S x D?
l%‘ J/W
Uij ! Vij
commutes. The integer m;; is called the branch multiplicity of f at C;;. &

In [Ron93] Rong defines an operation called a vertical pinch which transforms one Seifert fibred
manifold into another, where the base of the second one has potentially smaller genus. We will only

need to apply vertical pinches to circle bundles, so we only give a definition in this simplified case.

Definition 3.2.7. Let g: M — X be an oriented S' bundle over an oriented closed surface . Let
C C X be a simple closed curve which separates ¥ into 21 and 5. Let My =g~ (X)), M := ¢~ ' (X2)

and suppose that there exists a map f: M> — S' x D? such that
Flom, : M2 — S'xaD?
is a homeomorphism. Then there exists a degree 1 map
m=idUf: M=MUprc)My— M:=M Uy, (8! x D).
We call & a vertical pinch of M along C. &

We now observe that applying a vertical pinch to a circle bundle produces another circle bundle.
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Lemma 3.2.8. In the setting of Definition 3.2.7 and with £ = ¥1 Uy D* one has that M naturally

admits a circle bundle structure G: M — X which extends q| My P Mi— Xy

Proof. We have M = M; U flam (S' x D*) and on M; we still have the circle bundle structure
2

qlp, - M1 — Z1. We need to extend this map to S! x D?. Since qly, : M2 — 5 is an oriented circle

bundle over an oriented surface with boundary, it is trivial and so we can choose a section X, <— Mj,

identifying M, with S! x 5. Now let the action of f|, My 1S 1'% 9%, — §! x dD? on first homology

d
([S' x pt], [pt x dD?]) as bases for H;(S' x dX»;Z) and H(S' x dD?;Z), respectively. We have a

be given by a matrix (CCZ b) € SL(2,7), where we have chosen the pairs ([S! x pt], [pt x dX5]) and

commuting diagram

787 ——=H,(S" x 0%3;7) — H{(S' x X1;7)
a b

I
7.7 = H(S' x dD*;Z) — H;(S' x D*;7)

Since [pt x dX,] vanishes in H (S x X5;7), we see from the diagram that we must have b = 0 and
so a =d = +1. In particular, [S' x pt] is mapped by f to a generator of H;(S' x D?;Z). Hence
the fibration g o <f|51 ><822) : $!x 9D? - C extends to a circle fibration i, : S x D* — D?
which agrees with ¢| m, - My — X on the boundary. So these two maps glue to define a circle

fibration g: M — X, Uy D?. O

With these notions at hand, we can now use the main result of [Ron93] and prove the lemma that we

need.

Lemma 3.2.9. Let M be an oriented circle bundle over an oriented, closed surface of positive genus
and let L be an oriented, aspherical Seifert fibred manifold. Let f: M — L be a map of degree d.
Then d is divisible by the multiplicity of each singular fibre of the Seifert fibration of L.

Remark 3.2.10. By taking double covers of the domain and target if necessary, one can relax the
requirement that M be an oriented bundle. The conclusion remains the same, except that if L has
singular fibres of order 2, this does not force the degree of f to be divisible by 2: consider for
example the identity map on the dicosm, when the target is given the Seifert fibration over 5> with

four singular fibres of multiplicity 2. /

Proof. 1f d =0, there is nothing to prove, so assume d # 0. Then by [Ron93, Theorem 3.2] the map f
is homotopic to a composition po f o, where : M — M is a composition of finitely many vertical
pinches, f: M — L is a fibre-preserving branched covering, branched over fibres and p: L — L is
a covering. Here M is given the circle bundle structure provided by iterated application of Lemma
3.2.8.

In fact, as pointed out in [Ron93, Remark 2], the covering p can be taken to be the identity,

if L is not a Euclidean manifold. It is not hard to see (by an argument analogous to the proof of
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Lemma 3.2.20 below) that, if p cannot be taken to be the identity, then L is a torus and so p factors
through the minimal torus covering ppn. It can be checked directly that the degree of pp;, is always
divisible by all multiplicities of singular fibres of a Seifert fibration of a chiral platycosm. So from
now on, we assume that L is not Euclidean and that p is the identity. Then, since deg(w) = 1, we
have deg(f) = deg(f) = d. We now compute the degree of f.

Let K C L denote a fibre of multiplicity o of the Seifert fibration of L. Choose an orientation of
K, let x € K be a point and let r € m; (L, x) denote the corresponding class of K. From the description
of the local neighbourhood of a Seifert fibre, we see that the element /& := r* generates the Seifert
fibre subgroup of 7y (L,x). Now fix y € M such that f(y) = x and let t € 7; (M, y) denote the class of
the circle fibre passing through y. Since L is non-Euclidean, [Ron93, Lemma 2.1] (or see the proof
of Lemma 3.2.20 below) implies that f(t) = h" for some n € Z.

Since f is a fibre-preserving branched covering, branched over fibres, we have that f~!(K) =
C1UGCyU...UCy, where each C; is a fibre of M at which f has some branch multiplicity m; € Nxg.
We claim that each restriction f ‘ ¢’ C; — K is a finite covering of degree |na|.

To see this, assume without loss of generality that y € Cy and set k; = deg( f | o ). Then we have
the equation f, (t) = r*1 at the level of fundamental groups. However, we know that f,(¢) = 2" and
h = r%. So the above equation becomes X! = '*. Since L is aspherical, 7 (L, x) is torsion-free, so
we must have k; = na.. Now fori € {2,...,¢}, let y; € C; be a pre-image of the base point x € L and
lett; € m (M,y;) denote the class of C;. Writing k; = deg(ﬂcl_), we have f.(t;) = r*i. But we know
that £ (#;) is a conjugate of f.(¢) = h" (by an element of 7y (L,x) which is the homotopy class of the
image under f of some path in M which connects y; and y). From the presentations (3.4), we see
that the conjugacy class of 4" is either {/"} or {i",h~"}. Thus we have f.(#;) = h*" and the same
argument as above shows that k; = =no. We have shown that the restriction f | ¢’ C; — K is indeed
a finite covering of degree |na| for every i € {1,...,¢}.

Now let X’ € L be a regular value of f which is close to x. Then, from the definition of branched
covering, we see that f~'({x'}) has cardinality Y'!_, |n||ct|m;. Since the local degree of a branched
covering does not change sign, we must have |d| = |deg(f)| = [na(¥X\_, m;)| which is divisible by

|e|, as we wanted to show. O

3.2.2 Proof of the main result

We are now ready to prove the following result, which together with Proposition 3.2.1 yields Theo-

rem B.

Theorem 3.2.11. Let L C CP? be a closed, monotone Lagrangian with Ni = 2. Then L satisfies

exactly one of the following:

a) L is diffeomorphic to a quotient of S® by a discrete subgroup T < SO(4) withT 2 Cyy fork > 1
or' Dzk(2n+1) X Cpfork>2,n>1, gcd(Zk(2n+ 1),m)=1;
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b) L is diffeomorphic to S* x §?;
¢) L is diffeomorphic to T or the tricosm Ls;

d) L is a non-Euclidean principal circle bundle over an orientable, aspherical surface and the

Euler class of this bundle is divisible by 4.

Before we go into the proof, let us extract an immediate corollary regarding rational homology

spheres:

Corollary 3.2.12. Let L C CP? be a closed Lagrangian submanifold. If H, (L;Q) =0, then either L

is diffeomorphic to RIP? or to one of the manifolds in case a) of Theorem 3.2.11.

Proof. The condition H;(L;Q) = 0 implies that L is monotone. Further, since L is a closed 3-
manifold, it has vanishing Euler characteristic and so we must have H>(L; Q) = 0, H3(L; Q) = Q.
Hence L is a rational homology sphere, in particular it is orientable. So either L has minimal Maslov
number 4, in which case it is diffeomorphic to RP*> by Proposition 3.2.1, or it has minimal Maslov

number 2 and we see that the only rational homology spheres which are allowed by Theorem 3.2.11

are the spherical space forms in case a). O

We now begin the proof of Theorem 3.2.11, starting with some simple topological observations

which already allow us to deal with case a).

3.2.2.1 Soft observations

In this short section we make some observations about the topology of L which follow simply from
the existence of a Maslov 2 class in H,(CP?, L; Z), satisfying certain conditions. In what follows, L
always denotes a closed Lagrangian (in fact, it suffices for L to be totally real) submanifold of CP3
with Ny, = 2. Note that we have a well-defined surjective homomorphism 31,,, : H>(CP3,L;Z) — Z
and, if j.: Ho(CP*,Z) — Hy(CP3,L;Z) is the natural map, then %IHL(]'* (Hy(CP3;7))) = 4Z.
Hence, by the long exact sequence in homology for the pair (CP3 L), we get a well-defined ho-

momorphism IZL : H|(L;Z) — Z/4 which fits into the commutative diagram

Hy(L;7) — = Hy(CP3;Z) — > Hy(CP3, 1. 7) —2—> H\(L;Z) —> 0 (3.10)
lélﬂL iIZL
0 Z 4 Z 7.)4 0

We use the homomorphism IZL to prove the following three easy lemmas.

Lemma 3.2.13. Let [u] € Hy(CP3,L;7Z) be a Maslov 2 class with boundary d[u] € H(L;Z). If there
is a class [r] € H\(L;Z) and an integer m such that d[u] = m|[r], then m is odd (in particular, m # 0).
Further, if d[u] has finite order k in H(L;Z), then 4 divides k. In particular, if H(L;7Z) is finite,

then it contains an element of order 4.
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Proof. If [u] € Hy(CP?,L;Z) is a Maslov 2 class, then IZL(a[u]) = 1. Thus, if d[u] = m[r], we have
mIﬁL([r]) = 1€ Z/4, so mis odd. On the other hand, if d[«] has finite order k in H,(L;Z), then we
have 0 = kIZL(8[u]) =kin Z/4, so 4 divides k. O

This already suffices to see where case a) of Theorem 3.2.11 comes from. Indeed, if m; (L) is
finite, then by the Elliptisation theorem L must be diffeomorphic to the quotient of S* by one of the
groups listed in Section 3.2.1.1. From Lemma 3.2.13, we see that the only possibilities are the ones
given in (3.3).

The next lemma will be used in combination with Lemma 3.2.9 in order to prove Proposition

3.2.22 below.

Lemma 3.2.14. Suppose that L is Seifert fibred and let h € 7, (L) denote a generator of the Seifert
fibre subgroup. Suppose further that there exist a Maslov 2 class [u] € Hy(CP?,L;Z) and a (nec-
essarily odd) integer n such that d[u] = n[h], where [h] € H,(L;Z) denotes the homology class of
h. Then the base of the Seifert fibration is orientable and the multiplicities of all singular fibres are
odd.

Proof. It can be seen from the presentation (3.4) of the fundamental group of L, that if the base of
the Seifert fibration were non-orientable, then 2[4] = 0 and so 2d[u] = 0, which contradicts Lemma
3.2.13. Hence the base is orientable. Now let [r] € H{(L;Z) denote the homology class of a fibre of
multiplicity o. It follows by the description of the model neighbourhood, that [4] = +o[r] and so
d[u] = £nalr]. By Lemma 3.2.13 o must be odd. O

The next lemma will be used to show that CP*> does not contain monotone Lagrangian chiral

platycosms, other than 7 and, potentially, the tricosm.

Lemma 3.2.15. Suppose L is a chiral platycosm, other than T? or the tricosm. Fix a Seifert fibration
on L, where if L is the dicosm, we are free to choose either of the two isomorphism classes of Seifert
fibrations. Let [u] € Hy(CP3,L;Z) be a Maslov 2 class. Then d[u] does not lie in the image of the
Seifert fibre subgroup under the Hurewicz homomorphism mty (L) — Hy(L;Z). Further, if p: T? — L

is a covering, then d[u] is not contained in p.Hy(T>; 7).

Proof. The possible Seifert fibrations of chiral platycosms other than T3 were given in Section
3.2.1.3. Except in the case of the tricosm, each of these Seifert fibrations either has fibres of even
multiplicity or is over a non-orientable base (or both, in the case of the didicosm). It follows by
Lemma 3.2.14 that d[u] cannot be contained in the Hurewicz image of the Seifert fibre subgroup.
Suppose now that p: T3 — Lis a covering and d[u] € p.H;(T3;Z). Since p must factor through
the minimal torus covering puin: 7> — L, we have in particular that d[u] € (pmin)«H1(T>;Z). How-

ever, by inspecting (3.5), (3.7), (3.8) and (3.9), we see that

Ly ((Pmin)«H1 (T 2)) C 2(Z/4).
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This contradicts the fact that ,,, (9[u]) = 1. O

3.2.2.2 The main argument

We are finally ready to dive into Floer theory and prove Theorem 3.2.11. From now on we let L
denote a closed, connected, monotone Lagrangian in CP? with N, = 2. As we already explained in
the previous section, if L has finite fundamental group, then it must be one of the manifolds in case
a) of Theorem 3.2.11. Therefore, we also assume that L has infinite fundamental group.

In order to obtain information about the fundamental group of L we will use Floer theory with
local coefficients. In fact, the only local system we will need is Erlég — L but it will be important to

work over different ground rings R. We make the following observation:

Lemma 3.2.16. Letr K be a field and suppose that the pearl complex for the pair (L, (L,ngg)) is

unobstructed. Then either K has characteristic 2 or mo(L; K) # 0.

Proof. Since we are assuming that L has infinite fundamental group, its universal cover is non-
compact and so, by Proposition 2.1.1 and Poincaré duality, we have

HO(L; £

reg

) = H)(L;K) = H3(L;K) = 0,

H*(L:EE,

) = H>(L;K) = H, (L;K) = 0,

H3(L;EX

reg

) =H>(L;K) = Hy(L;K) 2 K

for any field K. Hence, if the pearl complex for the pair (L, (L,Eﬂfg)) is unobstructed, the Oh-
Biran spectral sequence which computes its cohomology degenerates on the first page and we obtain

HE;(L,(L,EX

reg

)) # 0. Since this group is a unital module over HFjj~(L,L; K), the latter must also
be non-zero. It follows from Lemma 3.2.2 that either K has characteristic 2 or mo(L;K) is non-

Zero. ]

Now let us fix a point x € L. Then we can identify the fibre of Erlgg over x with the
group ring R[m;(L,x)] and the monodromy representation of m;(L,x) is given by right multiplica-

tion. In particular, we can identify the endomorphism mo(é’r’gg)(x) € End(&R, ) with an element

reg.x

mo(L,x;R) € R[m(L,x)] by evaluating it on the unit 1 € R[m;(L,x)]. The fact that mq(ER

reg) com-

mutes with parallel transport translates to the fact that mo(L, x; R) lies in the centre of the group ring
R [7[1 (L, x)} .
The first step to constraining the topology of L is to find an element in 7; (L) with finite index

centraliser. Following Damian [Dam15], we do this by showing that m(L,x; C) is non-zero.

Proposition 3.2.17. If x € L is any point, then supp(mq(L,x;Z)) is non-empty and all its elements
are non-trivial in m(L,x). In particular 7,(L,x) contains a non-trivial element whose centraliser

has finite index.
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Proof. If supp(mo(L,x;Z)) = 0, then mg(L,x;C) = 0 and hence mo(Egg) =0 and my(L;C) =
£(mo(L,x;C)) = 0. So the pearl complex for (L, (L,ES,

reg)) 18 unobstructed, but this immediately

contradicts Lemma 3.2.16. The fact that supp(mg(L,x;C)) does not contain the unit 1 € m;(L,x)

follows from Lemma 3.2.13. O
The existence of the element with finite index centraliser allows us to conclude the following.
Corollary 3.2.18. L is a prime 3-manifold.

Proof. Suppose for a contradiction that L is not prime, i.e. L = Ni#N, for some other manifolds
N\, N>, neither of which is homeomorphic to 3. Then, by the Poincaré-Perelman theorem, we know
that Ny and N, cannot be simply connected and hence 7, (L) 2 G H for some non-trivial groups G
and H.

On the other hand, Proposition 3.2.17 shows that there exists a non-trivial element a € 7; (L)
whose centraliser C(a) has finite index in m;(L). It is shown in [MKS66, Corollaries 4.1.4, 4.1.5,
4.1.6] that the centraliser of any non-trivial element in G x H is either infinite cyclic or contained in
some conjugate of G or H. Since a conjugate of a free factor can never have finite index in a free
product of non-trivial groups, we must have that C(a) = Z.

We claim that this implies G = H = Z /2. Suppose that this is not the case and without loss
of generality let x and y be distinct non-trivial elements of G and z be a non-trivial element of H.
Consider the elements £ = xz and $ = yz. Since [ (L): C(a)] < oo, the pigeonhole principle implies
that there exist k,/ € N~ such that # € C(a), ' € C(a). Since C(a) is abelian, £ and §' must
then commute. However, substituting £ = xz and § = yz into the equality £§' = /%", we obtain an
equality of elements of G * H, which are expressed as different reduced sequences in the sense of
[MKS66, Chapter 4]. This contradicts [MKS66, Theorem 4.1].

Thus we must have 7 (L) = Z/2+Z/2. But then H,(L;Z) = Z/2 ®Z/2 is finite but does not

contain an element of order 4. This contradicts Lemma 3.2.13. O

We now know that L is prime. If L is not irreducible, then it is diffeomorphic to S! x §2
which is case b) of Theorem 3.2.11. The remaining possibility is that L is irreducible and since its
fundamental group is infinite we have that L is aspherical. We then have the following corollary of

Proposition 3.2.17.

Corollary 3.2.19. Let L C CP3 be an orientable, aspherical, monotone Lagrangian with N; = 2.
Then L is Seifert fibrable.

Proof. This follows from some heavy theorems about the topology of 3-manifolds. Again, let a €
71 (L,x) denote a non-trivial element with finite index centraliser. Let L denote the finite cover of
L with m; (Z) = C(a). Then L is a compact, aspherical 3-manifold whose fundamental group has
non-trivial centre and so by the Seifert Fibre Space Conjecture (now a theorem, see e.g. the survey

[Pré14] and the references therein) L must be Seifert fibrable. Since a finite cover of L is Seifert
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fibrable and m; (L) is infinite, it follows by Scott’s rigidity theorem (see the last paragraph on p.35 of
[Sco83b]) that L itself is Seifert fibrable. O

Knowing that L is Seifert fibrable gives us very good control over its fundamental group. The
next lemma uses this to restrict the form that supp(mo(L,x;Z)) can take, depending on whether L is

Euclidean or not.

Lemma 3.2.20. Let L C CP? be an orientable, aspherical, monotone Lagrangian with N; = 2 and
let g: L — X be a Seifert fibration of L. Let x € L be a point and let h € m;(L,x) denote a generator

for the Seifert fibre subgroup. Then one of the following holds:

a) X is orientable and there exists a positive integer k, non-zero integers ci,ca, . .., cj and distinct

odd integers ny < np < --- < ng, such that
mo(L,x;Z) = cih" +coh"™ + -+ -+ ;h™ € Z[m (L, x)).
Moreover, the multiplicities of all singular fibres of q are odd.

b) There exists a finite covering p: T> — L such that

supp(mo(L,x; 2)) N po(m1 (T°,y)) # 0,
where'y € T~ (x). In particular, L admits a Euclidean geometry.

Proof. Let C,N < m;(L,x) denote respectively the canonical and Seifert fibre subgroups of the fixed
Seifert fibration ¢: L — X. If supp(mo(L,x;Z)) is contained in N, then we are in case a). Indeed,
since N = (h) and supp(mo(L,x;7Z)) is non-empty, there exists a positive integer k and non-zero

integers cy, ¢z, . ..,ck such that
mo(L,x;Z) = cih™ + coh™ 4 -+ -+ c;h™ € Z[m (L, x)]

for some distinct integers n; < np < --- < ng. By Lemma 3.2.13 we have that X is orientable and n;
is odd for all 1 <i < k. By Lemma 3.2.14, we have that the multiplicities of the singular fibres of ¢
are odd.

Suppose now that supp(mg(L,x;Z)) is not contained in N and let a € supp(mo(L,x;Z)) be an
element which lies outside the Seifert fibre subgroup. Then by [JS79, Proposition 11.4.7] we know
that the subgroup H := CNC(a) is abelian and of index at most 2 in C(a). Since by Proposition 3.2.17
we have that [ (L,x): C(a)] < oo, it follows that [; (L,x): H| < oo and so the cover p: L — L with
fundamental group 7;(L,y) = H is a finite cover (here y is any lift of x). Then L is a compact,
aspherical 3-manifold with an abelian fundamental group. For cohomological reasons we must have
H =2 73 and since Eilenberg—MacLane spaces are determined up to homotopy by their fundamental
group, it follows that L is homotopy equivalent to 7°. By a famous theorem of Waldhausen [Wal68,
Corollary 6.5], L is then diffeomorphic to 7.
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Finally, note that a must lie in C, since otherwise [JS79, Proposition 11.4.7] tells us that C(a)
would need to be cyclic but this contradicts the fact that C(a) contains a copy of Z3. Thus a €
CNC(a)=H = p.(m(T?,y)) and we are in case b). O

From this, we immediately have:

Corollary 3.2.21. Let L be a chiral platycosm, other than T or the tricosm. Then L does not admit

a monotone Lagrangian embedding in CP3.

Proof. Suppose that there exists such an embedding. Then Lemma 3.2.20 tells us that there must
exist a Maslov 2 disc such that either du lies in the Seifert fibre subgroup of 71 (L) (for some Seifert
fibration) or it lies in p. (7 (T3)) for some torus cover p: T3 — L. Passing to homology, we obtain

a contradiction with Lemma 3.2.15. O

Lemma 3.2.20 and Corollary 3.2.21 show that if we are not in cases a), b) or ¢) of Theorem
3.2.11, then L is non-Euclidean and we understand mg(L,x;Z) explicitly. Using this, we finish the

proof of Theorem 3.2.11, by showing that the only remaining possibility is case d).

Proposition 3.2.22. Let L C CP? be a monotone, orientable, aspherical Lagrangian with Nj = 2
and suppose that L does not admit a Euclidean geometry. Then L is diffeomorphic to a principal
circle bundle over an orientable surface of genus g > 1. The Euler class of this bundle is divisible

by 4.

Proof. By Corollary 3.2.19, we know that L admits a Seifert fibration ¢g: L — X. Further, since L is
aspherical and does not admit a Euclidean geometry, we know that this Seifert fibration is unique up
to isomorphism. We now use the geometry of the moduli space of Maslov 2 discs to show that g has
no singular fibres.

Suppose J is a generic almost complex structure such that the point x is a regular value for
ev: Mo1(2,L;J) — L. Let S1,52,...,S, denote the conjugacy classes in 7 (L,x) corresponding
to the free homotopy classes {d'u : u € Mo (2,L;J)}. Note that if u; and u lie in the same
connected component of My 1(2,L;J), then they can be joined by a continuous path of discs and so
d'u; = d'u,. So the decomposition of Mo 1(2,L;J) into connected components can be written as
Mo1(2,L:J) = U US| My, where for all 1 < i <m,if u € MijNev—"(x), then du € S;. We write

ev;j: M;j — L for the restriction of ev to the i j-th component and for each 1 <i < m we define

)

mly == Y deg,(evij)du € Z[m (L,x)]. (3.11)
j

1 ueav;/l (x)

Then for each 1 < i < m, the support of mf) satisfies supp(mf)) C §; and we have

o(L,x;Z) =

I

Y deg,(evi)) 8M—Zm0 (3.12)

j=1 ucev; l(x)
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On the other hand, by Lemma 3.2.20 we know that X is orientable and mg(L,x;Z) takes the form
mo(L,x;Z) = ct W™ 4+ o™ + -+ + ¢, W™ (3.13)

Since X is orientable, we have from (3.4) that for each 1 <i <k, the element /" is central in 7; (L, x)
and so its conjugacy class is a singleton. Comparing the expressions (3.12) and (3.13), we see that we
must have k < m and without loss of generality we may assume S; = {h"}, mb =ch'iforl <i<k
and mf) =0 for k+ 1 <i < m. Finally, again since S; is a singleton, we get that for each 1 <i <k and
1 < j < ¢; the boundaries of any two discs uy,uy € ev,.;1 (x) define the same based homotopy class
duy = duy = I in m; (L, x). Hence definition (3.11) simplifies and we obtain

L
cj=) deg(evij) V1<i<k (3.14)
j=1

Observe now that the moduli space My (2,L;J) of discs with one boundary marked point is nat-
urally a principal circle bundle over the moduli space Mo o(2,L;J) of unmarked discs with the
projection given by forgetting the marked point. That is, each connected component M;; is a prin-
cipal bundle over some orientable surface X;;. Then each ev;;: M;; — L is a map from a principal
circle bundle over an orientable surface to an aspherical, orientable, Seifert fibred manifold. Hence,
by Lemma 3.2.9, it follows that for each 1 <i<m, 1 < j </, the degree deg(ev; j) is divisible by
the multiplicities of all singular fibres of the Seifert fibration of L.

Suppose for a contradiction that the Seifert fibration of L indeed has a singular fibre of mul-
tiplicity |¢t| > 1. Then, by Lemma 3.2.20, & is odd and in particular, there exists an odd prime p
which divides a. From equation (3.14) it follows that o divides ¢; for each 1 < i < k and so by
(3.13) we have

mo(L,x;F,) =0 € F,[m(L,x))].

Hence the pearl complex of the pair (L, (L, 532;;)) is unobstructed and mo(L; F,) = 0. This contradicts
Lemma 3.2.16 because p is odd.

We have shown that the Seifert fibration of L over X has no singular fibres and since both X and
L are orientable, it follows that L is a principal circle bundle over X. Since L is aspherical, we must
have that the genus of ¥ is at least 1. Now let e € H*(X;Z) denote the Euler class of this bundle.
By (3.13), we know that there exists u € M ; for some 1 < j < ¢y such that [du] = n;[h] € H\(L;Z).
Now, if e = 0, we clearly have that 4 divides e([X]) (note that in this case we also need to have
genus(X) > 1, since we are assuming that L does not admit a Euclidean geometry). On the other
hand, since [k] € H|(L;Z) is precisely the class of a circle fibre, we have that if e # 0, then [/] has
order |{e,[X])| in H,(L;Z). Hence (e, [X])[du] = 0 and so [du| has finite order in H;(L;Z) and that
order divides (e, [X]). It follows by Lemma 3.2.13 that 4 divides (e, [¥]). O

This finishes the proof of Theorem 3.2.11.



Chapter 4

Symplectic geometry of the twistor fibration

CP?+1 — HP"

C JIbOYKAHIAPEBUTE MANKU, JIarPAHKEBHU JICUUIA,

JIbO2KaH/IpEBU KUTapu, JJarpaH>KEBO 3B'bHAT. 1

In this chapter we investigate the fibration
cp' — cp> ! L, p (4.1)

from the point of view of symplectic geometry. Heuristically, this fibration is just

complex lines in a
complex lines in quaternionic lines
quaternionic line — —
(C2n+2 o~ Hn-H in Hn-H
(C2 ~H < HrHrl

and this is the perspective we take throughout most of this chapter. However, (4.1) fits into the
more general picture of twistor fibrations for quaternion-Kéhler manifolds (introduced by Salamon
in [Sal82]) and, when n = 1, general twistor spaces of oriented Riemannian 4-manifolds (as defined

in [AHS78], following pioneering ideas of Penrose). We focus very narrowly on the question:
Question 4. How does a Lagrangian L C CP?"*! project to HP"?

In section 4.1 we explain the correspondence between smooth Legendrian subvarieties and
Lagrangian submanifolds of CP?>"*!. We use our results from chapter 3 in order to prove Theorems
C and D from the introduction. In section 4.2 we study locally the projections to HP! = $* of
general Lagrangians in CP3. In section 4.3 we show that any function f: CP*"+! — HP" whose

Hamiltonian vector field is vertical with respect to I1 is constant.

! Adapted from the Bulgarian children’s song “Opamkena mecen” (“Orange song”) which itself is adapted from the
Russian song of the same name by Arkady Arkanov, Grigori Gorin (music by Konstantin Pevzner). I've changed the word

“opamnzkeB” (orange) to “poxkanapes/narpankes” (Legendrian/Lagrangian).
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Notation 4.0.1. We denote the round n-sphere of radius r by S"(r). If E is a vector bundle over a
manifold X, we write S(E) to denote the sphere bundle inside E as a topological space. If E carries

a bundle metric, we denote the sphere bundle of radius r by S,(E). /

4.1 The Legendrian-Lagrangian correspondence

4.1.1 Background

We begin with some general background on the theory of quaternion-Kiahler manifolds and their

twistor spaces. For more details the reader is referred to [Bes08, Chapter 14] and [Sal82].

4.1.1.1 Quaternion-Kéihler manifolds

An almost-quaternionic structure on a manifold M is a rank 3 subbundle Q < End(7M) which is
locally spanned by sections I, J, K, satisfying I> = J> = K*> = IJK = —Id. Note that if M admits
an almost quaternionic structure Q, then for every x € M, the tangent space T,M can be given the
structure of a (necessarily free) left H-module and so dimM = 4n. Further, Q equips M with a
preferred orientation, namely the one induced by any local almost complex structure in Q. On
each tangent space T, M there is an S>-worth of complex structures contained in Q, parametrised by
{al, +bJ.+cK,: a*> +b*+c? = 1}. Thus the space Z(M,Q) :={A € Q: A?> = —Id} is an S-bundle
over M. It is called the twistor space of the almost-quaternionic manifold (M, Q). We will write

T: Z(M,Q) — M for the natural projection.

Remark 4.1.1. In general, to every Riemannian manifold (M, g) of even dimension, one can associate
its full twistor space Z(M,g) which is the fibre-subbundle of End(TM) consisting of g-orthogonal
pointwise complex structures. If M is oriented, Z(M,g) has two diffeomorphic connected com-
ponents Z,(M,g) and Z_(M,g), consisting of complex structures which induce the prescribed—
respectively opposite—orientation on M. Note that if Q is an almost-quaternionic structure on M,
then one can always define a Riemannian metric g which makes all complex structures in Q orthog-

onal?, i.e. such that Z(M,Q) C Z,(M,g). /

We now have the following definitions.

Definition 4.1.2. A quaternion-Kdihler structure on a manifold M is a pair (g,Q), where g is a
Riemannian metric on M and Q is an almost-quaternionic structure such that the following two

conditions hold:

a) g is compatible with Q, i.e. for every x € M every complex structure I, € Z(M, Q), is orthog-

onal with respect to g,

b) the bundle Q is parallel with respect to the Levi-Civita connection of g. &

2Let g’ be any Riemannian metric and define g(X,Y) = 1(g/(X,Y) + ¢ (IX,IY) + ¢/ (JX,JY) + ¢'(KX,KY)) for some
local basis 1,J,K of Q.
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Definition 4.1.3. If M is a smooth manifold of dimension 4n with n > 1 and M is equipped with a
quaternion-Kihler structure (g,Q), then the triple (M, g, Q) is called a quaternion-Kdhler manifold
(or gK-manifold for short). &

Quaternion-Kéhler manifolds and their twistor spaces enjoy many rigidity properties. First of
all, gK-manifolds are known to be automatically Einstein ([Ber55], [Ale67], [Ish74]) and in partic-
ular they have constant scalar curvature. Further, note that the twistor space Z(M,Q), being a sub-
manifold of End(7TM), inherits a Riemannian metric g’; from the Sasaki metric on End(7'M) and the
tangent bundle T Z(M, Q) splits into a horizontal and vertical component. The vertical component
at an element I, € Z(M, Q), is naturally identified with the vector space {B € Q, : I,B+ BI, =0}
and so it inherits a complex structure B — I,B. On the other hand, the horizontal component is
isomorphic to 7,M via the linearisation of the projection Z(M,Q) — M and so has a tautological
complex structure given by I,. Taking the direct sum of these complex structures defines a natu-
ral almost complex structure Jz on Z(M,Q). Salamon [Sal82, Theorem 4.1] and independently
Bérard-Bergery have shown that Jz is in fact integrable. Moreover, the vertical tangent bundle is
a holomorphic line bundle over Z(M, Q) and, whenever the scalar curvature of M is non-zero, the
horizontal distribution defines a holomorphic contact structure on Z(M, Q) (that is, it is locally the
kernel of a holomorphic 1-form a such that @ A (do)" is nowhere vanishing; see [Sal82, Theorem
4.3]). The fibres of the projection Z(M,Q) — M are then all biholomorphic to CP' and are known

as twistor lines.

Remark 4.1.4. The reason that n = 1 is excluded from Definition 4.1.3 is that every oriented Rieman-
nian 4-manifold M automatically admits a quaternion-Kihler structure with twistor space Z (M, g),
which needn’t be a complex manifold in general. However, as was shown in the seminal paper
[AHS78], the twistor space of a self-dual Einstein 4-manifold is a complex manifold, which is
why some authors choose to extend the definition of a gK-manifold to include self-dual Einstein

4-manifolds. We also adopt this convention in this work. /

In the theory of gK-manifolds, special attention is given to positive ones — that is, gK-manifolds
of positive scalar curvature. If M is a positive qK-manifold, then [Sal82, Theorem 6.1] tells us
that (Z(M,Q),gz,Jz) is a Kéhler-Einstein manifold of positive scalar curvature, where gz is an
appropriate rescaling of g’z in the vertical directions. In particular, the twistor space is a contact
Fano variety. Using this fact, LeBrun and Salamon ([LS94]) have shown that for any n, there are
only finitely many positive gK-manifolds of dimension 4#, up to homothety. In fact the only known
examples are certain symmetric spaces called Wolf spaces ([Wol65]). It is a long-standing conjecture
of LeBrun and Salamon that these are the only positive gK-manifolds.

Note that from a symplectic point of view, positive gK-manifolds are interesting because their
twistor spaces are monotone symplectic manifolds. We now briefly discuss some submanifolds of a

gK-manifold M which, whenever M has positive scalar curvature, give rise to monotone Lagrangians



4.1. The Legendrian—-Lagrangian correspondence 119

in the twistor space.

4.1.1.2 Totally complex and Kihler submanifolds

There is extensive literature on interesting classes of submanifolds of gK-manifolds (see for exam-
ple the survey [Mar06] and the references therein). The ones which are of particular interest to
us are the so-called maximal Kdahler submanifolds and maximal totally complex (MTC, for short)
submanifolds, which we now define?

Let X be a smooth manifold of dimension 2d, (M**, g, Q) be a gK-manifold and let f: X — M
be an immersion. We say that f is a locally almost complex immersion if for each x € X there exists
an open neighbourhood U C X and a section IV of f*Z(M,Q) such that v fiTU = £, TU. We
will drop the word “locally” from this definition if one can choose U = X. Note that if n = 1 and
d =1 then any immersion is locally almost complex. Given a locally almost complex immersion

f: X — M, we introduce the following terminology:

e We say that f is a fotally complex immersion if J, (f, T.X) L f,T,X for each x € X and each

Jy € Z(M, Q) such that Jxly = —If]x. Note that such an immersion can only exist if d < n.

e We say that f is a locally Kdhler immersion, if for each neighbourhood U, the manifold

(U,1Y, f*g) is Kihler.

e We say that f is a locally totally Kdhler immersion if 6‘,1” =0 foreachx € X and v € T.X,

where V denotes the Levi-Civita connection on (M,g).

For the latter two items, we will again drop the word “locally” if one can choose U = X. The
terminology “totally Kdhler immersion” in this case is non-standard but we can quickly dispense of

it, due to the following proposition:

Proposition 4.1.5. Let f: X*? — M*" be a locally almost complex immersion into a gK-manifold

(M*" g,0). Then:
a) if f is totally complex, then it is locally Kdihler;

b) if d =1, then f is totally complex; it is locally totally Kdhler if and only if its local lifts
to Z(M,Q), determined by the sections 1V, are horizontal. That is, a locally totally Kihler

immersion of a surface in a gK-manifold is a superminimal immersion in the sense of Bryant

([Bry82]).
c) ifn>1,d > 1 and the scalar curvature of M is non-zero, then the following are equivalent:

i) fistotally complex;

ii) fislocally Kihler;

3 Some of the definitions we give may differ slightly from elsewhere in the literature. This is because we want to make a

clear distinctions between embedded and immersed submanifolds.
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iii) f is locally totally Kdihler;

iv) the local lifts of f to Z(M,Q), determined by the sections IV, are horizontal.

Proof. Some parts of this proposition are simple rephrasings. For the non-trivial implications, see

[AMO1, Theorem 1.8]. O

In particular, observe that whenever n > 2, if f: X — M is a locally Kéhler immersion then
dimp X < 2n. Whenever we have equality, we say that f is a maximal locally Kéhler immersion or,
equivalently, a maximal totally complex (or MTC, for short) immersion. If X C M is an embedded
submanifold, we say that it is an MTC submanifold if the inclusion is an MTC immersion. Further,
we say that X is a maximal Kdhler submanifold if the inclusion is a Kdhler immersion.

It is important to note that every locally Kihler immersion can be seen as a globally Kihler

immersion, but one may need to replace the domain by a double cover. More precisely:

Proposition 4.1.6. [Tuk86, Theorem 4.1] Let f: X** — (M*",g,Q) be a locally totally Kihler im-
mersion into a gK-manifold and suppose that either d = 1 or the scalar curvature of M is non-zero.
Then there exists a Kihler manifold (X,8,), a Riemannian covering m: (X,8) — (X, f*g) and a
holomorphic, horizontal immersion f: X — Z(M,Q) such that for =1 o f and fom is a Kiihler

immersion.

Sketch proof. Define the set Iy := {(x,I) € f*Z(M,Q) : I(f.T.X) = f.T.X }. By Proposition 4.1.5,
we know that f is a totally complex immersion and so we see that the natural projection /; — X
is a two-to-one covering, because the fibre above each point x € X consists of exactly two complex
structures /, and —I;. Now the space Iy can have one or two connected components. One obtains the
result by taking X to be a connected component of 1 rand 7T X—>Xandf: X— 2 (M, Q) to be the
restrictions of the corresponding natural maps f*Z(M,Q) — X, f*Z(M,Q) — Z(M, Q). O

The immersion f: X — Z (M, Q), constructed in the above proof is called the twistor lift of f
(in case Iy is disconnected, there are two equally good choices of twistor lifts). Observe now that if
X C M*' is an embedded MTC submanifold (or a superminimal surface, if n = 1), then its twistor
lift is an embedded complex Legendrian submanifold of Z(M, Q), i.e. it is everywhere tangent to the
holomorphic contact structure and has maximal possible dimension. Conversely, if X C Z(M,Q) is a
Legendrian submanifold such that the projection 7|y : X — M has embedded image, then 7(X) is an
MTC submanifold of M (or an embedded superminimal surface, if n = 1). Following Alekseevsky
and Marchiafava [AMO035], we say that a (connected) Legendrian submanifold X C Z(M, Q) is of
Type 1 if t|y: X — M is an embedding and we say that it is of Type 2 if 7(X) is embedded but

7|y : X — 7(X) is a double cover.

Remark 4.1.7. Note that most Legendrian submanifolds are of neither type (contrary to what [AMOS,
Proposition 5.4] might lead one to believe) because, while 7|, : X — M is certainly an immersion,

its image need not be embedded in general. /
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The reason that we are interested in MTC submanifolds is because whenever the ambient gK-
manifold is positive, they give rise to monotone Lagrangians in the twistor space. More generally,
if M*" is any qK-manifold with non-vanishing scalar curvature, and X C M is a totally complex

submanifold (or superminimal surface, if n = 1), then one can consider the set
LX) = {(x,Jx) € Z2(M,Q)|x : J(TX) L T.X}.

Since X is totally complex, the fibre of £(X) above a point x € X is precisely the geodesic circle
{Jx € Z(M,Q), : Jul, = —IJ;}, where I, is one of the two complex structures in Q preserving 7,.X .
Thus £(X) is a circle bundle over X. Moreover, using the fact that the twistor lift of X is horizontal,
one can show that JZ(TL£(X)) L TL(X) or, in other words, £(X) is isotropic with respect to the
non-degenerate 2-form ®% := gZ(JZ -, -). Recall now that when M is a positive qK-manifold, the
form ®? is closed and hence for any MTC submanifold X C M, the manifold £(X) is Lagrangian.
The same is true whenever n = 1 (note that the only compact, Einstein, self-dual 4-manifolds with
positive scalar curvature are S* and CP? as shown in [FK82]), and X is a superminimal surface.
Moreover, one can show that the Lagrangians constructed in this way are minimal with respect to
the Riemannian metric gZ. Since Z(M, Q) is Kihler-Einstein, the main result of [CG04] shows that

L(X) is monotone.

Remark 4.1.8. The existence of this minimal Lagrangian lift has been observed most recently by
Ejiri and Tsukada in [ETO5] but similar constructions are much older. In particular, for the case
of superminimal surfaces in $*, the construction is already present in Ejiri’s paper [Eji86, Section
15] (see also [CDVV96], [BDVV96], [BSV02, Section 2]). There is an analogous idea, due to
Reznikov ([Rez93]), who constructs Lagrangians in symplectic twistor spaces Z (M, g) from half-
dimensional totally geodesic submanifolds N C M by considering all complex structures along N
which send T'N to its orthogonal complement. The Floer theory of such Lagrangians in the twistor

spaces of certain hyperbolic 6-manifolds has been investigated by Evans in [Eval4]. /

In order to avoid having to constantly distinguish between the cases n = 1 and n > 2, it is more
convenient to speak of Lagrangian submanifolds of Z(M, Q), corresponding directly to Legendrian
subvarieties of Z(M, Q). We refer to this as the Legendrian—Lagrangian correspondence and we call
Lagrangians which arise this way twistor Lagrangians. Note that a twistor Lagrangian is embedded
if and only if the corresponding Legendrian subvariety is of Type 1 or Type 2 and so we distinguish

embedded twistor Lagrangians into Type 1 and Type 2 accordingly.

4.1.1.3 CP?"+1 and HP"

The easiest example of a positive gK-manifold is quaternionic projective space HP", equipped with
its standard Fubini-Study metric. The bundle Q consists of those endomorphisms of THP" which
in the standard charts can be expressed by (right) multiplication by purely imaginary quaternions.

Note that HP! is isometric to a standard S* (of radius 1 /2 with our current conventions) which is
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Einstein and self-dual, so fits with the extended definition of a qK-manifold. The twistor space
(Z(HP",Q),gz,Jz) turns out to be Kahler-isometric to (CP?"*! grg,Jo) and the fibration (4.1) is
nothing but the standard projection Z(HP", Q) — HP". These facts are well-known but for our own
peace of mind and in order to have a convenient setup for calculations, we will verify them explicitly

in the next section.

4.1.2 Proof of the correspondence

In this section we prove the Legendrian-Lagrangian correspondence for CP?"*!. As we said, this
is proved for twistor spaces of general gK-manifolds with non-vanishing scalar curvature in [ET05]
but without the uniqueness statement which is Theorem 4.1.23 below. We only prove this theorem

for CP2"*! but the same argument is applicable in the general situation too.

Before we give the statements and proofs, we will make our setup precise, establish some

notation and verify explicitly several well-known facts.

4.1.2.1 Setup

Let H = Spang{1,i,j,k} denote the quaternion algebra and put H* = H\ {0}. Given a quaternion
g = a+ib+jc +kd we define Re(q) = a, Co(q) = a+ib, § = a —ib — jc —kd. We view H"*! as
a module over H, where H acts by right multiplication. We equip H"*! with the complex structure

which is right multiplication by i. Thus we get the identifications

R4n+4 N C2n+2
(X050, - - s X0t 1,Y2n41) > (Xo+1y0,. .., X041 +iy2n+1) 42)
(CZn+2 N Hr ! .
(205215- -+, 22n41) — (204321, 220 +322041)-

Remark 4.1.9. Note that this gives the identification R* — H, (a,b,c,d) + a+ib + jc —kd. In

particular, if we orient H by the complex structure, a positive basis is {1,1i,j, —k}. /

We now let HP" := (H"*!\ {0})/H* denote quaternionic projective space and we write
Iy : H**1\ {0} — HP”" for the quotient map. Similarly, if we just quotient by the action of C*
we get a quotient map Il¢: H" !\ {0} — CP?**!. For all v € H""!\ {0}, w € H""! these maps

satisfy the following identities which we will use repeatedly in calculations:

de@(w) dMH@(wk —I—Vﬂ) vAieC* ueC

dIg(w) = dyug(wp+vg) VpeH”, gecH. 4.3)

Given v € H"*1\ {0} we will write vC = I¢(v) and vH = g (v). By slight abuse of notation we
will use the same expressions to denote the complex and quaternionic lines spanned by v in H"+!,
ievC={vze ! : z€Cland vH = {vp c H"*! : pc H}.

Our main object of study in this chapter is the map IT: CP?"*! — HP" which fits into the
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diagram

HnJrl \ {O}

HP"
In the homogeneous coordinates on CP?"+! and HIP" which we have from (4.2), this map is given
simply by

M([z0:z1 ... 220t 220t1]c) = [0+t ¢ -+ 220 + 3221w

Throughout this chapter we will use this subscript notation [—]¢, [—]u to indicate which projective
space we are working on.
In order to equip CP?"*! and HIP" with their familiar geometric structures, we consider the

following H—valued sesquilinear form on H"*!:

((Pos---,Pn)s (q0s--,qn)) = Poqo + P11 ++ -+ + Pugn-
It is immediate to verify that it satisfies the properties
(vywp)=ww)p, (p,w)=pvw) YvweH" pcH.
This pairing naturally equips H"*! with
1. the Euclidean inner product Re(-, -) = dx} +dy§+ - +dx3,, | +d¥3,.,,
2. the (real) symplectic form @gq :=Re(-i, ) = dxo Adyo+ -+ +dxop+1 Adyani1,
3. the complex symplectic form a¢ = Co(-j, -) =dzo ANdz1 + - +dzon Ndzon+1
4. the hermitian pairing Co(-,-) =Re(-, - ) +iOyqy.

We endow CP?"*! with the Fubini-Study metric grs and the corresponding symplectic form wgg in
the standard way: given v € $*'*3(1), we have an isomorphism &,IT¢ : vC* — T,cCP*"*! and we

define grs, Wrs by the formulae

grs(dIc(wr),dIIc(wa)) = Re(wi,wa)

a)Fs(dvnc(Wl),dVH(c(Wg)) = a)std(Wth) Vv e S4n+3(1), wi,wa € vCt. (4.4)

The standard integrable almost complex structure Jy on CP?"*! is the unique one making the pro-

jection I : H™H1\ {0} — CP?**! holomorphic, i.e.:

Jo(d,TIc(w)) = d Mg (wi) Vv e H'™\ {0}, w e H" .
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We also have the isomorphism d,IIg: vH — T,HP" and we equip HP" with the Riemannian

metric g given by the formula
g(d,yg(wy),d, Iy (w)) == Re{wy,wy) Vv e S4"+3(1)7 wi,wy € VH.. 4.5)

The identities (4.3), show that all these structures are well-defined. Note that ggs induces a splitting
TCP?*! =V @ H, where V := ker dI1 and H := V- and the metric g is the unique one making IT a
Riemannian submersion. This splitting is in fact symplectic, since for all v € H"*!\ {0} the spaces

vC+NvH and vH* are oy, —symplectic subspaces of H"!. That is, we have a splitting
ors = 0V D™ (4.6)

into a vertical and a horizontal component.

Finally, we will identify HP! with a round sphere of radius 1/2 via the isometry

®: (HP',g) — S*%1/2) C R’ = HoR
1
: — ——— (2pg,|p|* — |q]?). 4.7
[P:qlu SUpE L7 (2pg. |pI* —l4l?) (4.7)

The map @ is nothing but the composition

HP! — Hu{e} — S§%1/2)
pigla —  pg
a — m@a, la]*—1),
where the second map is the usual inverse stereographic projection. One can easily check that ® is
an isometry by noting that the differential of the map ®oIly: S7(1) — $*(1/2) at a point (p,q) is
an isometry between the horizontal space (p,q)H" and Tq,([p:q]H)S“(l/Z) =®([p:qlu)*.

Identifying CP>**! and the twistor space of HP”

Now let us exhibit the link with twistor geometry. The almost-quaternionic structure Q on HP" is

defined as follows: for all v € H""!\ {0}

Ol = {A S End(TvHHPn) : E|p € SpanR{ivjvk} such that

A(d, T (w)) = d Iy (wp) Yw € H' 1Y

Again using the identities (4.3) it is easy to see that this is well-defined. To see that (g, Q) defines
a quaternion-Kéhler structure, consider a path y: (—€,&) — HP" and a section A: (—¢,€) — Q of
Q along y. We need to show that V,A(t) € Qy, for all t € (—¢,¢), where V is the Levi-Civita
connection of (HP", g). To do this, we choose a vector field Y: (—€,&) — THP" along 7y and we
pick horizontal lifts v: (—g,&) — §**3(1), w: (—¢&,€) — H"! of y and Y, respectively. That
is, for all 1 € (—¢,€) we have Ig(v(1)) = (1), v(t) € v(t)H* and d,\u(w(t)) =Y (1), w(r) €
v(t)H*. Now note that for each r € (—¢,€), there exists a unique p(t) € Spang{i,j,k} such that

dyyy: v(OH — T, yuHP" intertwines right multiplication by p(t) and the endomorphism A(z).
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Now, letting V denote the Levi-Civita connection on $*'*3(1) and using the general fact that one
can compute covariant derivatives on the base of a Riemannian submersion by taking horizontal lifts,

differentiating and pushing back down ([Pet06, Proposition 13]), we calculate:

(ViA@Y (@) = ViA@Y (1)) —A@)V:Y (1)
= dy g (V, (w(t)p(t))) — A(0)dy ) T (Ve w(r))
= dyyTu(i(0)p(t) +w(t)p(t)) — dyo TTu (i (1) p(1))
(

= dypu(w(t)p(t)).

So for each 7 € (—¢, €) the endomorphism V, A(z) satisfies V, A(t) (dy [T (w')) = dy (W' p(2))
for each w' € v(t)H". Thus V,; A(r) € Q) by the definition of Q.

The metric g induces a bundle metric on End(7HP") which is given by
4n
VA,B € End(T,zgHP")  {A,B} =Y gum(A(es),B(ey)),
s=1

where {e,e2,...,e4,} is any orthonormal basis for T,yHP". Let 7: End(THP") — HP" denote
the projection and let 6 € C*(End(THP"), T* End(THP") ® 7* End(THP")) denote the connection

1-form for the Levi-Civita connection of g. Define a Riemannian metric gg on End(7HP") by
1
VX,Y € TEnd(THP") gs(X,Y)=g(t.X,7.Y)+ F{G(}O’ oY)}
n

That is, gg is a vertical rescaling of the standard Sasaki metric on End(7THP") induced by g.

Now consider the twistor space Z(HP", Q) = {A € Q : A? = —1d}. Let gz denote the restric-
tion of gs to Z(HP",Q), write T Z(HP",Q) = V¥ & H? for the splitting of the tangent bundle to
the twistor space into a vertical and a horizontal component.

We now define a fibre-preserving embedding

I: CP>"*! — - O C End(THP")
\ ir
HP"
by associating to each point vC € CP?"*! a complex structure I(vC): T,y HP" — T,y HP" via the

equation

YwevHY  I(vC)d, Mg (w) == d,ITg(wi). (4.8)

Using the first identity from (4.3), it is easy to verify that this map is well-defined. It is also clear
that the image of I is precisely Z(HP",Q). We now show that I identifies the spaces CP?"*! and

Z(HP", Q) with all their relevant structures.

Lemma 4.1.10. The map 1. CP>"*! — Z(HP" Q) satisfies 1*'gz = gps and it is (Jo,Jz)-

holomorphic.
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Proof. Since I sends fibres of IT to fibres of 7, it clearly satisfies I,V = VZ. We now show that it
also satisfies L H = HZ. To see this, let Y: (—€,€) — CP?"t! pe a horizontal path. We want to
show that I(y(¢)) is horizontal, i.e. that V,(I(y(z))) = 0 for all t € (—g, ). In other words, for any
vector field Y: (—¢,€) — THP" along ITo ¥y we must show that V,(I(y(¢))Y (¢)) = I(y(¢))V, Y (¢).
To do this, we again pick horizontal lifts v: (—g,&) — S¥'*3(1), w: (—¢,€) — H""! of yand Y,
respectively: for all t € (—&,¢&) we have ¢ (v(t)) = ¥(¢), v(t) € v(¢)C* and dyinyu(w(t)) =Y (1),
w(t) € v(¢t)H*. Crucially, since ¥ is horizontal with respect to IT, we can choose the lift v(¢) so that
it satisfies v(¢) € v(¢t)H™ for all t € (—¢,€), that is, v(¢) is now also a horizontal lift of I1oy. We can

now compute:

Vi)Y (1)) —Xy()Vi Y (1) = Vi(I((0)C)dy T (w(1))) —I(v(t)C) Vi (dyr) Tz (w(r)))

1)C)dy ) T (V, w(1))

|
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=
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which is what we wanted to show.

So the differential of I splits as I, = IV @ I*: V& H — V2 © HZ. Since both
II: (CP**! ggg) — (HP",g) and t: (Z(HP",Q),gz) — (HP",g) are Riemannian submersions
and ToI =TI, it is clear that II‘ is a linear isometry. Therefore, in order to prove I'gz = grs, it
suffices to show that IY is a linear isometry.

One way to see this is to recall that each fibre I (V) of IT is a complex line in (CP?"*!, ggg)
and hence is isometric to a round 2-sphere of radius 1/2. On the other hand, the corresponding fibre
Z(HP",Q),yg of the twistor space of HP" is the 2-sphere in the Euclidean space (Qym, ﬁ{ o )
consisting of those elements of Q which square to —Id. So it suffices to show that the radius of
that sphere is also 1/2, for example, by computing the length of the element I(vC) € Z(HP",Q),u
with respect to the metric ﬁ{ -, + }. For future use, let us directly compute the inner product of two
elements, say I(vC) and I(vgC) for some g € H*. For that purpose, we assume that ||v|| = 1, we let

{e1,e2,...,e4n} be an orthonormal basis for vHL and then we compute, using (4.3), (4.5) and (4.8):

4n
1‘%{I(V(C),I(vq(C)} = lén;gvH(I(vC)deH(es),I(vq(C)deH(es))

1 4n ) ’
- ﬁ ZgVH(anH(e‘v l)7dVCIHH(esql))
s=1

1 4n
— @;Re@xi, esqigt)

I
= Z]Re( igig™"). (4.9)

In particular, putting ¢ = 1 we see that ﬁ{l(v@), IvC)} = %, which is what we wanted.

An even more explicit approach is to directly compute the map IY. To that end, pick any vector

w € V,¢ = d, e (vCNvH) and let p € H be such that vp € vC-NvH and d,I1¢(vp) = w. Note that
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the first condition implies Co(p) = 0. To compute the image vector d,cI(w) € Qi C End(7,HP")
we consider its action on a basis element d,ITy(e;) € T,yHP" (here we have identified the vertical
tangent bundle to Q with Q itself). For the vertical path # — I¢(v+1tvp) € Ig(vH) we have the

identity

I((V+tvp)c)dv+tvaH(es) = dV+[V]7HH(eSi)

& L(v+1vp)Q)d Iy (es(1+1p)~ ) = dMg(esi(1+1p)~h). (4.10)

Differentiating the identity (1 +tp)(1+p)~' =1 atr =0 yields 4 |,_o(1+2p)~' = —p. Then

differentiating (4.10) at r = O gives the identity

dycl(d ¢ (vp)) (dIy(es)) + I(vC)d g (—esp) = dIIg(—esip)

=4 dv(CI(W) (dvnﬂ-[[(es)) d, Ty (e (pi - ip))

= dly (265 Pi) )
where in the last line we have used that Co(p) = 0 and so pi = —ip. From here we compute
1 1
16, delw),diclw)} = = {dicl(d e (vp)), dicl(d e (vp))}

1 4n
= — E gvu (d, Iy (2e, pi), d, Iy (2e, pi)
16n =

1
= —4n|]2pi|* = ||p|I?
16, rlzeill” = llpll,

On the other hand

Iw))? = grs(d T (vp),d e (vp)) = |vp|* = ||p|*.

Thus IV : ¥V — VZ is indeed an isometry.
Finally, let us show that I intertwines the almost complex structures. Again, we check this

separately for IY and I7¢. For I, let v,w, p and e, be as above and note that
dvcI(Jo(w)) (dy g (es)) = dy I (2e5 pii) = —d, I (2e; p).
On the other hand, since d,cI(w) € VZ, we have that Jz (d,cI(w)) = I(vC) od,cI(w) € Q,. But
(A(vC) odicl(w))dy I (e5) = I(vC)d\ I (2e; pi) = dy 11w (2e, pii) = —dy T (2e, p),

as we wanted. To check that I’ intertwines Jo and Jz, it suffices to check that for every w' € vH*
one has (dy,c)7 o dicloJo)dIc(w') = (I(vC) o dy(,c)T o dycl)dy I (w'). But this is immediate
from the fact that T oI = IT and the definitions of Jy and I(vC). O

We have thus verified that (Z(HP", Q),gz,Jz) is a Kéhler manifold which is Kihler-isometric

to (CIP’2"+1 ,&rs,Jo). From now on we will not distinguish the two spaces and we will refer to the



4.1. The Legendrian—-Lagrangian correspondence 128

fibres of IT as twistor lines. One important observation which follows from this identification is that

the horizontal part ®* of the Fubini-Study form wgs is “tautological”, i.e. we have
w%(Wth) = gvH(I(VC)dVCn(Wl),dvcn(WQ)) Ywi,wy € Tv(ccpzn+l. “4.11

This can also be seen directly from formulae (4.4) and (4.5). The vertical part ®" on the other hand

is simply the area form on each fibre, giving the twistor lines area 7.

Antipodal points and opposite equators

Since each twistor line is isometric to a round sphere, there is a well-defined notion of antipodal

point and equator.

Definition 4.1.11. For each point x € CP?"*! we define its antipodal point to be the unique point
X (x) which lies on the twistor line through x and is at maximal distance from x. We call the map
X : CP**! — CP?"*! the fibrewise antipodal map.

We define the equator opposite x to be the set S(x) of points which lie on the twistor line through

x and are equidistant from x and X' (x). &

Note that since the twistor lines are totally geodesic, we can use the exponential map of the
Fubini-Study metric to give a formula for X and to parametrise equators. More precisely, we see
that X' is given by X (x) = exp,, (x, 7 v) where v € V, is any vector with [|v|| = 1. As for the equators,

we make the following definition:

Definition 4.1.12. Let X be a smooth manifold and let ¢ : X — CP*"*! be a smooth map. Let Yy
denote the circle bundle over X defined by Yy, := {(x,v) € ¢*V: ||v|| = ©/4}. We define the opposite

equator map corresponding to ¢ to be
P: Yy — CP*" 1 @(x,v) = exp,, (0(x),v).

Whenever X C CP?"t! is embedded and ¢ is the inclusion map, we will write Yy instead of Y.
Further, if the image @(Yx) = U,cx S(x) is embedded, we’ll denote it by Zy and call it the opposite
equator manifold of X. &

While this definition gives a nice global parametrisation of the opposite equator manifold, it
is extremely inconvenient for direct calculations. To remedy this problem, we make the following

observation:

Lemma 4.1.13. For each v € H'"1'\ {0}, the antipodal point to vC is (v§)C and the equator opposite

vC can be parametrised by
S(OC) = {v(1+je®)C e CP"*! . 0 cR/2nZ}.
In coordinates: the fibrewise antipodal map is given by the formula

x:cptt — P!

zo:zi:ootzomizontilc — [—Z1:Z20:—Z3:Z2: ... —Zontl : ZonlC (4.12)
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and the equator opposite [zo: 21 ... Zon * Zon+1]C 18
{[zo—€%Z1 121+ €% : ... 1200 — €0Z0pp1 i 2ons1 +€020)c : O € R/27ZY. (4.13)

Proof. Recall that the map I identifies the twistor line I1¢ (vH) with a sphere in the Euclidean space
(Ovms ﬁ{ -, }). So to see that the antipodal point to vC is vjC, it suffices to show that I(vjC) =
—I(vC). Indeed Yw € H""! we have

IvjC)(d IIg(w)) =1(vjC)(d\jIIm(w))) = dijITg(wji) = d, Iy (—wi) = —I(vC)(d,ITg(w)).

Suppose now that ¢ € H* is such that vgC lies in S(vC). This is equivalent to the equation
{I(vC),I(vgC)} = 0, which from (4.9) becomes Re(igig~!) = 0. Putting ¢ = x + jy we get the
equation |y|> — |[x|> = 0. As we are only interested in ¢ up to right multiplication by a complex
number, we may assume that x = 1, y = ¢i® for some 8 € R/27Z. So the equator opposite vC is
given by

S(OC) = {v(1+je®)C e CP"*! . 0 cR/27Z}.

The formulae in homogeneous coordinates are then immediate from the identifications (4.2). O]

Remark 4.1.14. Note that formula (4.13) determines a well-defined subset ' C CP2"+! correspond-
ing to the point x = [zo : 2 : ... : 225 : Z2n+1]c but it does not determine a parametrisation of this circle.

If one chooses a lift ¥ € C2*+2 of x however, then the formula can be used as a parametrisation.

Holomorphic contact structure

Recall that for any gK-manifold with non-vanishing scalar curvature, the vertical and horizontal dis-
tribution on the twistor space are respectively a holomorphic line bundle and a holomorphic contact
structure ([Sal82, Theorem 4.3]). In the case of CP?'*! it follows that V is a line bundle which
restricts to the tangent bundle on each twistor line and hence V is isomorphic to Ogp2q+1(2). Thus
the projection pry,: TCP?'*! — ) must be given by an Ogpan+1(2)-valued holomorphic 1-form &,
whose C-valued expression @V in each trivialising chart U for Ogpans1(2) is such that &Y A (d&V)"
is nowhere vanishing. This form can be succinctly written in homogeneous coordinates as

44

[zt zmizmtle = 20421 —21d20 +22dz3 — z3dzo + -+ + 220d2on+1 — 2204 1d22n- 4.14)

By this we mean that for each 0 <i <2n+ 1 there is a trivialisation y; of VV over the standard chart
U={lzo:z1:...:zic1: 1 izig1 1.t 200 D 2ont1]c ¢ zj € CVj # i} in which pry, is given by the
C-valued form @, obtained from (4.14) by formally substituting z; = 1, dz; = 0.

To explain why this is the case, consider the 1-form o on H"*! = C?"*2 given again by the

expression (4.14). Then it is immediate to check that for each v € H"*!\ {0} and w € H"*! one has

o, (w) = ac(v,w) = Colvj,w). (4.15)
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In other words, o, (w) is the complex coefficient of vj in the orthogonal projection of w onto vjC =
vC+NvH. Since d o IIc: vC+ — T,cCP?**! is an isometry which maps vC NvH to V,¢, we have

the identity
|
pry, (d, T (w)) = o, (w)d, e <V||2VJ) Vv € H™ 1\ {0}, w e H"H!, (4.16)

In particular, a (real) subspace V < T,cCP?**! is horizontal if and only if a'(de o) = 0
and a submanifold X C CP>**!' is horizontal if and only if ofp.)-1(xy = 0. Further,
if we write @: C*T! — H'! = C>*2 for the map ;(20,21,---,2i 1,20, Zit1,---120m41) =
(20,215 +-+2i-1,1,Zit1,- -, 220+1), 50 that @; := TIc o @: C*"*! — U; give the standard charts on

CP?*!, we can trivialise V)| y, Via the map

| TR
yi: C" T x C— V'Uia Vi(z,A) = Adg, ) lc (HMZ)HZ(pi(Z)J) . 4.17)

It is not hard to check that the transition maps are given by l//;] oyi(z,A) = ((pj’l oi(z),A/ Z?),
which are exactly the transition maps for Ogpaa+1(2). Moreover, the identities (4.16) and (4.17)

show that

v pro(dp(w)) = ! (a@(@(dz@,-(w))d@(z)n@ (W@@j))
(@) = (ai(w)).

C-isotropic and Legendrian submanifolds

We now briefly describe the properties of submanifolds of CP?"*! which are horizontal with respect
to I, that is, submanifolds which are everywhere tangent to the holomorphic contact structure. To

that end, we first introduce some notation and terminology.

Notation 4.1.15. We will use the following notation: given a complex vector space W, we will write
V <gr W,V <¢ W to denote that V is a real or complex subspace of W, respectively. If V <p W is a

real subspace, we write V¢ := Spang (V). /

Definition 4.1.16. A subspace V <g H"! is called wc—isotropic if ocly = 0. It is called
wc—Lagrangian if it is o¢—isotropic and dimgV =2(n+1) . &

We immediately note the following:

Lemma 4.1.17. Let V <g H"*! be a subspace. The following are equivalent
1. V is wc—isotropic;
2. Ve =V +Vi is wc-isotropic;
3. ViLVandVKk LV.

In particular, if V is oc-isotropic, then dimg(V) < 2dim¢(Ve) < 2(n+ 1) and so, if V is

wc—Lagrangian, then V = V¢ is a complex subspace of H''1.
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Proof. The equivalence of the three assertions follows from the fact that for every vi,v, € V, we

have
oc(vi,v2) =04 Co((vij,v2)) = 0= Re((vij,v2)) —iRe((vik,v2)) = 0 < {va, i} L {vij,vik}.
The remaining conclusions follow by comparing dimensions. O

Lemma 4.1.18. Let V <g H"! be an wc—isotropic subspace and let v € V be a non-zero vector.

Then there exists a complex subspace V' <¢ v such that Ve = vC & V',

Proof. Let pr,: H"™! — vH denote the projection along vH*. We clearly have vC < vH N V¢ <
pr,u(Ve). The claim will then follow if we can show that dimg (pr,(Ve)) = 1. But if that is not
the case, then since dim¢ vH = 2 we must have pr,(Ve) = vH, so in particular there exists v/ € V¢
such that pr,5;(v') = vj. But then we have ac (v,v') = Co((vj,V')) = Co((vj,vj)) = ||v||* # 0 which

contradicts the fact that V¢ is @¢—isotropic. O

We now turn to CP?**!, We make the following definition.

Definition 4.1.19. A real subspace V <p T,cCP?**! is called C—isotropic if dVI"I(E1 (V) is
wc—isotropic. It is called Legendrian if d,IIz' (V) is oc—Lagrangian. A map ¢: X — CP?+!
of smooth manifolds is called C-isotropic if d,¢(7,X) is a C-isotropic subspace of T,CP>"*! for all
x € X. If dimg X = 2n and ¢ is an immersion, we call it a Legendrian immersion. If X C CP?tliga

submanifold and ¢ is the inclusion, we will call X a C-isotropic (resp. Legendrian) submanifold. <>

While these definitions seem to differ from the analogous situation in real contact geometry,
where a submanifold is called isotropic whenever it is tangent to the contact distribution, we now
show that this is actually not the case: a submanifold of CP>"*! is C-isotropic if and only if it is

horizontal. More precisely, we have the following lemma.
Lemma 4.1.20.

a) A subspace V <g T,cCP?>**! is C-isotropic if and only if V < H,c and

I(v(14je?)C)(IL.V) LILV V6 eR/2nZ.

b) For a map of smooth manifolds ¢ : X — CP>"*! the following are equivalent:
bl) ¢ is C-isotropic;
b2) @ is horizontal, i.e. dx@(TX) < H () for all x € X;
b3) each local lift v: U — H"™ where U C X is an open set and Tz oy = Q| satisfies

vio=0.

In particular, if @: X — CP*™*! is a horizontal immersion, then dimgX < 2n and @ is a

Legendrian immersion if and only if it is horizontal and dimg X = 2n. Moreover, in this case
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X can be equipped with an almost complex structure, so that X is a complex n-manifold and

¢ is holomorphic.

Proof. First we prove part a). Suppose V <g T,cCP>"*! is C—isotropic and write V= de(El (V) <
H"!. By Lemma 4.1.18 we can write Ve = vC &V’ where V/ < vHL. Then V < Vg = d, I (V') <
d,TIc(vH') = H,c. Now let wi,w, € TL.V and let yy,Ww, € vH' be their lifts under d,ITg. Then
W1,Ws € V' and since V' is ¢ —isotropic, Lemma 4.1.18 again tells us that we can write W, = Wiz +
W) for some z € C and W), € v H*. Then, assuming without loss of generality that v € S*'*3(1), we

have:

g (d T (1), 1(v(1 +je'®)C)d, Ty (i%2))

= Re((wy,wa(1+jel%)i(1+jel%) 1))

gu(w1,I(v(14je'?)C)wy)

= Re(—(w,Wke'?))

= —Re(|w;||*kze'®) — Re( (w1, w,)ke'®) = 0.
Conversely, suppose that V <g H,c and I(v(1+ jel®)IL.V L ILV for all 8 € R/27Z. From the
first assumption we have d,I1o' (V¢) = vC @ V' for V/ <¢ vH' and it suffices to show that V' is

¢ —isotropic. If Wi, W, € V/, then the second assumption and the same calculation as above show

that for all 8 € R/27Z we have
0= —Re((w,w2)kel?) = —Re(ke'® (w1, ) = Re((wie 1k, w,)).
In particular, putting 8 = 0,7 /2 yields
Re((w1k,w2)) = Re({(w1j,w2)) =0.

By Lemma 4.1.17 it follows that V' is a¢—isotropic. This concludes the proof of part a).

Let us now prove part b). The fact that bl) implies b2) follows immediately from part a). On the
other hand b2) is equivalent to b3) by identity (4.16). It remains to be shown that b3) implies b1). Fix
x € X and let U C X be an open neighbourhood of x such that ¢|;, admits a local lift v: U — H+H
We want to show that d,@(7,X) is C-isotropic, i.e. that d, ) ' (dv@(T:X)) is @wc-isotropic. Note

that the equation Ilc ov = @|; implies that
dyo g (de@(T:X)) = dev(TX) + ker(d,(y Ic) = dy(T:X) + v(x)C.

Now define the map ¥: U x C — H""!, $(x,A1) = v(x)A. Since ¥,(TX & C) = v, (T X) + v(x)C,
we need to show that P*@w¢ = 0. Note that for each A, € C and w € T, X, we have the formula

dx )9 (W, 1) = dyv(w)A +v(x) 1 and so
(07 0) (x,) (w3 1) = A (V" 0) (W) 4+ B 0ty (2 (v(x)) = 0 4 Co(v(x)Aj, v(x)) =0.

Thus ?*a = 0 and hence V*w¢ = %ﬁ*d(x = 0, which is what we wanted.
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The dimensional restrictions on manifolds admitting a horizontal immersion into CP?**! follow
immediately from Lemma 4.1.17, which also tells us that if ¢ is a Legendrian immersion, then
¢.(T:X) is a complex subspace of Tq,(x>(C}P’2"+l. Hence ¢*Jy is a well-defined almost complex
structure on X which is also integrable since Jy is integrable. This makes X into a complex n-

manifold and ¢ becomes a holomorphic immersion. O

4.1.2.2 Statement and proof

We can now give the precise statement of the Legendrian—Lagrangian correspondence. First, we
define the type of Lagrangians L C CP>"*! which we will consider, namely the ones for which the

restricted projection IT|; : L — HP" is locally an S'-bundle.

Definition 4.1.21. (cf. [DRGI16]) Let ¢ : L — CP?>"*! be a Lagrangian immersion. We say that ¢
is compatible with the twistor fibration IT, if there exists a smooth manifold X of dimension 2n, a

submersion : L — X and an immersion ¢: X — HP”" such that
i) the map w: L — X gives L the structure of a smooth locally trivial circle bundle over X;
ii) lTogp = Pom.
We call ¢: X — HP" the base immersion corresponding to ¢. &

With this definition in place, the Legendrian—-Lagrangian correspondence is summarised in the

following two theorems.

Theorem 4.1.22. Let X be a complex manifold and let ¢ : X — CP?"*! be a Legendrian immersion.

As usual, set Yy == {(x,v) € @*V: ||v|| = m/4} and consider the opposite equator map
P: Yy — CP*" ™ §(x,v) =exp,, (9(x),v).
Then @ is a minimal Lagrangian immersion.

Clearly @ is compatible with the twistor fibration and its corresponding base immersion is
¢ = ITo ¢. The next theorem shows that this is essentially the only way that compatible Lagrangian

immersions arise.

Theorem 4.1.23. Let ¢ : L — CP*"*! be a Lagrangian immersion which is compatible with T1, has
circle bundle structure w: L — X and corresponding base immersion ¢: X — HP". Then for every

sufficiently small open set U C X there exists a Legendrian embedding @V : U — CP?**! which lifts
|y and satisfies @V (Y,u ) = o(n=1(U)).

Isotropic opposite equator manifolds

We now prove Theorem 4.1.22 and Theorem 4.1.23. They will follow from two local results about

C-isotropic maps into CP?"+! which we formulate and prove in the next two propositions.
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Proposition 4.1.24. Let X be a smooth manifold and let ¢: X — CP*"*! be a smooth map. Let
Q: Yo — CP?"*! denote its corresponding opposite equator map. Then ®* wgs = 0 if and only if @

is C-isotropic.

Proof. Since the statement is entirely local, we may assume that X is a small ball and that we have

aliftv: X — §%73(1) such that ¢ = TTcov. Let Y = (R/27Z) x X and define
G:Y - H™ $(6,x) =v(x)(1+je?).

Then by Lemma 4.1.13, the map ¢ := Il¢ o ¢ parametrises ¢(Y,) and so ¢*wgs = O if and only if
¢*ops = 0.
Suppose that ¢ is a C—isotropic. We first show that the horizontal form @* vanishes on ¢,TY.

We have

0™ (dig.00 - To0Y: dond -TonY) = grew)X(@(0,x)L@.TX, I, TX)
= gu(I(v(1+je)C) Mg v. X, Mg v. TX)

= 0, (4.18)

where the first line comes from (4.11) and the last line follows from Lemma 4.1.20 a) and the
assumption that ¢ is C—isotropic.

We now need to show that ®" also vanishes on ¢,TY. Since (V,®") is a (real) rank 2 sym-
plectic vector bundle and by construction ¢, 7 (R/277Z) <V, then ®" vanishes on ¢, TY if and only
if pr,(¢.TY) = ¢.T(R/27Z), i.e. if and only if pr,(¢.TX) < ¢.T(R/2nZ). To show this, it is
enough to prove that if x € X and w € T,.X, then

l0y800) < (3(0.0%)" ©6(0.9C 0 Spans (406 (7)) @.19)

Observe first that
(9 _d TN i0
d(o ( 89) = ()1 +e)) = —v(a)ke,

Now since ¢ is C—isotropic, we have that Spanc(d,v(7,X)) is an ¢ —isotropic subspace of H"*!.
So by Lemma 4.1.18, we can write dyv(w) = v(x)z+w' for some z € C and w' € (v(x)H)*. Then

we have

digy®(w) = (dev(w))(1+je'®)
= W(1+je) +v(x)z(1+je)

/

= W1+ v (1 +ei®)z = v(x)jel 2+ v(x)jel?z

(
w (1+§ei®) +v(x) (1 4je®)z 4+ 2Im(z)v(x) kel

5 = )
€ (P(@,x)H) ® ¢(60,x)C @ Spang (d(e"x)¢ ((99))

/
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Now for the converse: suppose Wgs vanishes on ¢, 7Y. We will show that v*or = 0. First we

claim that for every (6,x) € Y we have

9
pry(d(o.n9(To.nY)) = Spang (d(e’x)q) (89» '

Indeed, if this is not the case, then since dimg V(g .x) = 2 and ¢.(d/d0) # 0, there exists a vector
w € Tjg Y such that @Y (¢ (w),.(9/96)) = 1. But since ¢, (9/98) € Vg ) We have

OFs (¢*(W),¢* <;9)) =Y (¢*(W),¢* (;6» =1

which contradicts the assumption that ¢*wgs = 0.
Then, we must have pry,(¢.7Y) = ¢.7(R/2nZ) and so for every w € T,X, 6 € R/27Z, we
have d(g ,(w) € ((]B(Q,X)H)L @ ¢(0,x)C @ Spang (d(eyx)qs (%)) as above. Thus we can write

dov(w)(1+je®) = w' +v(x) (1 +jel®)z+ Av(x)ke'®

for some w € vHL, z € C and A € R. Then we have

T . .
dv(w) = W% +v(x)z+v(x) (; - Im(z)) ke'? (1 —je'%)
0 _
M% +v(x) (Re(z) + gl> +v(x) <}£ - Im(z)> ke'®

Applying the 1-form ¢ to both sides we obtain

a.(va) = Co i, (5 ~ 1m0 ) ke® ) = bl (1m(2) - 5 ) i

The left-hand side is independent of 0, while the right-hand side is purely imaginary for 8 = 0 and

real for 6 = m/2. We conclude that o, (v.w) = 0 which is what we wanted to show. O

Next we show that if an isotropic submanifold of CP*'*! of dimension at least n+ 1 inter-
sects the twistor lines in circles, then it is in fact the opposite equator manifold of a C-isotropic

submanifold. Again, since the result is local, we assume that we can lift all maps to H» T

Proposition 4.1.25. Let X be a smooth manifold with dimX > n+ 1 and put Y = (R/2n7Z) x X.
Suppose ¢ : Y — H'" is a smooth map such that ¢ :=Tlc o ¢ is an immersion, satisfying ¢* s = 0
and I1,9.(9/90) = 0. Then there exists a C-isotropic immersion @ : X — CP*"*! such that ¢ (Y) =

@ (Yy), where @ is the opposite equator map of @.

Proof. Let us write ¢ :=ITo ¢. Since by assumption ¢ is independent of 0, it factors through a
map @: X — HP". We first observe that we must have ¢*®" = 0. Indeed, for each w € T(g,x)Y the

following holds:

0 = (P*(DFS (&07W>
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Since ¢ is an immersion, we have that ¢.(d/d0) # 0 and so we must have pry,(¢.TY) <
Spang (¢, (0/08)). Hence ¢*®Y = 0 and moreover @ is an immersion.

We now know that ¢* @’ = ¢* wrs = 0 and so for any point x € X we have
go(x) (L(9(0,X)0.T:.X, ¢.T,X) =0 V6O € R/27Z. (4.20)

Consider the subspace P, := Spang {I(¢(6,x)) : 6 € R/27Z} < Qg(y) and let I, J, K be a basis for
Qp(x)- satistying I* = J2 = K* = IJK = —Id. By (4.20), we have that A (9, T.X) L ¢, T.X for each
A € P,. Since ¢ is an immersion and I is an embedding, we have that L,¢,(d/d6) # 0 and so P,
is at least 2-dimensional. The condition dimX > n+ 1 then forces P, to be exactly 2-dimensional:
otherwise we must have P, = Q) and so (. T.X) L o, T X, J(0.T.X) L ¢.T.X, K(Q. T, X) L
. T.X which implies 4dim(®,7,X) < dimHP" = 4n, contradicting the fact that ¢ is an immersion.

Hence P, N Z(HP", Q) g is an equator of the twistor line and the map I(¢(-,x)): R/27Z —
P.N Z(HP",0)g(y) is a covering. In order to pick out one of the poles opposite to this equator, we

use the fixed lift ¢ of ¢. We define a map ¢’: ¥ — CP>**! via the equation
I((p’(&x))dme,x)HH(w) = d(ﬁ(eA,x)HH(wj) V(B,x) eY,we T(G,x)Y‘ 4.21)

One can then easily check that {I(¢’(6,x)),I(¢(6,x))} =0 for all 6 € R/2xZ. Thus ¢’ is indepen-
dent of 6 with I(¢’(-,x)) constant at one of the poles opposite the equator I(¢ (R/27Z,x)). Letting
@: X — CP?"! be the map through which ¢’ factors, it follows by construction that ¢(Y) = §(¥,).
In particular @ *@gs = 0 and so by Proposition 4.1.24 that map ¢ is C-isotropic. It is also an immer-

sion since ¢ = ITo ¢ is an immersion. O
Theorem 4.1.23 now follows easily.

Proof of Theorem 4.1.23. Recall that we have a Lagrangian immersion ¢: L — CP?"*! which is
compatible with IT with base immersion ¢ : X — HP". We want to show that ¢ admits local Legen-
drian lifts. So let U C X be a small open set such that @[, is an embedding. Then @[, ) is also
an embedding, where 7w: L — X is the circle fibration. After possibly shrinking U, we may trivialise
the circle bundle 7~ (U) — U and choose a lift ¢ : 7' (U) = H""" of ¢|-1y). These maps then
satisfy all hypotheses of Proposition 4.1.25 and so there exists a Legendrian lift ¢V : U — CP>'+!
of @l and ¢ (71 (U)) = @Y (Y,0). O

Observe also that Proposition 4.1.24 establishes most of Theorem 4.1.22. That is, it tells us
that, if ¢: X — CP?**! is a Legendrian immersion, then ¢ is a Lagrangian immersion. It remains
to be shown that @ is minimal. We do this in the next section.

Minimality
Recall that the sphere $%*3(1) carries a standard real contact structure & = TS*"3 0 (T S*"+3)i. We

call a (2n+ 1)-dimensional submanifold of the sphere R-Legendrian if it is everywhere tangent to

&.
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Remark 4.1.26. Itis not without cringing that we impose this terminology but it is necessary to avoid
the clash with Legendrian subvarieties of CP?"*! which dominate a large portion of this thesis. The
reader may find consolation in the fact that R-Legendrian (ouch) submanifolds will be mentioned

only very briefly in this section. /

It follows immediately from the definition of the Fubini-Study form that every R-Legendrian
submanifold of $*"*! projects to an immersed Lagrangian in CP™. Conversely, every Lagrangian
submanifold of CPP"* locally admits an R-Legendrian lift. To prove that the opposite equator map of
a Legendrian immersion in CP>"*! is minimal, we rely on a well-known result (see e.g. [CLUO6,
Proposition 2.2]), which states that a Lagrangian immersion ¢ : M™ — CP™ is minimal if and only
if for every yg € M, there exists an open neighbourhood U C M of yp and a local R-Legendrian
lift ¢: U — $>" !, such that the real cone Coneg (§(U)) = {A(y) eC"!: yeU, A eR*}is
special Lagrangian in C"™*!. That is, if and only if for any frame {ey,...,e,} of U one has that the

phase map
detc ((’5()7)7(’5*61 (y)v e 7(5*8"1())))
|detC ((ﬁ(y),(ﬁ*el ()’), e ’(ﬁ*em(y)ﬂ

U—S', y—

is constant.

The following lemma provides the desired local R-Legendrian lifts.

Lemma 4.1.27. Let X be a complex ball with dimc X = n and let v: X — S*"*3(1) be such that
¢ :=Tlcov: X — CP>"*! is a holomorphic Legendrian embedding. Let Y = R /217 x X. Then

the map
—if .8
e 2 +jez )

0: Y—>S4”+3(1)7 0(6,x) = v(x) ( 7

is R-Legendrian and ¢ = I¢ o ¢ parametrises ¢ (Yy).

Proof. The fact that ¢ = Ilc o ¢ parametrises @ (Yyp) is just the observation that for all x € X, the

equator opposite @(x) is

S(x)C) = {v(x)(1+j%)CeCP!: g cR/2nZ}
= {v(x) (e‘z\;zje'z> CeCP"!: gc R/ZEZ} .

We now need to show that ¢, TY < T8%3 N (TS**31), or, equivalently, that for every (6,x) € ¥

we have d(g )@ (T(p.,)Y) L Spanc (¢(6,x)). Since [|¢|| = 1 we only need to show that

é(@,x)l 1 d(@,x)é (T(G,x)Y)'

First we compute

/9 1 i o .ie 1 T A
dio.n9 (39) = —=v(x) (26 2 +ize 2> =——v(x) (fe 7 +je 2)1. (4.22)
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Hence:

Re (<q§(9,x)i, d(o.9 (;9) >> _

Now let w € T,.X. Since ¢ is Legendrian, Lemma 4.1.18 tells us that there exist w' € v(x)H" and
z € C such that d,v(w) = v(x)z+w'. Note further that since ||v|| = 1, we must also have that d,v(w) €

v(x)R* and so z = Ai for some A € R. We then have:

~ ~ 1 . . . .
Re ((§(8,0)i,dio.nd(w) = 3Re((v(x) (7 +ie )i, (w)2i+w) (7 +jei? ) ))
o A (i . i8\.[/ —j8 .8
= ERe(—l(e2—Je2)1(e 2+J82>)
= O’
where in the second line we used that w’ € v(x)H". This concludes the proof. O

We now show that the real cone over the above R-Legendrian lift is special Lagrangian. By
[CLUO6, Proposition 2.2], it follows that ¢ is a minimal Lagrangian immersion, and this completes

the proof of Theorem 4.1.22.

Lemma 4.1.28. Let X, v, ¢, Y, ¢ be as in Lemma 4.1.27. Then Coneg ((j}(Y)) is special Lagrangian

in (C2n+2.

Proof. Fix x € X and let {ej,ez,...,e,} be a unitary C-basis for T,X with respect to the Kihler

metric ¢*grs. For each 1 < s < n we can uniquely write
dyv(es) = Av(x)i+vs € H™! for A, € R and v, € v(x)C*.

Observe that since dV<X)HC|v(x)<c L iv(x)Ct — Tv(x)<c(C]I”2”+1 is a C—linear isometry sending v to

d,¢(es), we have that {v{,...,v,} are unitary in H"*!, i.e. Co({vy,v;)) = 8 forall 1 < s,z <n.
Setting vy := v(x), we have

(CO(<Vi,Vj>) = 5,']' YO S i,j S n. (423)

Now note that {vo,v1,...,v,} is a C-basis for T, I1-' (¢(X)). Since ¢ is Legendrian, we know

that TV(X)H(EI (p(X)) is oc-Lagrangian and so we have

Co((vij,vj)) = wc(vi,vj)) =0 YO0<i,j<n. 4.24)
From (4.23) and (4.24) we obtain that (v;,v;) =0 for all 0 < i, j < n. This is the crucial ingredient
we need, since now we know that

ng+l(V07v0j7v17V1j7"‘7Vn7vnj) =1 (425)

detc (vo, Vo, Vi, Vids ooy Vns Vaj) = CES]
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By slight abuse of notation, let us use right multiplication by i to also denote the complex structure

on TX. This is justified because ¢ is a holomorphic map and so we have the identity
dv@(esi) =d, (i) VI<s<n

So {ey, e1i, e, 21, ..., ey, €,i} is an R—basis of T, X and for all 1 <s < n there exists A/ € R such

that

dev(esi) = A/ v(x)i+vsi.

-9 .8 N
Therefore, writing u(0) := <”\Ee7> , we have the following R-basis for Tj o . Coneg (¢ (Y)):

- -/ d - - - -
{‘P(eﬂf), d.9 (89> s diov9(er), digxd(eri), ... digro(en), d(e,x)(P(e"i)} =

= {vou(0);voi(6); A1 voiu(0) +viu(0), A{voiu(6)+viiu(6), ...

ooy Apvoiu(0) +vu(0), A, voiu(0) +v,iu(6)}.

Observe that 1(0) = —%iu(8) so the second term becomes —4voiu(0) and using Gaussian elimi-

nation we can transform the above basis into
{vou(6), voiu(6), viu(6), viiu(8), ..., vou(6), vaiu(6)}.

Writing u = u(60) and using the identity iu = ui+ %ke‘z , we can now just compute the desired

complex determinant:

detc(vou, voiu, viu, viiu, ..., vou, vyiu) =

3 2 i? . 2 i . 2 i@
= detc | vou, voui+ —=voke'2, viu, viui+ —=vike' 2, ..., vyu, voui+ —v, ke 2

V2 V2 V2
2 .0 2 i 0 2 0
detc [ vou, —voke'2, viu, —vike'2, ... vyu, —v, ke'2
(C< 0 \ﬁ 0 1 ﬁ 1 ﬁ >
1 £ 0 1 0 2 :0 1 L0 1 0 2 .0
= detc| —=voe "2 + —=vpje'z, —=vpj(—ie'?), —=vie "2 + —vije'2, —vyj(—ie'2),
(C<\@ 0 \/i 0J \/E 0.]( ) \/E 1 \/E 1) \/E 1-]( )
et et i)
ceey—=Wpe —vje'r, —v,j(—ie
\/E n \/Z i’lJ \/E n.]
_if ) —if ) —i8 o s il
= detc (voe 2 voj(—ie'2), vie 2 vy j(—ie'2), ..., vpe 2, vn_](—le'2))
= (—i)n+1det((:(v07 Voj’ V], Vlj’ trcy vn, an)

= (—i)""" by (4.25).
This is independent of 6 and x, which is what we wanted to show. O

4.1.3 Known examples
The Legendrian-Lagrangian correspondence allows one to look at submanifolds of CP?**! and HP"
from different points of view. These are summarised in Table 4.1 (note that in Table 4.1 and in the

discussion that follows, we only consider smooth Legendrian varieties).
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Holomorphic Contact Geometry of Symplectic Geometry
Geometry of CP>"+! Submanifolds of HP" of CP?"+!
Legendrian curves in immersed superminimal immersed twistor

n—1 CcP3 surfaces in HP' = §* Lagrangians in CP?
o Legendrian curves in embedded superminimal embedded twistor
CP3 of Type 1 or Type 2 surfaces in HP! = §* Lagrangians in CP?
Legendrian subvarieties MTC immersions in immersed twistor
of CP?"+1 HP" Lagrangians in CP?"*!
n>2 - —
Legendrian subvarieties
embedded MTC embedded twistor
of CP?"*! of Type 1 or
submanifolds of HIP" Lagrangians in CP2*+!
Type 2

Table 4.1: Twistor correspondences for submanifolds of CP2"*! and HP"

If one is only interested in immersed twistor Lagrangians/superminimal sufaces/MTC subman-
ifolds, then there are plenty of examples because Legendrian subvarieties of CP?**! have been
extensively studied. This was initiated in the seminal paper [Bry82] by Bryant, where he showed
that every closed Riemann surface admits a Legendrian embedding in CPP3. In higher dimensions
it was believed that smooth Legendrian subvarieties are quite rare and for a long time the only
known examples were certain homogeneous varieties known as “subadjoint varieties”. The first non-
homogeneous example of a smooth Legendrian surface in CP> was constructed by Landsberg and
Manivel in [LMO7]. This was quickly followed by a few more examples by Buczynski. Finally, in
[Buc08a] Buczynski used a symplectic reduction argument to show that a generic hyperplane section
of a smooth Legendrian subvariety of CP?**! always admits a Legendrian embedding in CP?"~!.
Applying this to the subadjoint varieties leads to large families of examples in every dimension (see
[Buc09, Example A.15, Theorem A.16]).

On the other hand, if one is interested only in Legendrian subvarieties of Type 1 or Type 2,
that is, the ones which give rise to embedded twistor Lagrangians and MTC submanifolds, then the
situation is quite different. In section 4.1.4 below we use the results from section 3.1 to show that the
only Type 1 Legendrian subvarieties are horizontal linear subspaces CP" C CP?"*!. In other words
— the only maximal Kiahler submanifold of HP” is the totally geodesic CP". The corresponding
twistor Lagrangian is the standard RP?**!,

As for Type 2 Legendrians, the only known examples so far are the subadjoint varieties. In
fact, all subadjoint varieties of (complex) dimension more than 1 were listed by Tsukada in [Tsu85,
Corollary 6.11] who showed that their projections to HIP" are the only parallel MTC submanifolds
of HP”, that is the only ones which have parallel second fundamental form. Later the condition
of being parallel has been shown to be equivalent to the requirement that the MTC submanifold is
locally Kéhler-Einstein or locally reducible ([Tsu04]) and is also equivalent to being homogeneous

([BGPO09]). Here is Tsukada’s list:
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1. One infinite family of Type 2 Legendrian varieties obtained as follows. For each m > 1 let
Q,, € CP"*! denote the quadric hypersurface. Then the Segre embedding CP! x CP"+! —
CP?"+3 restricts to a Legendrian embedding CP' x Q,,, — CP>"+3. Explicitly, putting Q,, =
{luo w1 ... thy1]c € CP™H1 Y12 = 0}, the embedding is

0:CP'xQ, — CP"

(e:y]es [uo i ur : oot umet]c) — [xuo:yuo s Xxuy yuy c ... Xl Yt )C-

It is immediate to check that 6*(&) = 0 and
X(o([x:ylc,[uo:ur: .. umii]c)) =o([=¥: X|c, [d@o a1 : ... lmri]c)-
We denote this Type 2 Legendrian variety by X ,,;) and the corresponding twistor Lagrangian
by Z(1 ).
2. The w¢-Lagrangian Grassmanian GrLag((Cé7 oc) = %LB) C CP'3 giving an MTC submanifold

®3)
in HIP®. We denote this variety by Xy and the corresponding twistor Lagrangian by Zg.

3. The complex Grassmannian Grg(3,6) = % C CP" giving an MTC submanifold of

HP°. We denote this variety by X9 and the corresponding twistor Lagrangian by Zo.

4. The homogeneous space s{cj)gé)z) C CP?! giving an MTC submanifold of HIP'>. We denote this

variety by X5 and the corresponding twistor Lagrangian by Z;s.

5. The homogeneous space E::7T, C CP> giving an MTC submanifold of HIP?’. We denote this

variety by X»>7 and the corresponding twistor Lagrangian by Z;7.

For the representation theory of subadjoint varieties see e.g. [Muk98] and [LMO02]. See also
[Buc08b] which gives the explicit equations defining the Legendrian embeddings of the subadjoint
varieties. As one can see from these references, there is one other subadjoint variety apart from
the ones in the above list, namely the twisted cubic X; := v3 ((C]P’l) C CP3 (v3 denotes the degree 3
Veronese embedding). This is again of Type 2, the superminimal surface to which it projects is the
well-known Veronese surface RP> C $* and its corresponding twistor Lagrangian Z; is precisely the
Chiang Lagrangian Ly C CP? (see section 5.1.1 below). We will refer to Z;, Zs, Zo, Zis, Zo7 and
Z(1,m) for m > 1 as the subadjoint Lagrangians.

We now begin our systematic study of Type 1 and Type 2 twistor Lagrangians in CP2**1,

4.1.4 Type 1 twistor Lagrangians

By projectivising an @¢-Lagrangian subspace of C>"*2 one obtains a Type 1 Legendrian embedding
CP" C CP?**!, whose image under IT is a totally geodesic Kihler submanifold of HIP". Letting
X = CP" C CP?"*! denote this Type 1 Legendrian and ¢ denote the inclusion, we have that the
opposite equator map

o~

o:Yx={(x,v)eV|y: |V|=r/4} — Ccpt!
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is an embedding. Recalling that V = Ogpan+1(2), we see that the twistor Lagrangian corresponding
to X is diffeomorphic to the circle bundle inside Ocpn(2), that is Zy = RP?"*!. This is the stan-
dard Lagrangian embedding of RP?"*!: to obtain exactly the copy of RP?"*! parametrised by real
homogeneous coordinates, one can take the horizontal CP” cut out by the equations zp;y; = izo4,
0 < k < n, whose opposite equator manifold is the set

e ({(1—i)e 2 (z0+i20€ izo + 706, ..., 2on + 1200 iza + Z20'?) :

(20,22,-..,221) € C"'\ {0}, 6 € R/27Z}).

Note that the group Sp(n + 1) acts transitively on oc-Lagrangian subspaces of C>"*2 so there
is only one linear Legendrian CP" C CP?**! up to this action. We now prove that this is also the

only Type 1 Legendrian variety.
Theorem 4.1.29. If X C CP*"*! is a Type | Legendrian subvariety, then X is a linear CP",

Proof. Since X is Type 1, the corresponding twistor Lagrangian Zy is diffeomorphic to the principal
circle bundle Yx = S(Ox(2)). Our goal is to show that Nz, = 2n+2 so that we can apply Theo-
rem 3.1.1 (recall that twistor Lagrangians are automatically monotone by [CG04], because they are
minimal Lagrangians in a Kédhler-Einstein manifold).

Since the Hurewicz homomorphism 7, (CP?"*1, Zy ) — Hy (CP?"*!, Zx; Z) is surjective, we can
find a continuous map u: (D?,dD?) — (CP*'*! Zyx) whose class [u] € Hy(CP?"*! Zy;7Z) realises
the minimal Maslov number, i.e. Iﬂzx (u) = Nz,. Now consider the reflected disc i := X ouoc,
where ¢: D> — D? denotes complex conjugation. Since Zy is setwise fixed by X, i is also a disc
with boundary on Zx and since X is antihomolomorphic, we have that X*uz, = —uz, and so
Ly, (i) = Iy, (u) = Nz. Now, since Zy — X is a principal S'-bundle and X acts on Zx as the
antipodal map on the fibres, we see that X'| 7y © Zx — Zx is homotopic to the identity map because we
can use the S'-action to rotate the fibres 180 degrees.* In particular then X acts trivially on H (Zx;Z)
and so we have d[u] = —d[ii] € H|(Zx;Z), where the minus sign comes from complex conjugation.
Then [u] + [ii] must lie the image of the natural map j,: Hy(CP?>**1;7) — Hy(CP?***! Zy:;7Z) and
hence

2y, (W) = Ly, (W] + (i) € Iy, (ju(Ha(CP*"*52)) = 2(2n+2)Z.

So 2n+ 2 divides Nz, . By the bound (3.2), we must then have Nz, =2n+2, as we wanted.
Theorem 3.1.1 now tells us that 7; (Zx ) = Z /2 and the universal cover of Zx is homeomorphic
to §2+1, Recall that Zy is diffeomorphic to S (Ox(2)). So Zx = S(Ox(1)) is a connected double
cover of Zy and hence it must be homeomorphic to $*"*!. Now let i: X — CP?**! denote the
inclusion and note that the restriction of the hyperplane class i*H € H?(X;Z) is the Euler class of

the circle bundle ' — Zy — X. Using the Gysin long exact sequence for this circle bundle together

4Thanks to Jack Smith for pointing this out.
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with the fact that H? (Zx; Z) =0 for all 1 <i < 2n, we get that the map

. —(FH) .
H(X:;Z) - H™*2(X;7)
is an isomorphism for all 0 < i < 2n—2. Hence the degree of X as a subvariety of CP>"*! is
deg(X) = [y (i*H)" = 1. It follows (see [GH94, page 173]) that X is a linear subvariety of CP?"*!

and so it is a linear horizontal CP". O

4.1.5 Type 2 twistor Lagrangians

Having seen that there are no interesting Type 1 twistor Lagrangians, we now move on to the ones
of Type 2. In this section we derive some topological properties that any Type 2 twistor Lagrangian
must have.

Let X C CP?"*! be a Type 2 Legendrian subvariety. We will write X := I1(X) C HP" for the
corresponding MTC submanifold (or superminimal surface, if n = 1). Topologically X is the quotient
of X by the Z/2-action of the fibrewise antipodal map X|,. As before, we write Yx == {(x,v) €
V| @ |[vll = =/4} for the circle bundle S(Ox(2)), and Zx for the actual twistor Lagrangian. Note

that the opposite equator map ¢ : Yy — Zx is a double cover.
Lemma 4.1.30. The following hold:
1) X is orientable if and only if n is even.

2) The bundle S' — Zx 1L X is non-orientable. In particular the homology class of a circle fibre

has order 2 in H)(Zx ;7).
3) The manifold Zx is orientable if and only if n is odd.

4) The minimal Maslov number of Zx is Nz, = n+ 1. Moreover, if [u1],[u] € Hy(CP?**1;7)
denote respectively the class of a hemisphere of a twistor fibre passing through Zx and any

class with Maslov index n+ 1, then [u] — X, [u] = [u1].

Proof. The map X|y : X — X is an antiholomorphic involution and so it is orientation-preserving
exactly when n = dimc X is even. This implies 1). To prove 2), we lift the action of X to V by
setting:

X:V=V, X(xv) = (X(x),—d X (V).

Thinking about how the antipodal map interacts with the exponential map on a round 2-sphere of

radius 1/2, we see that we have the relation

eXPyp (X (X,V)) = exp, (x,v) Vxe€ CP* ! v eV, ||v]| = n/4. (4.26)

So the restriction of X’ acts on Yx, the quotient is Zx and @ is the quotient map. Now let V be a

nowhere vanishing vector field on Yy which is everywhere positively tangent to the circle fibres of
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the bundle Yy = X (recall that this bundle is canonically oriented by the S'-action). Then we have

Q?*V = —V and so X reverses the orientation on fibres. It follows from this and the diagram

YXL>X

i@ J/ My
Mz,

Zx —X

that the bundle S' — Zy — X is a non-orientable fibre bundle. Now let §: R/Z — X be a loop
such that following the fibre of Zx around & reverses its orientation. Then the circle bundle K =
0*Zx — R/Z is a Klein bottle. Let f: K — Zx denote the natural map, choose a point p € f(K)
and let y: R/Z — Zx be a parametrisation of the circle fibre through p. Then there exist maps
7:R/Z —K,8: R/Z — K such that foy=7,Tlo fod =& and 7(0) = §(0) € f~!(p). It follows
that in 7r; (K, 7(0)) we have the relation §-7- 8! = ~!. Applying f, and passing to homology yields
2[y] =0 € H{(Zx;7Z). Now let u; : (D*,dD?) — (CP?"*!, Zx) be a holomorphic parametrisation of
one of the hemispheres of the twistor line £ whose equator is parametrised by y. Then ii; := X oujoc

is a holomorphic parametrisation of the other hemisphere and so
] + [i1] = ji[€] € Ha(CP*"*, Zy: Z2),

where j.: Hy(CP?>"*1;7) — Ho(CP?"*! Zx:7) as usual denotes the natural map. Applying Ly,
to the above equation and using the fact that X"z, = —uz,, we see that /,;, ([m1]) =2n+2. In
particular, [y] = d[u;] is non-zero and hence it has order exactly 2 in H|(Zx;Z). This completes the
proof of 2).

To show 3), observe that we have the exact sequence 0 — Spang(V) — TYy — n*TX — 0.
From this we see that X Y is orientation preserving if and only if X|y is orientation reversing
which, by 1), happens exactly when 7 is odd. In other words, Zy is orientable if and only if # is odd.

From the long exact sequence in homotopy for the fibre bundle S' — Zx I, X we have the exact

sequence of groups 71 (S') — 7 (Zx) I, 71 (X) — 1. Applying the Hurewicz homomorphism and

using the fact that abelianisation is right-exact, we have the short exact sequence
I, -
0= ([y] =9[m]) = H(Zx:Z) — H(X;Z) — 0.

Now let u: (D? dD?) — (CP?**! Zx) be a disc which realises the minimal Maslov number, i.e.

Ly, ([u]) = Nzy. Putii := X ouoc and note that since ITo X’ = IT we have that
IL.(Q[u] +d[it]) =0 € Hi(X;Z).

It follows from the above exact sequence that d([u] + [i#]) € (J[u1]) and so d(2[u] + 2[ii]) = 0.
Hence there exists [v] € Hy(CP?**!;Z) such that 2[u] +2[ii] = j.([v]) and applying L, to this gives
4Nz, € 4(n+ 1)Z. It follows from the bound (3.2) that Nz, € {n+1,2n+2}.

Suppose for contradiction that Nz, = 2n+2. Then by Theorem 3.1.1 we have 7 (Zx) = 7Z/2

and since Yy — Zy is a connected double cover, Yx must be simply connected. In particular, the
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circle fibre of the bundle S* — Yy — X is contractible in Yx. But this contradicts the fact that there is
a fibre-preserving inclusion Yy = S(Ox(2)) < S(Og¢pani1(2)) = RP**3 and the circle fibre defines
a non-trivial class in the fundamental group of the latter space. This is the desired contradiction and
so we must have Nz, =n+1.

Note also that since d([u] + [il]) € (d[u1]) = Z/2, there exists an integer k € {0,1} such that
O([u] + [i] — k[u1]) = O and hence there exists a homology class [w] € Hy(CP?*"!;Z) such that
]+ [it] — k[ur] = j.([w]). Applying I, to both sides yields 2(n+1)(1—k) =2I, ([w]) € 4(n+1)Z
which implies that k = 1 and [w] = 0. Therefore [u] — X, [u] = [u] + [ii] = [u1]. O

Applying part 3) of Lemma 4.1.30 to the twistor Lagrangians corresponding to subadjoint vari-
eties, we see that Z(y ,,) is orientable precisely when m is even, Zq is non-orientable and Zy, Z;s and
Zy7 are orientable.

Next we turn our attention to the mod 2 algebraic topology of Zx . In particular, we are interested

under what circumstances Zy is relatively pin or satisfies Assumption (O). Regarding the first point,

we have the following result:
Lemma 4.1.31. For a Type 2 twistor Lagrangian Zy, the following hold:
1) The first and second Stiefel-Whitney classes of Zx satisfy

wi(TZx)> = 0

waTZx) = Tl (wa(TX)).

2) The Lagrangian Zx is relatively pin if and only if w,(TZx) = 0.

3) If wa(TZx) =0, then wo(TX) = 0, i.e. the Legendrian variety X is spin. The converse is also

true, whenever H' (X;F,) =

Remark 4.1.32. Note that it is an open question whether every smooth Legendrian subvariety of

CP?"*! for n > 2 is simply connected. /

Proof. The first part of 1) holds for any Lagrangian L in CP?**! because the complex structure Jy
identifies the tangent and normal bundles to L and so w (TL)? = w, ( TCP?+! | L) = 0 since the mod
2 reduction of ¢1(TCP?"*1) vanishes. To prove the second part, recall that the tangent bundle to Zx
splits as TZxy = (VNTZx) & (HNTZx), because pry,(TZx) = VNTZx (see for example the proof
of Proposition 4.1.25). Moreover, there is a bundle isomorphism H NTZy = H|}X T X. Hence we

have:
wi(TZx) = wi(VNTZx) + Tz wi(TX) 4.27)
Wz(TZX) = Wl(VﬁTZX)\—/HGXW](TY) + H|}XW2(TX). (4.28)

Now note that the complex structure Jy on CP?**! defines an isomorphism VNTZy = V/(VNTZx)
and so wa(V|z, ) =wi (VN TZx)?. On the other hand, wy(V) is the mod 2 reduction of the first
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Chern class of V =2 O¢pans1(2) and hence vanishes. Thus wi(V N TZx)? = 0. Now, if n is odd,
then Zy is orientable and so (4.27) tells us that wi (VN TZx) = I|; w1 (T X). Therefore we have
wi(VNTZx) — |5, wi(TX) =wi(VNTZx)* =0 and so wy(TZx) = |7, wa(T X) by (4.28). On
the other hand, if 7 is even, then X is orientable and so (4.28) tells us that wa (T Zx) = I1| w2 (T X).
This finishes the proof of 1).

To prove 2), we write My = IT~!(X) and let iys, : My — CP?**! and incz, : Zx — My denote
the respective inclusions. Suppose that Zy is relatively pin. Since wy(7Zyx)? = 0 and wy(TZx) =

M|, w2 (T X), this is equivalent to the existence of k € {0, 1} such that
7, wa (T X) = incz, (i, (kH)), (4.29)

where H denotes the (mod 2 reduction of) the hyperplane class. We want to show that £k = 0.

Using 1|, = II|;, oincz,, we see that (4.29) is equivalent to
incy, (|3, w2 (T X) +kiyg H) = 0. (4.30)
By the long exact sequence in cohomology for the pair (Mx,Zx) we have the exact sequence
o inc}x
Hz(Mx,Zx;]Fz) —_— HZ(MX;FQ) —_— Hz(Zx;Fz)
and so (4.30) is equivalent to
I3, wo (T X) +kiy H € a(H*(My,Zy:F2)). (4.31)

Observe now that the space My /Zx is homeomorphic to the Thom space of the bundle Ox (2).
Explicitly, if we model the Thom space as Dy /Yx, where Dx = {(x,v) € V|, : ||v|| < m/4},
then the exponential map provides the desired homeomorphism Dy /Yx — My /Zx. It follows that
H?(My,Zx;F,) is 1-dimensional and generated by the Thom class [¢] which pairs to 1 with any
hemisphere of a twistor line £ C M. Since the whole twistor line is the sum of two hemispheres, we

have that (0c([¢]), [])my.r, = 0. It then follows from (4.31) that:

(T wa(TX) + ki H , 10 >MX_F2 - &
<W2(TY) ) H*[£]>Y;Fz + k(H, [€]>(CIF’2”+1;IF2 = =
ko= 0,

which is what we wanted to show.

To prove 3), let A denote the rank 1 subbundle of Q|g, consisting of endomorphisms of 7HIP"
which preserve 7 X and let A+ denote its orthogonal complement in Q| %- Then X is naturally iden-
tified with the S%-bundle S(A) C A, while Zy is naturally identified with the S'-bundle S(A+) C A+.
Since A A+ = Q| % and all Stiefel-Whitney classes of Q vanish (the corresponding cohomology
groups of HP" are zero), we get the identities wi (A1) = w (A1), wa(A+) = wi(1)? and wy (1) = 0.

Substituting the second identity into the mod 2 Gysin sequence for the bundle S' — Zy — X, we
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obtain the exact sequence

0/ le(l)z 2/ I‘I‘EX 2
H°(X;Fy) ———= H*(X;Fy) ———= H*(Zx;F»). (4.32)

On the other hand, by the mod 2 Gysin sequence of the bundle S — X — X (a.k.a. the transfer
sequence of the double cover), we have the exact sequence

~wi(4) My

0 —— HX;F,) ——> H'(X;F») HI(X;IFZ)) (4.33)

_ —wi (A _ 1%
411 (%) — Y 2% 7)) — % H2(X: )

Now suppose that T1|7, w2 (T X) = 0. Then (4.32) tells us that w»(T X) € Spang, (w1 (1)?) and
so II|y w2 (T X) = 0 by the second line of (4.33). But II|y 7X = TX and so X is spin.

On the other hand, suppose H'!(X;F,) = 0. Then by the first line of (4.33) we get that
H'(X:F,) = Spang, (w1 (A)) and so ker (I1[y : H*(X;F2) — H*(X;F,)) = Spang, (w;(4)?) by the
second line of (4.33). Now, if X is spin, then II|y wo(T X) = wa(TX) = 0 and hence wo(T X) €
Spang, (wi(A)?). From (4.32), it follows that I1|; w(T X) = 0. O

Let X be one of the subadjoint varieties. Since all such varieties are simply connected, part 3)
of Lemma 4.1.31 tells us that Zy is (relatively) pin if and only if X is spin. The varieties Xg, Xo, X5
and X7 are known to be spin, see [AC16, Theorems 3.25 and 3.27]. Hence Z¢ is pin and Zo, Z;5,
Zy7 are spin.

On the other hand, X(y ,,,) is spin if and only if Q,, is spin and it is well-known that this happens
precisely when m is even or equal to 1 (this follows from the adjunction formula, see equation (4.35)
below). We conclude that when m is odd and strictly bigger than 1, the Lagrangian Z(; ) is neither
orientable, nor (relatively) pin. In fact, in this case Zy ,,) does not satisfy Assumption (O). To prove

this, we first make the following observation:

Lemma 4.1.33. A Type 2 twistor Lagrangian Zx satisfies Assumption (O) if and only if wy(TX)

vanishes on the image of the map m,.: m(Yx) — m(X).

Proof. Note first that if L is a Lagrangian in CP", then the boundary map d: m3(CP™ L) — m(L)
is an isomorphism. This can be seen easily from the long exact sequence in homotopy for the pair
(CP™, L), using the fact that the Lagrangian condition forces the map m, (L) — 7, (CP™) to vanish.
In particular, L satisfies Assumption (O) exactly when w, (T L) vanishes on 7, (L).

Now consider the double cover @: Yy — Zx. It induces an isomorphism on 7, and also

©*TZy = TYx, so we get
<W2(TZ)(),7'C2(Z)()> = <W2(TYX),7'62(Y)()>. (434)

On the other hand, since the projection w: Yy — X is a principal circle bundle, the vertical bundle to
Yx is trivial and so we have TYy = R@® n*TX. Thus wp(TYx) = n*w,(TX) which combined with
(4.34) gives the desired result. O]
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Lemma 4.1.34. Let k > 1. Then Z; ;1) does not satisfy Assumption (O).

Proof. By Lemma 4.1.33, it suffices to show that wy (7 (CP' x Qy 1)) does not vanish on the image
of m (Yop S ) in 71 (CP! x Qaz11). We now compute this image.

Note that for all m > 2, Q,, contains a line CP! 2 ¢ C Q,, (it is well known that Q, = CP! x CP!
and any higher dimensional quadric contains Q,) and when m > 3, the class of this line generates
m(Qyn) which is a copy of Z (for m > 3 this is immediate from the Lefschetz hyperplane theo-
rem, while the case m = 3 can be seen for example from the long exact sequence in homotopy
groups of the fibration SO(2) x SO(3) — SO(5) — Q3 coming from the well-known identification
Q. =SO(m+2)/(SO(2) x SO(m))). Hence, using [CP! x pt] and [pt x ¢] as basis, we have an iso-
morphism 7, (CP! x Q,,) 22 Z x Z and the long exact sequence of homotopy groups for the fibration

St — Yepi “Qn CP! x Q,, takes the form

0 ——— m(Yepivg,) — m(CP! x Q) — m (S') —— m (Yep «Q,) —0

0 — M (S(Ocpi g, (2,2))) ® S TXT 7 m(S(Ogpivg,, (2:2))) =0

Our goal is to compute the image of  or, equivalently, the kernel of 8. To that end, consider
the inclusions i; : CP! 2 CP! x pt— CP! x Q,, and ip: CP! = ptx { — CP! x Q,,. In each case,

the restriction of Y¢p1, g, is a copy of RP3:
it Yepi o, =11 S(Ocpi g, (2,2)) =S(Ocpi (2)) =RP? for je{1,2}.

So we obtain the following diagram with exact rows:

2

Z 7.)2 0

o o o

0 0 Z

00— m(RP?) —— m(CP!) — 1y (S') ———— m (RP3) ————=0

l (il)* =

00— EQ(S(O(CPIXQm(zvz))) 2 -

T (i2)« =

0 ———— m(RP}) ——— m,(CP!) — 1y (§') ——— 1 (RP}) ——=0

o o o

0 0 Z

Z 7.)2 0

From this we read off that 7 (S(Ogcpi1 «q,, (2,2))) = Z, 11 (S(Ocpi vq,, (2,2))) = Z/2 and the central

row of the diagram is nothing but the sequence

) e

0 Z VY Z Z)]2 0.
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That is, the image of the map m (Ycpiq, ) — m(CP! x Q,,) is a copy of Z, generated by the
“antidiagonal” class A := —[CP'! x pt] + [pt x £].

Now put m = 2k + 1 and note that

wa(T(CP' x Quey1)) = proy,,, w2(TQaxr1)
= [PFBZHICl(TszH)]Z
= [prf)m. (2k+1) H|sz+1} 2

= [proc Hloy. (4.35)

where [ ], denotes reduction mod 2, H denotes the hyperplane class in CP?+*2 and the second to

last line follows from the adjunction formula for the quadric Qo+ C CP%*+2_ Therefore

(WaTX(1 2641)) 5 Z>X =(H, [{])cparszp, =1 #0.

(1,2k+1)3F2

This finishes the proof. O

4.1.6 Legendrian curves in CP? and the Chiang Lagrangian

Finally, we turn our attention to the case of smallest dimension. That is, we consider the original
Penrose twistor fibration CP' — CP? — HP! = §*(1/2) and the problem of finding embedded
twistor Lagrangians in CP3. First, let us give some examples (we will see later that these are the
only examples).

Of course, we have the standard RIP? which is the twistor Lagrangian associated to a horizontal
Legendrian line CP! C CP3. For more interesting examples, we consider a family of twisted cubics

{X), : A € C*}, where X}, is parametrised by:
@, : CU{o0} — CP?

0, (t) = [ﬁ ‘A2 V3BAt:V3A tzh:' (4.36)

It is immediate to check that @} & = 0 and so this defines a family {X} }, .cx of Legendrian rational
curves of degree 3. The associated circle bundle Y, — CP! is easily seen to be diffeomorphic to

the lens space L(6,1):
Yo, = 018(Ocps(2)) = $(Ocpi (6)) = L(6,1).

An easy calculation shows that
X(@a(1) = @7 (=1/7)

and so X, is X-invariant whenever |A| = 1. It is not hard to check that in this case, X, is a Legendrian

of Type 2. For the rest of this thesis, X; will denote the Type 2 Legendrian twisted cubic

Xi=@1(CU{}) = { [P 1:V31: V3] _eCP: reCufw}}
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and Z; will denote its corresponding twistor Lagrangian. The corresponding embedded supermini-
mal surface X| 22 RP? in HP! 2 §%(1/2) is known as the Veronese surface. As we will explicitly
verify in section 5.1.1, the Lagrangian Z; is precisely the Chiang Lagrangian.

The homogeneous structure of the Chiang Lagrangian has proven very valuable in the study
of its Floer theory by Evans and Lekili in [EL15] and Smith in [Smil5] and is also the perspective
we adopt in chapter 5. Our current perspective however is useful because it exhibits Z; and RP? as
members of the same family — they are both twistor Lagrangians (as we shall see, they are in a sense
the only embedded twistor Lagrangians in CPP3).

From this point of view, it is also easy to manipulate the Legendrian curves and exhibit an
interesting transformation between these Lagrangians. To that end, we investigate the behaviour of

the family {X, } as A tends to zero and to infinity. Let us define the following Legendrian lines:

l:={[0:21:22:0]c : (z1,22) €C2\(0,0)}, £r:={[z0:0:22:0]c : (z0,22) € C*>\(0,0)}
l3:={z0:0:0:z3)c : (20,23) € C*\(0,0)}, L4:={[0:21:0:2]c : (z1,23) € C>\(0,0)}.
Note that /3 = X'(¢;) and ¢4 = X (¢;). We have the following lemma.

Lemma 4.1.35. Ler {A, }nen be a sequence in C* with lim,_e Ay = 0. The Gromov limit of the
curves Xy, consists of {1 and a double cover of {,. Similarly, if lim,, e, A, = oo, then the Gromoy

limit consists of {3 and a double cover of {4.

Proof. Consider the case lim,_,. A, = 0. The parametrisation (4.36) is not good for computing the
Gromov limit since it converges to the constant map at [1 : 0: 0 : O]¢c which is not even the nodal

point £;N¢, =1[0:0:1:0]c of the limit. So consider the parametrisations
hy (1) = @3 (At) = (A3 1 1:V/31:V/3A tz}c.

Letting A, — 0, the sequence h;, converges to the map ho: CP' — CP?, ho(t) = [0: 1: V3t: O]C
which is a parametrisation of £;. To see ¢; in the limit, choose a branch for the holomorphic square

root which is defined on {A, },cn and consider the parametrisations

ky,, (1) = @y, (\/}Tnt) = {tS:\/}Tn:\/gt:\/g\/}Tntz}c.

Letting A, — 0, the sequence k;, converges to the map ko: CP' — CP3, ko(t) = [t?:0: v/3:0] c

which is a double cover of ¢,. Finally, we know that this is the entire Gromov limit, because it

accounts for all the energy of a twisted cubic: E(ho) + E (ko) = [;, @rs +2 [,, ops =31 =E(¢y,).
Similarly, letting A, — oo in the parametrisations /4 and k, , one obtains that in this case the

Gromov limit of X consists of £3 and a double cover of /4. O

Now consider what happens at the level of Lagrangians as A varies along the real axis from 0
to 1. At A =0, the two Legendrian lines ¢; and ¢, meet at the point [0: 0 : 1 : 0]c and intersect the

twistor line £ := {zo = z3 = 0} in the antipodal points pg:=[0:1:0:0]c and pw:=[1:0:0:0]c.
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Hence, the associated twistor Lagrangians are two copies of RP? which intersect cleanly along two
circles. Note that pg = ¢,,(0) and p.. = @) (e0) for all A € C*, so in fact the points py and p.. are
common for all twisted cubics in the family. Thus, for A € (0,1), the corresponding Lagrangian
is an immersed L(6, 1), intersecting itself in a circle which is the equator of £ opposite py and pe.
Finally, when A = 1, the immersed L(6, 1) collapses on itself two-to-one to give the embedded Z;.

Let us now prove the promised uniqueness result.
Theorem 4.1.36. Let X C CP3 be a Legendrian curve.
a) If X is of Type 1, then X is a line.
b) If X is of Type 2, then X is a twisted cubic and there exists F € Sp(2) such that F(X;) = X.

Proof. Part a) is, of course, just a special case of Theorem 4.1.29. However, appealing to Theorem
4.1.29 in this dimension really is an overkill and in fact the result follows directly from Friedrich’s
formula for the Euler class of the normal bundle to immersions in $* with holomorphic twistor lifts
([Fri84]). Let us now give the proof, since it is short and we will need the Euler number calculation
for the proof of part b) anyway.

Let f: X — CP3 be a Legendrian embedding of degree d of an oriented genus k surface and
let f:=1IIo f be the corresponding superminimal immersion in HP'. Let v(f) := 7 THP! /TXy

denote the normal bundle of this immersion. Then its Euler class satisfies
{e(V(f)),[Zx]) =2(d +k—1). (4.37)

To see this, note that if vy(f) = f*H/TX; denotes the horizontal normal bundle to the Leg-
endrian curve, we have V(f) = vy (f) as oriented bundles over ;. On the other hand, we
have a decomposition f*TCP3 = f*V @ TX; @ v (f) of complex vector bundles on ¥;. Taking
the first Chern class on both sides and using the isomorphism V = O¢ps(2) yields the equality
f*(4H) = f*(2H) + e(TX;) + e(vy(f)) in H*(Z;;Z). Using that f has degree d and the isomor-
phism v(f) = vy (f), we obtain (4.37).

Now, if f is of Type 1, then f is an embedding of an oriented surface in S* (equivalently, R*)
and so v(f) is trivial. By (4.37) this immediately gives d = 1, k = 0, which proves part a).

Suppose now that f is of Type 2 and let X = f(X;). Then X = I1(X) C §* is an embedded
non-orientable surface of Euler characteristic y = 1 —k and f: £; — X is the oriented double cover.
The surface X has a fundamental class [)ﬂ € Hy(X;Eyr) and its normal bundle v ()? ) has an Euler
class e(v(X)) € H*(X;Eor), where E — X denotes the local system, whose fibre at each point x € X
is the free Z-module of rank 1, generated by the two orientations of 7,X, modulo the relation that

they sum to zero 5. Since Eor ® Eor = Z is the trivial Z-local system of rank 1, there is a well-defined

SWe are being a little sloppy here about the choices one needs to make for this statement to hold as given. See [Mas69,

Appendix 1].
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pairing H?(X; Eyr) ® Ha(X; Eor) — Z and so one can associate a number (e(V(X)), [X]) € Z to the
embedded surface X C S*. In [Mas69], Massey proved a conjecture of Whitney, which states that
for any non-orientable surface of Euler characteristic y, embedded in $*, this number must lie in
the range {2y —4,2%,...,4—2x}. In our case, we have ¥ = 1 —k, so the allowed values for this
number are {—2 —2k,2 —2k,...,2+ 2k}.

Now note that since f: X; — X is the oriented double cover and v(f) = f~ v(X), we have the

relation

(e(v(): [Z]) =2(e(v(X)), [X]).
Using (4.37) and Massey’s bounds, we see that the degree of a Type 2 Legendrian curve must satisfy
de{—-1-3k,3—-3k,7—3k,...,—1+k,3+k}NN>y. (4.38)

Hence, if k = 0, the only possible degree is d = 3, that is, X is a twisted cubic. The proof that X

must then be Sp(2)-equivalent to X; is given in Lemma 4.1.37 below.

It remains to be shown that we can’t have & > 1. Note that the bound d < k+ 3 is really low for
the degree of a Legendrian curve of genus k > 1, as can be inferred for example from the results of
[CM96]. In fact, [CM96, Theorem 1 and Proposition 7] imply that there are no embedded (let alone
Type 2) Legendrian curves of genus 1, 2 or 3 and degree less than 7. It may well be the case that
there is no embedded Legendrian curve of genus k and degree at most k + 3 for any k£ > 1 but the
author has not been able to find such a proof. Therefore, we focus only on Type 2 Legendrians and

we finish the proof of case b) using our results on monotone Lagrangians in CPP3.

Suppose for contradiction that X C CP3 is a Legendrian curve of Type 2 and genus k > 1. Then
Zx is an embedded, monotone Lagrangian. By Lemma 4.1.30, Zx is orientable and has minimal
Maslov number 2. Since k > 1, we have that 71 (Zx ) is infinite and non-cyclic. Moreover, Zy is not a
Euclidean manifold, because its double cover Yy = S(Ox(2)) is a non-trivial principal circle bundle
over an orientable surface and such 3-manifolds do not admit a Euclidean geometry. In particular,
Zx admits a unique up to isomorphism Seifert fibration and in fact we know exactly what it is: by
construction Zy is a non-orientable circle bundle over the non-orientable surface X. Now Theorem
3.2.11 tells us that such a monotone Lagrangian in CP* cannot exist and this is the contradiction we

were after. O

Lemma 4.1.37. Let X C CPP? be a Type 2 Legendrian twisted cubic. Then there exists a linear
transformation A € Sp(2) C GL(4,C) whose associated projective transformation Fy : CP? — CP3
satisfies Fx(X;) = X.

Proof. Recall that PGL(4,C) acts transitively on the set of twisted cubics in CP*. Moreover, the
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stabiliser of X; under this action is a copy of PGL(2,C), embedded via the homomorphism®

GL(2,C) — GL(4,C) (4.39)
&3 -3 V3ctd —/3cd?
a b L 1 —b a’ —V/3d%b 3ab?
c d (ad—bc)3 | 3b*d —/3d’c a*d+2abc —b*c—2abd

—\V3bd* 3ac* —bc*—2acd  ad?®+2bcd

This stabilising PGL(2,C) acts triply-transitively on X;.

Now consider again the pair of antipodal points pg =[0:1:0:0]¢ and po=[1:0:0:0]¢
on X;. Let pp and p. be two points on the Type 2 cubic X, which satisfy X' (pg) = pe. From our
discussion above, we know that there exists a linear map A’ € GL(4,C) whose associated projective
transformation Fys satisfies Fy/(X1) = X, Fy(po) = Po and Fy(pe) = Pe. Making these choices
leaves us with one degree of freedom for Fy and therefore two degrees of freedom for A’, which we
shall now fix.

Let us denote the standard complex basis of C* by

ey —

O = O O
- O O O

0
1

y €1 = 0 , €2 =
0

(=Nl

Under the identifications (4.2), we have e; = eqj and e3 = e,j and so {ep, e, } form a basis of H? as
a right H-module. For consistency, we will express elements of C* as right C-linear combinations
of {eg,e1,e2,e3}.

Now let us write &y := A’(eg) and note that by rescaling A’ if necessary, we may assume that
léo]] = 1. By our choice of A’, there exists a constant A € C* such that A’(epj) = égjA. Now observe
that, if we put b = c =0, a = 1 in (4.39) and we set d to be a third root of A, we obtain an element
B € GL(4,C) such that Fp(X;) = X; and B(ep) = eo, B(egj) = eoj%. We set A := A’ o B, so that

A(eoj) = épj. We aim to show that A is an element of
Sp(2) =Sp(4,C)NGL(2,H) C GL(4,C).

First we show that A lies in Sp(4,C), i.e. A preserves the complex symplectic form w¢ = Co(-j, - ).
To do this we use the fact that X = F;(X;) is a Legendrian curve.

Given a curve X, € {X;,X} and a point x € X, we denote the affine tangent space to X, at x
by 7.X.. Since X, is a Legendrian curve in CP3, the affine tangent space 7,X, is an wc-Lagrangian
subspace of C* for every x € X,. Using the parametrisations @ (¢) = [¢> : 1 : /3¢ : v/31*]c and
@(t) = @(1/t) =[1 :£3: /31> : /31] of the cubic X;, we find that

T,yX1 = Spanc{eoj, e2}, T,.X1 = Spanc{eo, e2j},

© This comes from viewing C* as the third symmetric power of the dual to the standard vector representation of GL(2,C)

on C2. See equations (5.2) and (5.3) in chapter 5.
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f(p(t)Xl = Spang {€0t3 +epj+ erV/3t + €2j\/§t2, 031> +e3V/3 + e2j 2\@t}
and therefore
Tp,X = Spanc {é0j,A(e2)},  Tp.X = Spang {é9,A(e2j)},
Tr, (p())X = Spang {éot3 +é0j+A(e2) V31 + Aea)V3i?, 8031° +A(e2) V3 +A(ea)) 2\f3t} ,

where we have used the fact that A(eoj) = A(eg)j = éoj. Since X is Legendrian, these spaces must

be wc-Lagrangian, which gives us the equations

CO<§0,A(€2)> = 07 (CO<éoj,A(€2j)> =0 (4.40)

(Co<(égt3 +é0j+A(e2)\/§t+A(e2j)\/§t2)j, 20312 +A(e2)\/§+A(e2j)2\/§t> =0 VieC.
4.41)

From (4.40) we find that there exist a,b € C and é,,é3 € (égH)* such that
Aley) =éoja+é; and Alerj) = éob+ é3.
Substituting this in (4.41), we obtain that
—2aV/31> +3(2Co(é2j,83) 4+ Co(é3j,é2) —ab—1)1> —=2b\/3t =0 VYreC

and so a = b =0 and Co{é,j,é3) = 1.

Summarising, we now have A(eq) = &y, A(eqj) = éoj, A(e2) = é2, A(e2j) = €3 and these satisfy
lléoll = 1, {&2,é3} C (éoH)*, Co(éj,é3) = 1. We conclude that A € Sp(4,C).

It remains to be shown that A lies in GL(2,H), i.e. that A commutes with right multiplication
by j. Since we already have A(eqj) = A(eo)j, all we need to check is that A(exj) = A(ez)j, i.e. that
é3 = é>j. This will follow from the fact that X is a X-invariant curve. Indeed, since X(X) =X
and Fy(X;) = X we see that for each t € CU {eo}, there must exist 7 = T'(t) € CU{eo} such that
X(Fs(@1(t))) = Ea(@1(T)). In particular, for each ¢ € C*, there exist T, A € C* such that

A (eot3 + eoj +e2\/§t+ezj\/§t2)j = A (e0T3 +eoj+e2\/§T+e2jf3T2) A

& et —eg+ajV3i+a3jV3iE = eoT A+ 20jA +é,V3TA+23V3T2A.
From here we find that A =73, T = —u /7 for some p € {1,¢™/3,¢*/3} and
brj+ 63T = esu® —éoui Vit e C~.

Hence, we get that é,j = é3u? and é3j = —é,u which suffices to conclude that g = 1 and thus

é,j = &3 which is what we wanted. ]
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4.2 The Lagrangian equation for CP3 from a twistor perspective

In section 4.1 we studied Lagrangian immersions in CP?"*! which were compatible with the twistor
fibration. We now consider the more generic situation in which ¢ : L — CP?"*! is a Lagrangian
immmersion, such that ITo ¢: L — HIP" is also an immersion. In fact, we change our perspective:
we start from an immersion 1: M>**! — HP" of some (21 + 1)-dimensional manifold and we look
for a Lagrangian lift 1: M — CP?**!, We focus specifically on the case n = 1, because then M is
a hypersurface in HP! = §%(1/2) and the Lagrangian lift 7 can be identified with a unit vector field
on M, satisfying a certain linear PDE involving the second fundamental form of the immersion 1. In
this way we essentially split the equation for an immersion 7 to be Lagrangian into a coupled system
of equations for an immersion 1 into HIP! and a vector field on M. This is not surprising, given the

splitting (4.6) but we still find it interesting to see exactly what equations we get.

4.2.1 The general equation

For the better part of this section, we work in a rather general setting. Namely, let (N*,g) be an
oriented Riemannian 4-manifold and let 1 : M — N be an immersion of an oriented 3-manifold. For
each point p € M we have an oriented 3-dimensional subspace 1. 7,M C T;,)N. This determines a
unit vector field v4 € C*(M,1*TN) by the requirement that if {vi,v2,v3} is a positive orthonormal
frame for M, then {v{,v,v3,v4} is a positive orthonormal frame for N along M. Before we move on,

let us make a small detour through the linear algebra which underpins our subsequent discussion.

4.2.1.1 Some linear algebra

Let V be a 4-dimensional oriented vector space with fixed inner product g. Let {v;,va,v3,v4} be a

positive orthonormal basis with dual basis {¢!, 02,93, (})4}. We have the usual musical isomorphisms
b
VOV = VoV —= Vo V* (4.42)
# #
Vi@V == ¢i®vj =0 ® ¢/
and the inclusions

VAV ——=VQV VAV — = V*eV* (4.43)
ViAVj >V ®V;—V; DV PN —= R/ — P/ @9

Note that with respect to the inner products induced by g on tensor and exterior powers of V' the
maps (4.42) are isometries while the maps (4.43) are conformal and stretch lengths by a factor
of /2. As is standard, whenever we use b (resp. #) on 2-vectors (resp. 2-forms) we are always
implicitly precomposing by the inclusions (4.43). Finally, the orientation on V determines a Hodge
star operator * which on 2-vectors and 2-forms squares to the identity. We denote its respective

+1-eigenspaces by A2V and A2V*.
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Now, any unit vector v € V determines an injective map

Vvt o AiV*

u o — WAV + %’ AV, (4.44)
which in this dimension is an isomorphism. Moreover:
Lemma 4.2.1. The inverse y, ': AZV* — vl is given by
v, () = —af(v). (4.45)

Proof. Letu € v-. We want to show that y, (u)#(v) = —u. If u = 0, there is nothing to prove, so we

assume u # 0 and without loss of generality v; = ﬁ and v4 = v. Then

W, ()* (v) = [[ulla, (v1)* (va) = [[ull (9" A 0% + 0> A 97)* (v4)
= ||l (¢' ©va—9* @v1)(va) = —Jullvy = —u. O

Now note that the map v, is conformal and multiplies lengths by /2. Therefore, any ordered

pair (v,w) of unit vectors determines an orthogonal transformation

Sw:V — V
vV = w
u o= v () Yuevh (4.46)

We have the following lemma:
Lemma 4.2.2. The map S,,,, is given by the formula
Syw =gv,w)ldy + (v/\w—*(v/\w))b. (4.47)

Proof. Without loss of generality, we assume that v = v4. Then, we have the identities SV47W(V4) =w
and, by Lemma 4.2.1, S,,, ,,(u) = —l//v4(u)#(w) for u € Span{v(,v2,v3}. From these one computes

that, if w = Z;‘:l 'v;, then the matrix for S,,, ,, in the frame {v;,v2,v3,v4} is

ptoo—p?oprou!
proopt o —utow?
T ut ol

3 4

—ut —pr e o

Itis easy to check that this is precisely the matrix for the operator on the right-hand side of (4.47). [

4.2.1.2 Some covariant differentiation

Now let us go back to the geometric setting. Recall that we have an immersion 1 : M — N of

an oriented 3-manifold into an oriented Riemannian 4-manifold (N, g) and this determines a unit
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normal field vy € C*(M,1*TN) along M. Then, if A2 N := A% (T*N) denotes the bundle of self-dual

2-forms on N, by the previous section we get a bundle isomorphism

W TM — AN

v o= oy, (v)= VAV, + x(VAV). (4.48)
Now consider the twistor space of N:
ZL(N,g) = {(x.p) € AIN : Ilpll = V2},

that is, the ﬁ—sphere bundle inside the bundle of self-dual 2-forms on N (in this section it is
more convenient to deal with 2-forms rather than complex structures). Then the vector bundle iso-
morphism ¥: TM — 1*A%N restricts to a diffeomorphism S(TM) — 1*2° (N, g), where S(TM)
denotes the bundle of unit length tangent vectors to M with respect to the metric induced from N.
Using this isomorphism, we identify unit vector fields on M with lifts of 1 to the twistor space.

The space Zi (N, g) carries a natural tautological 2-form ®® defined by

T

w(x,p):T*P VxGN,pEZEr(N,g)X

where 7: 2% (N,g) — N is the projection. For each A # 0, one can extend @® to a non-degenerate

2-form w*, given by setting Vv, w € T, ,,)Zi (N,g)

o, (vw) = O (nw)+ 2105 (pry(v),pry(w))

= p(tv,Tw) +A0% (pry,(v), pry(w)),

where V = ker 1, is the vertical tangent bundle and ®%° € C=(2.(N,g),A*V*) is the 2-form which
restricts to the area form on each fibre of 7, giving it area 87.

While the form @* is always non-degenerate, it is very rarely closed, so it does not define a
symplectic structure on the twistor space in general. Precisely this problem, for manifolds of any
dimension, was addressed by Reznikov in [Rez93], where he defines a natural closed form @, on
the twistor space and studies under what conditions on (N, g) the form @y, is non-degenerate. In
the case where (N,g) is hyperbolic, this was studied further by Fine-Panov in [FP09] leading to
the construction of many non-Kéhler compact monotone symplectic manifolds. The Floer theory of
some of these manifolds and their Lagrangians was then studied by Evans in [Eval4].

However, recall that we are mainly interested in N = HP' 22 §4(1/2) in which case we saw
in section 4.1 that the form @3 is closed, because (2% (HP', g), wé) is symplectomorphic to
((CIP’3, ors) (in fact, in this case w# agrees with the Reznikov form up to an overall constant). Since
we will not use the closedness of @* in our arguments, we will keep the general perspective and
look for the conditions that a unit vector field on M should satisfy, in order for the corresponding lift

of 1 to 2’ (N, g) to be @*-Lagrangian.
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To unravel these conditions, consider the splitting TAiN =M &V into horizontal and vertical
subspaces, induced by the Levi-Civita connection V on N. Using the bundle isomorphism ¥, this
translates into a splitting TM = Heo 17, i.e. we get an affine connection on M. Let pry;: TM — V be
the projection along H and let us denote the corresponding covariant derivative by V. The following

is then our main observation:
Proposition 4.2.3. The connection Vis given by the formula
VoW =VyW+s(V)x W YV,W e C*(M,TM), (4.49)
where
i) V is the Levi-Civita connection of (M,1*g),
ii) s:=—Vvy: TM — TM is the shape operator of the immersion1: M — N,

iii) the cross product of two vectors V,W in TM is defined to be V. x W = x(V AW), where *

denotes the Hodge star operator on (M,1*g) with respect to the fixed orientation on M.

A unit vector field Z on M defines an o*-Lagrangian lift of M if and only if for all vector fields V,W
on M one has

dvol(Z,V,W) + 2Advol(Z,VyZ,ViZ) =0, (4.50)
where dvol denotes the volume form on (M,1*g). This is equivalent to the existence of a positive
orthonormal frame {X,Y,Z} on M such that

V,Z = 0

o 1
VxZxVyZ = ——Z. 4.51
xZ X Vy 7 4.51)

Proof. We break the proof into its natural three parts — first we prove formula (4.49), then we estab-
lish equation (4.50) and finally we show that it is equivalent to (4.51).

Proof of formula (4.49): Let x € M be a point and V € T, M be a tangent vector. Consider a path
v: [0,1] — M such that y(0) = x, 7(0) =V and let W be a vector field along y. We write v4(r) ==
v4(7(r)). Then, by definition of covariant differentiation, we have VyW = 4 |0 (ﬁy(t)’IW(t)),
where ﬁy denotes parallel transport with respect to V. Using the isomorphism P, this rewrites as

P (Py(0) (W (D)),

- d
d t=0

where Py denotes parallel transport on N with respect to V. Thus we have

Tow =l (2 (v aor )
= G (P W AP 0 o () W 10 0))
- % =0 (Wa(0) ™ 0 W01y (Pr0) ™ (W)
- % R ORICIOIRNO (P,()~' (W)
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Now, from formula (4.47) we have that the above equals the sum of the following three terms:

L 4,8 (o) (v4(0)),v4(0)) Pylr) (W) = g (Vyva,va(0) ) W(0) + Ty W = Vy W

2.
% (FV(I)_I(W(I))/\M(O))b(Fy(f)_l(w)) = (VVV4/\V4(0))b(W)
=0
= g (ﬁvvét,W) v4(0) — g (v4(0), W) Vyy
= —I(V,W),

where II: TM @ TM — TM> is the second fundamental form and the last line is the Wein-

garten formula;

-l @00 A ) B W) = = (x (Tevaan(©)) o)
= (x(s(V) Ava(0))) (W).

Summing the three terms we obtain
VyW = VyW + (x(s(V) Avs(0)))’ (W) (4.52)

Now fix a positive orthonormal frame {v;,vs,v3} for (M,1*g). So {vi,v2,v3,v4} is a positive or-
thonormal frame for (N, g) along M and we let {¢', ¢, ¢> ¢*} denote the dual frame. Then for any

vector Y € T.M we have

3
g () Av(0)) (W), 7) = +(s(V)" n9*) (z ¢A¢>< )

= (0 (s(V)9> NP> = *(s(V))9' N> + 97 (s(V))d' A 9?) (W,Y)
= (' AG* NP (s(V),W,Y) = dvol(s(V),W,Y)
= g(s(V)xw,)Y) (4.53)

From (4.52) and (4.53) we get
2 (?vw,y) — g (VyW,Y) +g(s(V) x W.Y), (4.54)

which gives formula (4.49). Note further that (4.54) shows that 6(1* g)=0,1ie V is a metric con-
nection.
Establishing equation (4.50): Now let Z be a unit vector field on M, such that YoZ: M —

2% (N,g) is an @*-Lagrangian lift of 1: M — N. That is, we want Z*¥*@* = 0. Unravelling this
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we have

0=Z""ao*(V,W) = o v (¥, Z.V,¥,Z.W)

= W) (LY.ZV, LY. ZW)+A0% (pr, .2V, pr, ¥, ZW)
— W(Z)(V,W)+ AW 0% (prs(Z.V),pry (Z.W))

= (2 AV %2 M) (VW) +2A(Z dvol) (%z, %Wz)

= (2 AV)(V,W) +2Advol (z, Wz, %Wz)

= dvol(Z,V,W)+2Advol (z, vz, %Wz) .

Note that the factor of 2 appears because of the fibrewise scaling introduced by V.

Equivalence of (4.50) and (4.51): Let Z be a unit vector field on M. Then, since V is a metric
connection, we have that g (§VZ,Z> =0 for all V € TM. That is, the image of the linear map
%Z - TM — TM is contained in Z+ and, in particular, %Z has non-trivial kernel.

Suppose now that Z satisfies equation (4.50) for all V.W € TM. If V is a tangent vector to
M such that %VZ = 0, then (4.50) tells us that dvol(Z,V,W) = 0 for all tangent vectors W and so
V € Span(Z). Thus ker (%Z) < Span(Z) and since we know that V Z has non-trivial kernel, we
must have ker (%Z) = Span(Z). In particular V2Z=0.

We now complete Z to a positive orthonormal frame {X,Y,Z}. Using that %ZZ =0, we see that

equation (4.50) is satisfied for all V and W, if and only if

22dvol (z, %Xzﬁyz) —  _dvol(Z,X,Y)
- 1
<:>g<Z,VXZ><VyZ) = -

Since {%XZ,%/Z} C 71! we have that %XZ X §yZ € Span(Z) and thus

. 1
VyZxVyZ=——7.
X& X Vy 22

Hence equations (4.51) holds.
Conversely, if the system (4.51) holds for a positive frame {X,Y,Z}, then it is immediate to
check that the 2-form Z _dvol +2Advol (Z, VZ, %z) is identically zero. O

4.2.1.3 Some tautologies

Suppose that Z is a unit vector field on M which defines an o’ -Lagrangian lift of M to 2% (N,g).
We now make some pointwise observations which reflect the tautological nature of such a vector
field. Note that Z'b (N,g) | 18 @ hypersurface in 2 ’.(N,g) and so the non-degenerate 2-form o’
has a 1-dimensional kernel when restricted to 2 ’ (N,g ‘ - Similarly, for every x € M every 2-form

pE Zi (N, g)x has a 1-dimensional kernel, when restricted to 7,M. We then have the following fact.

Proposition 4.2.4. For every x € M, p € 2°.(N,g),, the unit vector Z == ¥;'(p) € T,M gener-
ates the kernel of p|T y and its horizontal lift 7P e Hip) < Tp) 23 (N,g) generates the kernel of
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. In particular, if 1: M — Zi (N,g) is an o’ -Lagrangian lift with corresponding unit

ker ( %

where Z denotes the horizontal component of 1,Z.

A
| 2,(Ng)l,,
vector field Z, then

= Span (Z) , (4.55)

Zi(NaS’)M) (M)

Proof. First we show that p(ZZ,V) = 0 for every V € T,M. Let X,Y € T, M be unit vectors such that

{X,Y,Z{} is a positive orthonormal frame for 7,M. It then suffices to show that
p(Z7,X) = p(Z7,Y) = 0.

Indeed:

PZLX) = WZDZEX) = (@) nvht«((Z2) A3) ) (22.X)

# (@) nvy) (@Z.X) = (X" AY")(ZE,X)

g(X.Z0)g(Y.X) —g(¥.Z0) | X|*=0

Similarly for p(ZZ,Y) = 0. Now if ZP denotes the horizontal lift of ZZ, then for any W €
Tip) (2%(N,g)|,,) we have T.W € T.M and so o*(Zf,W) = p(Z,7.W) + Awg (0,pr,W) = 0.
7P A

Hence Z; generates the kernel of @ ] 2N,
Now, if i: M — 2)(N,g) is an o*-Lagrangian lift, then for each x € M, the space

..M is a a)’l-Lagrangian subspace of ]”i(X)Zi (N,g), contained in the codimension 1 subspace

. b A - . -

Ty (Z+(N,g)|M). Hence ker(a) ‘ZMN&) M) o) < 1,TM, that is, along the Lagrangian, the

characteristic line field of the hypersurface is tangent to the Lagrangian. But now, since Z is defined

by the equation T = W o Z, equation (4.55) follows by our previous pointwise considerations. [

4.2.2 An example: the Clifford torus

We now consider a familiar example, namely the standard Clifford torus Tgl C CP3. Recall that it
is the image of the product torus (S')* C C* under the map I, so in homogeneous coordinates we
can parametrise it as (R/27Z)> — CP?, (61, 6,,63) > [l : €l% : % 1]@' From this and formula
(4.12) we see that TC31 is preserved by the fibrewise antipodal map &’. For our calculations it will be
more convenient to change coordinates by setting 6y = 0,6, = ¢ — y, 63 = 6 — y. Thus, writing

T3 := (R/277Z)3, our parametrisation becomes

F:7° — CP?

(6,0,) —> {eie OV (i0-Y) 1]@ (4.56)

and we have X o F(0,,y) = F(6 + @ + 7,—@, w — @). By composing with the twistor fibration
we obtain the map F :=11 oF: T3 — HP!, given by

—ip 4 1 . -1 .
F(e,q),w):[e 2+ Vi e"’:l] . (4.57)
H
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From this we see that the image of the Clifford torus under the twistor fibration is the set
S=I(13) = F(I°) ={[p: lu : llp| =1} C HP'

which is isometric to an equatorial S3(1/2) in $*(1/2) via the isometry ® from (4.7). Moreover,
observe that F(6,0,y) = [l : 1], and F(0,7,y) = [—je 9 1]}, That is, the two 2-dimensional
tori’ F({¢ = 0}) and F({¢ = x}) in T3, are collapsed by I to the Hopf link HL C S, defined by

1
®(HL) = {Z-i—jw EM: |z +wf = 7 zw:O} x {0} € 83(1/2) x {0} CH®R.

It is not hard to see that, away from these 2-tori, the map
(K T3\ F(¢ € {0,n}) — S\ HL (4.58)

is a double cover and the pre-image of every point consists of two fibrewise antipodal points on Té’l.

Now, since the image H(Tgl) =S C HP! is a totally geodesic submanifold, its shape operator
vanishes and so the connection V from Proposition 4.2.3 becomes just the Levi-Civita connection
on S. Hence, since the Clifford torus is Lagrangian in CP3, equation (4.51) tells us that Tcgz locally
corresponds to a geodesic unit vector field on S. More precisely, because of the sign ambiguity
coming from the fact that (4.58) is a double cover with X’ as the deck involution, T3, \F(pc{0,r})
should be identified with the sphere bundle inside a rank 1 geodesic distribution on S\ HL. We
call this rank 1 geodesic distribution (and also its integral curves) the Clifford foliation. Since this
foliation consists of great circles in S, one should be able to visualise it and thus “see” the Clifford
torus embedded as a Lagrangian in CP3.

To determine the Clifford foliation, we consider the map
@ HP'\{[1:0lg} —H, @ ([p.glu)=pq "

The restriction of @' to S identifies it with Sp(1) = {p € H : ||p|| = 1} and this identification is
conformal and stretches distances by a factor of 2. We will exhibit the Clifford foliation on S by

pushing it forward to Sp(1). The key is the following diagram:

—1 /
CP} >z, (HP!,g) > Z),(HP',g) D Z)(HP',g)| ~> 5(TS) 2% $5(TSp(1))

X .

HP! D S Sp(1)

Recall that the definition (4.48) of the isomorphisms ¥ requires a choice of orientation on the 3-
manifold, so we assume that we have chosen an orientation on S. We denote by N° the unit normal
to S determined by the orientation on HP' and the chosen orientation on S. Then Lemma 4.2.1

tells us that if x € S is a point and « is an element of 2’ (HP',g),, then ¥;'(at) = —a* (NS).

7Getting neat equations for these tori is the reason for changing coordinates in the beginning.
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Now, from the above diagram, we see that the unit tangent vector to Sp(1), determined by the point

F(6,0,y) ¢ T3, is given by

%cp; oy (1 (1::(97(,0, w))’) - —%qf* [1 (I::(ng, 1//)) (NE(WP’V,))} . (4.59)

The right hand side is not difficult to compute. First, an easy calculation shows that the derivative of

the map T o @' : H?\ (H x {0}) — H is given by
/ O B, R
d(pg)lr o @' (u,v) =uq™" —pg~vq . (4.60)

On the other hand, since ®'|g: S — Sp(1) is a conformal diffeomorphism which doubles all

lengths, we have that if [p: g]m € S (i.e. ||p]| = ||¢l]), then the unit normal to S at [p : ¢]g satis-
fies @/, (N[i :q]H) =2pg~" (up to a sign, but this can be fixed by changing the chosen orientation

on S). Using (4.60), it is immediate to verify that dj,,.,, ®' (d(, ylu(p,—q)) = 2pg~" and so we
conclude that

Nj g = dipg TP, —4). (4.61)

Now put p = €l +jel®~¥) and g = ¢/(®~¥) 1 j, so that ﬁ(@, ¢0,y) =Ic(p,q). Plugging this and

(4.61) into the right-hand side of (4.59), we see that the unit vector we want to find is

1 1 ..
B Ed[P:q]HCD/ (I(Mc(p.q)) (d(p-,q) Mu(p,—q))) = - Ed[l’:q]mcy (d(p-,q) Mz (pi, —gi))
1 ..
= —Ed(pﬂ)(b’OHH(pl,—ql)
= —pig, (4.62)

where we have used the definition of the map I and formula (4.60). Since Tc31 is X'-invariant, the sign
is irrelevant. Plugging in the values of p and ¢ into (4.62) and writing F’ := &' o F, we find that the
Clifford foliation at F’(6, @, y) is spanned by the vector

e i(@tm) +1 . 4 —i(e+Z
o = e T o)

B d d d ,
= ((99+2(9(p+8l//>F (0,0,v).

Z|F’(

It is then not hard to see that
sin(@/2)F'(6,9,y) + cos(¢/2) Zlpip.y) € Spang{j.k}
cos(@/2)F'(0,9,y) — sin(@/2) Zlpppy) € Spang{l,i}
and therefore for every ¢ ¢ nZ one has
Zlp1o.p.y) € Spang{F'(6,¢,y),1,i} N Spang {F'(6,¢,y),jk}.

We conclude that the Clifford foliation consists of all great circles on S3, obtained by intersecting
a great 2-sphere that contains one component of the Hopf link with one that contains the other

component.
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Figure 4.1: The Clifford foliation

4.3 No vertical Hamiltonians

In this section we prove the following:

Proposition 4.3.1. Let U C HP" be a connected open set. Suppose that f: CP*"*1 — R is a smooth

function whose Hamiltonian vector field X' is vertical on TI™! (U), ie.
dJII(X{)=0 vxeII '(U).
Then f is constant on TI™1(U).

Proof. First we note that it suffices to prove the statement for n = 1. Indeed, in the setting of the
proposition, suppose & and y are two distinct points in [T~! (U) C CP?"*!. Suppose further that their
projections x = I1(X) and y = I1(§) are distinct (the argument when X and ¥ lie in the same fibre is
even easier). Since U is connected, we can find a sequence of points x = xp,xq,...,xy =y in U
such that for all i € {1,2,...,N} the set U; :=U ﬂIHI]P’} is a connected open subset of H]P’il, where

HP! denotes the quaternionic line through x;_; and x;. Then X/ is vertical on I1~!(U;) and hence,
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assuming the proposition holds for n = 1, f is constant on TI"! (U;). But then f(%) = f (%) = f(%1) =
= f(%v) = f(F), where & € CP?>**! is any lift of x; fori € {1,2,...,N} and %) = %, ¥y = J.

We now prove the case n = 1. That is, we assume that U C HP! is a connected open set and

f: CP? — R is a function whose Hamiltonian vector field X/ is vertical on [T~ (U). Let p € U and

note that it suffices to prove that f is constant II~! (B), where B C U is a small geodesic ball, centred

at p.
Since the complex structure Jy preserves the vertical bundle V, we have that X/ is vertical at a
point x € CP? if and only if (gradng f ) —Jo(X; ! ) is vertical. That is, X € V; if and only if
dyf (Hy) =0. (4.63)

We now identify HP' with §* = §%(1/2) via the isometry ® and we identify CP? with
S ﬁ(AiS“) via ®* ob oI. Note that this identification preserves the splittings into horizontal and
vertical bundles, so we get a function (still denoted by) f: S ﬁ(AiS“) — R, whose differential an-
nihilates the horizontal distribution at all points which project to a geodesic ball (still denoted by)

B C §*, centred at a point x) = ®(p). We now extend f radially, setting
f: AL(S*)\ {zero section} — R

(V2
fiw = 1 5]

Note that d f annihilates the horizontal distribution at all points which project to B.
Now choose stereographic coordinates x = (x',x%,x*, x*) on §4(1/2), centred at the point xo, so
that the geodesic ball B corresponds to a ball B,(0) C R* of some positive radius r. Lety = (y!,y?,y%)

be fibre coordinates on A2 (S*) with respect to the basis
{0y == dx' Ndx? +dx3 Ndx, o = dx' AdxP —dx® Ndx®, o = dx' Adx* + dxP /\dx3}.

We introduce the quaternionic notation x = x' +x%i +x%j +x*k and y = y'i+ y%j + y’k. For the

function f we also write

~ 0 d d ~
V. f= f+37]; +a—é.]+8—]:k and V,f =~

In appendix A we show that in these coordinates the condition that df annihilates the horizontal

distribution above B, translates to the equation

1+ [|x]?

5 Vif = (2Vyf-y + Vyfxy)x VxeB,(0), Vy e R*\ {0}, (4.64)

where juxtaposition of vectors denotes quaternion multiplication.

Note that the function f was constructed so that it is scale invariant in the y-direction, i.e.
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v, f -y = 0. Substituting this into (4.64), we see that f satisfies

1 SR ~
% Vof = (VFxy)x (4.65)
1 S ~
o WPos @
2
1+Jx|| (Vo) xly ! = VF, Wa#o. (4.66)

Now multiplying equation (4.65) on the right by ¥ and rearranging we get

~ 2||x||2 ~
;x v .
( f) 1+ H)CHZ yfxy

=

Taking real parts on both sides yields V, f-x = 0.
Now fix a point y € R3\ {0}. Since V, f-x = 0 for all x € B,(0), we know that for all t €

{O, ﬁ) we have f(tx,y) = f(x,y). Setting t = 0 we obtain f(x,y) = £(0,y) for all x € B,(0). Thus

f

But then, by equation (4.66) and continuity, we find that V, f =0 and hence f | B,(0)x (R3\{0}) is

. . . z_ 3
B,(0)x (R3\{0}) 15 actually just a function of y and so V, f = 0 for all (x,y) € B,(0) x (R’ \ {0}).

constant. O



Chapter 5

Non-displaceability of some twistor
Lagrangians
Tazu mecHnYKa HaBpe, BCe TaKa IIe Ies.

3uaMm ;Lo6pe U 3a HalIpe/l II1e JApy>Ka CbC Hed.

Jazke u 1@ CU TOJISIM, CJIABHO € Ja BUXKIAII CaM.

Last verse of “OpamzkeBa mecen”.

In this section we prove that the orientable subadjoint Lagrangians are not displaceable. By
work of Evans-Lekili ([EL15]), this was known for the Chiang Lagrangian Ly = Z; C CP? which
displays a significantly different behaviour from the others by virtue of having minimal Maslov
number equal to 2. In section 5.1, we use the results of [EL15] to compute the Floer cohomology of
L with coefficients in high rank local systems and prove Theorem E.

In section 5.2, we treat the other orientable subadjoint Lagrangians and we prove Theorem F.

5.1 The Chiang Lagrangian and RP>

5.1.1 Identifying Z; and L,

In section 4.1.6 we saw the twistor Lagrangian Z;, associated to a Type 2 Legendrian twisted cubic
Xj. From this description, we know that Z; is a monotone Lagrangian, which is orientable and spin,
has minimal Maslov number 2 and admits the structure of a circle bundle over RP?> whose pull-back
to S is the lens space L(6,1). We now verify that Z; is indeed the Chiang Lagrangian L, which
was described in [Chi04] as an orbit of a Hamiltonian SU(2) action on CP?. Let us first give the
definition.

We view CP3 = Sym? ((CIP’I) as configurations of triples of points on CP'. The action of
SL(2,C) on CP! by Mébius transformations then defines an action on CPP? whose restriction to the

compact form SU(2) C SL(2,C) is Hamiltonian (see e.g. [Smil5, Section 3.1]). Setting

A= {[1:1]¢,[@0?: 1]c,[0*: 1]c} € Sym® (CP') = CP? with @ == /3, (5.1)
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we then have a decomposition CP3 = W, UY,, where Wy = SL(2,C) - A is the orbit consisting of
all triples of pairwise distinct points and Y, is a compactifying divisor consisting of triples with
at least two coinciding points (note then that Y, is cut out by the discriminant of a cubic, which
is a section of O¢ps(4); that is, YA is an anticanonical hypersurface). For a suitable identification
of CP' and S?(1), the set A corresponds to an equilateral triangle, equatorially inscribed in the
sphere. From this point of view, CP? is a special case of an SL(2,C)-quasihomogeneous 3-fold
Xc, obtained by compactifying an SL(2,C)-orbit W of a configuration C € Sym” (CP') = CP" of
n distinct points in CP'. It is known by work of Aluffi and Faber ([AF93]) that X = CP? is the
first of only four cases in which such a compactifiaction is smooth. The other three are the 3-folds
Xr C CP*, Xp C CP® and X; C CP'?, obtained by choosing C to consist of the vertices of a regular
tetrahedron, octahedron and icosahedron, respectively. It is a fact that in all 4 cases, when C is
chosen to be such a regular configuration, its orbit Lc under the action of the compact real form
SU(2) € SL(2,C) is a Lagrangian submanifold of X¢. The four Lagrangians La, Ly, Lo and L; have
come to be known as the Platonic Lagrangians. The Chiang Lagrangian is then the first (admittedly,

somewhat degenerate) such Lagrangian:
Definition 5.1.1. The Chiang Lagrangian is the orbit L := SU(2) - A in X5 = CP. &

To see that this is indeed the same Lagrangian Z; which we considered in section 4.1.6, recall
that the identification
CP? = Sym® (CP')
is obtained by viewing C* as the space C|x,y]3 of degree 3 homogeneous polynomials in 2 variables
and sending each element f € Clx,y]3 \ {0} to its projectivised zero set. We make the identification

of C* with C[x,y]3 via the map
(C4 — (C[xvy]fi
(z0,21,22,23) +—— zox3+Z1y3+zZ \/gxy2+13 \/gxzy. 5.2)

A matrix A € SU(2) acts on f € C[x,y]3 by

(A-f)(x,y) :f<A‘1 (i)) (5.3)

and in this way SU(2) acts on the projectivised zero set of f in CP! by usual projective transfor-

mations. Recall that we identify C* with H? via (4.2). Using (4.12) and (5.2) it is straightforward

to check that the above action of SU(2) is right H-linear and in fact it defines a homomorphism

SU(2) — U(4) NGL(2,H) = Sp(2). So it descends to an action of SU(2) on HP! by isome-

tries and the twistor fibration IT: CP3 — HP! is equivariant. For the record, if we parametrise
a —b

SU(2) = { (b p ) ca,beC, |a>+|b)* = l}, then the homomorphism SU(2) — Sp(2) we get

with our identifications is explicitly given by

a —b a +jb? V3(ab? + ja*b)
<b a > — (ﬂ<a52+jazz> a(jaP —2[bP) — b(2lal? - |b|2>)' 64
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Note that A is the projectivised zero set of the polynomial f(x,y) = x> —y* which un-
der the identification (5.2) corresponds to the point (1,—1,0,0) € C*. Since L, is the or-
bit of A under the SU(2) action and IT is equivariant, we have that TI(Ls) is the orbit of
II(A) =[1: 0]y € H]P’l.' From (5.4) one easily finds that the stabiliser of [1 : Oy is the
set Stab([1:0]y) = {(e(l)e e9i9> ] GR/ZH:Z} U {(_eo—ie e(')9> : 0 GR/ZEZ} and so
[1(Lp) = SU(2) - TI(A) = SU(2) /Stab ([1 : 0]g) = RIP2. Thus L, is an embedded Lagrangian, com-
patible with the twistor fibration and hence by Theorem 4.1.23 we know that L, is a twistor La-
grangian which projects to a (necessarily) superminimal RP2. The twistor lift of this RP? is the
unique Legendrian curve in CPP? which projects to it. It is not hard to find this curve: just consider
the orbit SU(2)-[1:0:0:0]c. On the one hand, it certainly projects to the orbit RP? = SU(2)-[1 : 0]g
because [1:0:0:0]c is a lift of [1 : O] and IT is equivariant. On the other hand, using the iden-
tification (5.2), [1 : 0: 0 : O] corresponds to the line spanned by the polynomial f(x,y) = x> and
so its SU(2)-orbit is precisely the projectivisation of the set of polynomials in Clx,y]3; whose de-
homogenisation has a triple root. This space is isomorphic to CP! and can easily be parametrised

by

CP! =CU{»} — P(C[x,y]3) =CP?

ro— [(tx—l—y)3](c:{t‘?’:l:\/gt:ﬁtz}c,

where we have again used the identification (5.2). Thus, the orbit SU(2)-[1:0:0: 0] is indeed
a Legendrian curve which projects to the superminimal RP? = SU(2) - [1 : 0]; and hence it is its
twistor lift. Moreover, observe that this lift is exactly the Type 2 twisted cubic which we denoted by
X in section 4.1.6 and so we have indeed identified L, and Z;.

Viewing Z; as the homogeneous space L, is extremely valuable for enumerating the holomor-
phic discs which it bounds in CIP3. Moreover, since Ly is exhibited as a finite quotient of $3. it can be
effectively visualised. Further still, identifying the SU(2)-action on CP! by projective transforma-
tions with the action on S?(1) by quaternionic rotations allows one to translate problems about the
geometry of L, into problems about equilateral triangles inscribed in the unit sphere in Euclidean
3-space. We now combine these different points of view in order to thoroughly understand the
topology of L and to compute its Floer cohomology with arbitrary local systems. This calculation

is heavily based on the results of Evans and Lekili from [EL15].

5.1.2 Topology of L,

The Lie algebra su(2) is the real-linear span of the Pauli matrices:

o (B0 o (0 1) (0
1=\ —i)>%27\21 o) ™S =i o)

From now on, all occurrences of “exp” refer to the exponential map in SU(2). For a unit vector

V = (v1,v2,v3) € §?(1) and ¢ € R we will write exp(¢V) to mean exp(t(v| 0] +Vv202 +v303)). The
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action of SU(2) on CP! by projective transformations can be identified with the action of SU(2) on
52(1) by quaternionic rotations, as long as we adopt the following conventions (for any other choice

the two actions would, of course, be conjugate):

e for any unit vector V € S%(1), exp(8V) acts on S?(1) by a right-hand rotation in the axis V
by an angle of 20; this is the adjoint action of SU(2) on S? C su(2), where we identify su(2)

with R3 via the basis {07, 0,,03};

e we identify CU {0} = CP! viaz+ [z: 1]c, o0 — [1:0]c;

lz2=1 2Re(iz) 2Im(iz)
22+17 [z2+1 7 [z]?+1

e we identify CU {oo} = §2(1) via z — ( ) o — (1,0,0), i.e. via stereo-

graphic projection from (1,0,0) followed by multiplication by —i.
The latter two identifications combine to give the diffeomorphism

®: CP' — $*(1)

x> —[y|* 2Re(ixy) 2Im(ixy) )
D([x: = , , .
(be:5le) (|x|2+|y2 AP+ DE RE+ DI

This way the triple A = {[1 : 1]¢,[@?: 1]c,[@*: 1]c } corresponds to the equilateral triangle with
vertices V| == (0,0,1), V4 := (0,—v/3/2,—1/2), and V; := (0,+/3/2,—1/2) (our choice of names
for the vertices will become apparent when we discuss a particular Morse function on Ly below).
The Chiang Lagrangian is then the manifold of all equilateral triangles, equatorially inscribed in
S2(1). We call these maximal equilateral triangles.

Using (5.4), it is easy to see that the stabiliser of A under the SU(2) action is the binary dihedral

group of order 12, given explicitly by

FA:{<“(;k a())k> : ke{O,l,...S}}U{(igk i(gk) : ke{O,l,...S}}gSU(Z).

Abstractly, we view this group by the presentation
Ih= <a,b | A =1,0>=dab= ba71>,

@ 9 and b — 0 ' ). So we have
0 o i 0
La 22 SU(2)/Ta and SU(2) is tiled by 12 fundamental domains for the right action of I'y. Further,

the above complex representation being given by a —

the quotient map ¢: SU(2) — L, induces a natural isomorphism

Ta = m(La,g(1d)P (5.5)
x = [got,
where £;: [0,1] — SU(2) is any path with £(0) = Id and £(1) = x. In figure 5.1 below we give a

schematic description of a fundamental domain for the right action of 'y on SU(2). The picture

is essentially borrowed from [EL15] with the difference that the fundamental domain given there



5.1. The Chiang Lagrangian and RIP? 171

Figure 5.1: The fundamental domain for La. Opposite quadrilateral faces are
identified by a 90° rotation and the two hexagonal faces are
identified by a 60° rotation so that colours of edges match. The
fundamental domain is viewed as sitting in SU(2) with Id at the
center of the prism and the matrices {0}, 0,03} C TjqSU(2) are

given for orientation.

is (erroneously) for a left I'y-action. A detailed derivation of the domain can be found in [Smil5,
Section 5.1].

Evans and Lekili also describe a Morse function on Ly by specifying its critical points and some
of its flowlines. We shall use essentially the same Morse function (depicted in figure 5.2 below) to
compute Floer cohomology but since we want to work with local coefficients, we are particularly
concerned with where exactly its index 1 downward gradient flowlines (with respect to the round
metric on SU(2) = $3(1)) pass. This is what we shall now spell out. Throughout this discussion it
is useful to keep in mind the picture of rotating maximal equilateral triangles. For example, for any
unit vectors V, W € R3 we think of the point g(exp(sV)exp(tW)) € Ly as the triangle, obtained from
A by first applying a right-hand rotation by 2¢ in the axis W and then a right-hand rotation by 2s in
the axis V.

Recall that we defined V| := (0,0,1), V; := (0,v/3/2,—1/2), V§ == (0,—/3/2,—1/2). We now
further set h:=exp (£01) € SU(2) and V| :=h-V| = (0,—+v/3/2,1/2), Vo :=h-V; = (0,/3/2,1/2),
V3:=h-V; =(0,0,—1). We then define the Morse function f: Ly — R to have:

e one minimum at m’ := g(Id) = AV{V,V};

e three critical points of index 1: x| := g(exp(§V{)), x, == q(exp(%V3)) and x; =
q(exp(£V4)). They are connected to the minimum m' via 6 flowlines whose com-
pactified images can be parametrised for ¢ € [0,1] by ¥/(r) := ¢ (exp ((1—1)FV/)) and
7.(t) :=q(exp (— (1 —1)FV/)) forie {1,2,3};

e three critical points of index 2: x; := g (exp (§Vi)h), x2 == q(exp(§V2)h) and x3 :=
q (exp (3V3) h);
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e one maximum at m := g(h) = AV, V, V3. It connects to the index 2 critical points via 6 flowlines
whose images are similarly given by %(t) := ¢ (exp (t5V;) h) and ¥(t) := g (exp (—15V;) h)
fort €]0,1] andi € {1,2,3};

o there are 12 gradient flowlines connecting critical points of index 2 to critical points of index
1. For our purposes we do not need a similarly precise description of their images and the

schematic description from figure 5.2 c¢) will do.

a) b) c)

Figure 5.2: A Morse function f: Ly — R. All flowlines of index 1 are depicted with arrows pointing in the
direction of downward gradient flow. Note that in diagram c) the flowlines §;; and 5; j always go
from x; to x;. The index 3 flowlines o and & and the different colouring (green and blue) of the

flowlines will be used below for the calculation of parallel transport maps.

For the sake of completeness, let us now give a formula for such a function. To describe it we
will use coordinates on L coming from the Hopf coordinates on S3. Consider the following “Euler

angles map”:

G: (R/27Z)} = SU(2), G(6,9,y) = exp ("’; "’cl) -exp (603) -exp ("’ 3 wcn) .

The map G has degree 4 and its singular values (i.e. where “gimbal lock™ occurs) form the standard
Hopf link {exp(toy) : ¢t € [0,27]} U {exp(to1) -exp((n/2)03) : t € R/2xZ}. Now our Morse

function f: Ly — R (or rather, its pull-back under g o G) is given by

(0,0, w) = —cos*(8) cos(6¢) — sin*(0) cos (6y) (5.6)

(
(2.00.5=(133)4=(35D.0= 5D 0= (E5P.n= (137 m

m=(0,%.5)-
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Figure 5.3: Another representation of the Morse function f. The minimum ' corresponds to the triangle
AV|V,V4 and the maximum m is AV V,V3. The critical points of index one {x}<;<3 and index
two {x; }1<;<3 correspond to maximal equilateral triangles with one side along the segment with the
respective label. The flowlines of index 1 through the minimum and maximum are also illustrated
by the pairs of circular arcs with matching labels. Each downward flowline consists of triangles
rotating around a fixed vertex, with their other two vertices tracing out the two arcs in the indicated

directions. The labels of these arcs match the ones on the flowlines in figure 5.2.
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5.1.3 Computation of Floer cohomology with local coefficients

5.1.3.1 Morse differential

Let V be any vector space over F, and let p: I'y — Aut(V) be a representation. Through the iso-
morphism T’y & 7; (Ly,m')OPP, p determines a right action of 7t (La,m’) on V and so we obtain a
local system W — L with fibre isomorphic to V by the recipe from (2.5). As Morse data for the
pearl complex we shall use the pair 2 = (f,g), where f is the Morse function (5.6) and g is the
round metric on SU(2). We will first explicitly compute the Morse differential % on the complex
CH{Las Ene (W),

We thus need to calculate parallel transport maps on )V along the index 1 flow lines of f. To
that end we first fix an identification WW,, = V. Next, we also identify with V the fibres of VW which
lie over other critical points. We do so in the unique way so that parallel transport maps along the
paths (V) ™1, (%)L (4) Lo, (67" n), (67! 1) and (67! - 13) are represented by the identity
map V — V. From now on we refer to the paths in this list as identification paths and we draw them
in green on all diagrams (see also figure 5.2 above).

Suppose now that £ is a path from s(¢) € Crit(f) to (¢) € Crit(f). By pre-concatenating ¢ with
the identification path to s(¢) and post-concatenating it with the inverse of the identification path to
t(¢) we obtain the corresponding loop 2, based at m'. We identify this loop with an element [@ } ela
via the isomorphism (5.5). Then, using the identifications above, the parallel transport map is given

by

p([7])

PV SRR 4
2 2 5.7
W) Wi

We now use this setup, together with the universal cover SU(2) — Ly to calculate d7. Note that
the fundamental domain whose centre lies at Id € SU(2) borders 8 other fundamental domains with
centres at a = exp(017/3), a® = exp(—017/3), b = exp(037/2), ab, a*b, a*b, a*b and a’b. The
ones with centres at ab, a and a’b are schematically depicted (after stereographic projection from
—1Id € SU(2)) in figures 5.4, 5.5 and 5.6, respectively.!

Let us now compute PT/2 : Wx’z — W,y (the identifications with V from (5.7) will be used im-
plicitly in this and all our subsequent calculations). The corresponding loop is (7/2)’1 -%. Alift of

this loop at Id € SU(2) is shown in figure 5.4. From there we read off:

where we write A := p(a) and B := p(b). Similarly we can compute Ps, - Wiy = Wy by lifting the
corresponding loop (¢)~! -y - 553 - 75 to the universal cover. This is done in figure 5.5 and we read

off:

These schematic figures (as well as figures 5.1, 5.2, 5.3, 5.8) were created using the tikz-3dplot package by Jeff Hein. See

Figure 3 in [EL15] or figures 5.9, 5.10 below for accurate pictures of the stereographically projected fundamental domains.



5.1. The Chiang Lagrangian and RIP? 175

Figure 5.5: Parallel transport along 5.

A
Py Wy, ————— Wy

We compute one more example, namely Py, : W,, — W,,. The loop (o)~ (13)~! - o lifts as

shown in figure 5.6. This yields:

ASB
Py Wy —————— W,

Continuing this way we obtain all the needed maps for the calculation of d?, which we summarise

in the following table:

Py = B |Py, = 1d |Py, = 1d |P, = A|P, = A’B

Py = AB |Ps, A’B|Ps = A | P = 1d| P A*B 5.9

Py = AB|P;, = AB|Ps, = 1d |Py = A|Py, A°B '
Ps, = AB|Ps, A’B | Ps,, Id
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Figure 5.6: Parallel transport along 7.

Now every flowline ¥ connecting y to x gives us a map End()V,) — End(W),) by conjugation
o Py loa o Py and the sum of all these maps is the Morse differential 97 on the complex

C}(La; &/ (VV)). Using (5.8) we obtain:

e forevery @' € End(W,,):

7(a/) = (d/+B'd'B, o'+ (AB)"'a'(AB), & +(A’B) "' o/ (A’B))
€ End(Wx/] )P End(lez) @ End(Wxg) (5.9)
e forevery (o, 04,04) € End(Wy, ) & End(Wy, ) ® End(Wy,):
07(a),04,04) = (f+a+A ' gA+AT A,

(A’B) "o (A’B) + o4+ A A+ o,
(A’B)'a{(A’B) + (A*B) ' o[ (A°B) + (A*B) ' &4 (A’B) + &)

€ End(W,,)&End(W,,) & End(W,,) (5.10)

e and for every (0,0, 03) € End(W,, ) & End(Wy,) @ End(W,, ):

07 (ar,00,053) = ag+(AB) oy (A°B)+ o + (A*B) Lo (A*B)
405+ (A°B) " 'az(A°B)

€ End(W,) (5.11)

5.1.3.2 Contributions from holomorphic discs

The classification of holomorphic discs of Maslov indices 2 and 4 with boundary on L, (which
are precisely the ones appearing in the pearly differential) has been carried out in [EL15] (see also
[Smil5]). Our main goal for this section will be to trace where their boundaries pass and to determine

the parallel transport maps along the paths }4’1 for all relevant pearly trajectories u.
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Let us first recall the main notions and results on holomorphic discs from [EL15] which give

us total control over the positions of the Maslov 2 discs.

Definition 5.1.2. Let L be a manifold and let K be a Lie group acting on L. Denote the stabiliser of a
point x € L by K. An x-admissible homomorphism is defined to be any homomorphism R: R — K
such that R(27) € K,. Such a homomorphism is called primitive if R(0) ¢ K, V6 € (0,2). O

Definition 5.1.3. Let X be a manifold and let K be a Lie group acting on X. Suppose further
that L C X is a submanifold preserved by the action. A disc u: (D?,dD?) — (X, L) is called axial if,

after possibly reparametrising u, there exists a u(1)-admissible homomorphism R such that u(re’®)

R(0)-u(r) forevery r € [0,1], 8 € R. For the particular case when K = SU(2) we also define the axis
of a non-constant axial disc u to be the normalised infinitesimal generator R'(0)/||R'(0)| € S*(1),

where again we identify su(2) with R? via the basis {c1,0,,03}. &

Recall that we denote the standard (integrable) almost complex structure on CP3 by Jy. Using
the above notions, one can summarise Evans and Lekili’s classification results for Jy-holomorphic

discs u: (D?,0D?) — (CP3,L,) in the following three theorems.

Theorem 5.1.4. ([ELIS5, Lemma 3.3.1]) All Jo-holomorphic discs u: (D*,dD*) — (CP3,Ly) are

regular.? O

Theorem 5.1.5. ([ELI5, Sections 3.5, 6.1]) All Jo-holomorphic discs of Maslov index 2 with bound-
ary on Lp are axial. Through every point on Lp there pass exactly three such discs, namely the
appropriate SU(2)-translates of the discs {u',us,u}} with u(1) = m’ for i € {1,2,3} and axes V],

V, and V; respectively. O

Theorem 5.1.6. (originally [EL15], but see [Smil5, Proposition 6.5] for a simpler proof) There are
precisely two Jo-holomorphic discs wy,w_1: (D?,dD*) — (CP,L,) of Maslov index 4 and passing
through m and m'. They are both simple and axial with axes (1,0,0) and (—1,0,0). 3 O

Note first that Theorem 5.1.5 immediately allows us to compute the value of the obstruction
section mo (W) at the point m'. Indeed, the boundaries of the three Maslov 2 discs passing through

m’ are given by
duy =), db=(H)"p and duy=(B)" % (5.12)
Referring to table (5.8), we have Py, = B, Py, = (AB)~' = A*B and P,,; = A’B. This gives:
mo(W)(m') = (Id+ A% + A%)B. (5.13)

Remark 5.1.7. Recall that, in order for the complex CF*((La,W),RP3) to be unobstructed, we
need my(W) = 0. Using (5.13) and the identity (A> —1d)(A* + A% +1d) = 0, it is easy to see that

2In particular Jo € Jreg(La)-
3The discs wy and w_; are the two hemispheres of the twistor fibre through m'.
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mo(W) = 0 precisely when A has no non-zero fixed vector. Now note that, due to the relation
ba’b~! = a*, any 1-dimensional representation of I'y must satisfy A> = 1 and so any rank 1 local
system over a field I of characteristic 2 has non-vanishing obstruction section (the point here is that
this holds not just for [F, but for all of its extensions as well). Since the rank is 1, this implies that the
central complex is identically zero. This shows that, in order to achieve non-vanishing cohomology,

it is necessary to work with higher rank local systems. /

The three theorems above actually allow us to completely determine all isolated pearly trajec-
tories which a candidate differential d(%-0) : C;(W, W) — C;(W, W) would count. Note that while
Theorems 5.1.4, 5.1.5 and 5.1.6 give us a strong control over the moduli spaces of discs involved
in d(Z0) | we cannot a priori be sure that Jy is an element of the set Jreg(@) from Theorem 2.4.8.
This potential problem has been dealt with already in [EL15] and further elaborated on in [Smil5,
Appendix A] and the solution is to perturb the Morse data & by pushing it forward through a dif-
feomorphism of L, which can be chosen arbitrarily close to the identity. Since such a perturbation
will preserve homotopy classes of paths, it will not affect any of our calculations, so we work di-

2:5) . To alleviate

rectly with the pre-complex CJ’Z(W, W) and determine the candidate differential d (
notation we shall also temporarily drop the decorations (Z,Jp).

From equation (2.52) we know that the maps which we need to figure out are:

di: End(Wy ) ®End(W,) ® End(WXr ) — EndW,),

di: End(Wx,) ®End( Xz) ®End(Wy;) — End(Wy)@End(Wy,) @ End(Wy,),
or: End(W,) — End(W;,) ®End(W,,) @EndWV,,),
or: EndW,) — EndW,).

To determine the first one of these, we are interested in pearly configurations, consisting of a
single Maslov 2 disc u such that u(—1) € W9 (m') and u(1) € W4(x}). Since W9 (m') = {m'} such
a disc must be one of {u},u,us}. From (5.12) and the table (5.8) we see that the corresponding

parallel transport maps are

YO/ =1d, P},o (A ) = A*B, Py0 =1Id
ul u3
P, =B, P1 =1d, P, =A%B.

Y Y
" 2 "3

Thus for every (o, 0, 0) € End(W,,) © End(W,,) & End(W,;) we have
oi1(o],04,04) = Baj + o4 (A*B) + (A°B)ay, € End(W,). (5.14)

Similarly, to determine d;: End(W,,) — End(W,,) ® End(W,,) @ End(W;,) we look for
pearly configurations containing one Maslov 2 disc « such that u(—1) € W¢(x;) and u(1) € W¢(m) =
{m}. From Theorem 5.1.5 we know that these discs must be axial. Consulting ﬁgure 5.3 we see that
their axes are {V;,V,,Va} and, denoting by ; the disc with axis V;, we have: 7/0 (1)~ }/ul M.,
", = %L, Y, = . Yoy = ()", %ay = 13- Again from the table (5.8) we see

Py = (A’B)~! =B, Py =1d, Py = (AB)"!' =A’B

Pﬂl =1d, PJ’JZ =A*B, P1 =1d.
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Thus for every @ € End(W,,) we have:
di(a) = (aB, (A*B)a, a(A>B)) €  End(W,,) ®End(W,,) ®End(W,). (5.15)

Determining J; : End(Wx,) & End(Wx,) & End(Wy,) — End(Wy ) & End(Wy, ) & End(Wy,)
requires a bit more work. In the case of trivial local systems Evans-Lekili are able to deduce that
this part of the differential must be zero by a simple algebraic argument using the fact that the whole
pearly differential has to square to zero ([EL15, Corollary 7.2.4]). We cannot appeal to such an
argument in our case (indeed, for specific choices of WV this part of the differential is non-zero, see
section 5.1.4 below) and so we must analyse all relevant pearly trajectories. That is, we are looking at
pearly trajectories consisting of one Maslov 2 disc u, satisfying u(—1) € W¢(x) and u(1) € W9(x;),
as depicted in figure 5.7. To find all such trajectories we consider again figure 5.3 and argue in terms

of triangles inscribed in the unit sphere in R3.

i

=

Figure 5.7: A pearly trajectory u = (1) connecting x} to x;.

Theorem 5.1.5 and our choice of Morse function give us that each of the following three sets
e the descending manifold of x;
e the boundary of the Maslov 2 disc u
e the ascending manifold of x;

consists of triangles, obtained from a single maximal equilateral triangle by applying a rotation
which keeps one of its vertices fixed. In fact we know that for the descending manifold of x/ the
fixed vertex is Vi’ and for the ascending manifold of x;, it is V;. For any unit vector p € Sz(l), let S}J
denote the circle, obtained by intersecting $%(1) with the plane p — % p. Then, since u(—1) lies on
the descending manifold of x/, we have that one of the vertices of u(—1) is V/ and the other two lie
on S‘l’/' Similarly one of the vertices of u(1) is V; and the other two lie on S‘l,j. Let us temporarily
denote the axis of u by A € S?(1). Note then that A is a vertex which all triangles in u(dD?) share,
in particular, it is a vertex of both u(—1) and u(1). So V/ # A # V; and we see that we must have
Ace S‘l’/ ﬂS‘l,j. From figure 5.3, this is equivalent to j =iori+1 (mod 3) and A = Fj; or A = B;;.

Let us denote by i/ and u5ii the Maslov 2 axial discs with axes F;; and B;; respectively.
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Proposition 5.1.8. For every i,j € {1,2,3} with j=iori+ 1 (mod 3), there are precisely two
pearly trajectories ulii and uPii connecting x. to x;. They are given by u*ii = (ufi) and wBii = ().

If j=i+2 (mod 3), there are no pearly trajectories connecting x; to x;.

Proof. Our discussion above already proves the uniqueness and non-existence parts of the propo-
sition. We only need to show that uii and B/ do indeed give rise to pearly trajectories from x}
to x; when j=iori+1 (mod 3). Thatis, we need to show that both u/i(dD?) and u®ii(9dD?)
intersect the ascending manifold of x;. To rephrase this once again, we need to show that whenever
j=iori+1 (mod 3), there exists one maximal equilateral triangle with V; and Fj; among its ver-
tices and another one with V; and B;; among its vertices. From figure 5.3, we can immediately see

the only two such triangles, namely AV;F;;B;; and AV;F;;B;;, where j =i+ 1 (mod 3). O

It is worth looking carefully at the ro-
tations that one needs to apply to a triangle
AV/F;B;j or AV/F;;Bj; in order to land in
the family of maximal equilateral triangles
with V; or V; as a vertex. This will allow
us to parametrise the boundaries i (9D?)
and uBii(dD?). Let us do this only for #511
since all other calculations are identical by

the symmetries of figure 5.3.

For all ¢ € (0,7/4] one of the vertices
of exp(tV{) - A is V| and the other two lie

on S‘l,,. Let us denote these two vertices by
1

Fi2(t) and Byi(t), where Fip(t) is the one Figure 5.8: Parametrising disc boundaries.

with positive x-coordinate (the letters F and

B are to be read as “front” and “back”; see figure 5.3). Define c(t) := cos(£LV{ViFi2(t)). Let E
denote the midpoint of the line segment V; V3, i.e. the centre of S‘l,l,. Then £By;(t)EV, = 2t and so
AVJEF5(t) = m—2t. By the cosine rule for AV,EFi;(t) we have:

Fo(t)V3? = |EV3]® +|EF2 (1) — 2|EV3|[EFia(t)| cos(m —21)

= %(1 +cos(2t)) = 3cos’(z).
Then from Pythagoras’s theorem for AV, Fi»(1)V; we get
[ViFio(t)|* = 4 —3cos’(t). (5.16)
On the other hand, the cosine rule for AV]V; Fi(t) gives

ViFi ()] = [VIVi[* + [ViFi2(6)]* = 2|V{Vi | [Vi Faa (1) |e(2). (5.17)
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Substituting (5.16), together with |V{V;| = 1 and |V|Fi»(t)| = v/3 into (5.17), we obtain
2 —3cos’(t)

2,/4—3cos(t)

Set fy = arccos (—) and let S‘Z/, Fualto) denote the sphere in R® whose diameter is the line segment
1

c(t) =

St

V{Fi2(to). Since ¢(fp) = 0 we have that £V|V;Fi»(1) is a right angle and so

2 2 1
Vi € Shm ) NS7(1) = Spy, (5.18)

fo to)"
Put t; := % —to. Note that cos(£V1V|Fiz(to)) = [ViV]|/|V{Fi2(to)| = % = cos(t1). Thus we must
have cos(£VV/Fis(t9)) = t; and so, if H is the midpoint of V|Fi»(to) (i.e. the centre of S1]911(f0))’
then £Fj,(to)HV) = 2t;. From this and (5.18) we deduce that a right-hand rotation by 2¢#; in the
axis By (tp) sends the point Fi2(fp) to V). In other words, acting by exp(¢;B11(fp)) on the triangle
AFia(to)V{Bri(to) = exp(toV]) - A gives a triangle, one of whose vertices is V; and hence the other
two (among which is By (ty)) lie on S‘l,l. First of all, this shows that By (fy) € S\l/1 N S‘l,l, and so
Bi1(to) = By1; by symmetry Fi,(tp) = Fip. Second, we see that the axial Maslov 2 disc with axis
By, intersects the descending manifold of x| at the point g(exp(foV/)) (that is, AV|Fi,B11) and the
ascending manifold of x; at the point g(exp(t1B11) -exp(toV})) (that is, AVi F31B1y).
In this way, we can parametrise all the paths ¥, for « =0 or 1 and [J = F;; or B;;. For example

for O = Fy5 or By we get

/J/L?D = q(exp(t[])-exp(tovll))7 t €10,1]
Yo = q(exp(D)-exp(wVi)), 1€ln,m/2]

and for J = Fy; or By we get

)/;D = q(exp(tD)~exp(t1V{)), t € [0, 1]
Y = q(exp(tD)-exp(nV))), t€lto,m/2].

Using these and the parametrisations for the index 1 flowlines of f, described in section 5.1.2, one
can plot the lifts of the paths ¥, associated with the pearly trajectories u = (/%) or u = (18i/). Two
such lifts are shown in figure 5.9 and figure 5.10 and the Mathematica code used to produce all plots
can be found in the UCL repository for this thesis.

From these plots the parallel transport maps are immediate to read off. Applying this procedure

B

to all 12 pearly trajectories {u’ii, uBi : i=j j+1 (mod 3)} we obtain the results summarised in

table 5.1. We have thus computed that for every (i, 02, 03) € End(V,, ) @ End(W,,) ® End(WV,,)
we have
oi(ay,00,03) = ((AZB)ocl + o1 (A*B) + (A’B) o + A3 (A°B),
(A’B)o + uB+ (A’B)oazA + 3B,
(A*B)ai + azB + Ay (A3B) + (A5B)a1A5)

€ EndW,)@®End(W, ) ®End(W, ). (5.19)

/ / /
1 2 3
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bl

Figure 5.9: A lift of the path ySB” together with the descending manifolds of the index 1 critical points and the
ascending manifolds for index 2 critical points for the fundamental domains centred at Id and a*b.
Lifts of the index 3 flowline ¢ are represented by the dashed line segments. From this plot one

reads off that P,yo =A*B.

uB11

Finally, let us determine d>: End(W,,) — End(W,,) which counts pearly trajectories of total
Maslov index 4 connecting m’ to m. We claim that such a trajectory cannot consist of a pair of
Maslov 2 discs (v1,v2). Indeed, otherwise, we would need to have vi(—1) = m/, v(1) = m and
vi(1) > vy(—1). The first two conditions and Theorem 5.1.5 imply that we must have v; = u},
va = u; for some i, j € {1,2,3} and so vi(dD?) = W9 (x!), v2(dD?) = W(x;). But this contradicts
the requirement v (1) > v»(—1), because by formula (5.6) we have that f(x}) = —4 < = f(x;) for
all i, j € {1,2,3}.

/

So a Maslov 4 pearly trajectory must consist of a single Maslov 4 disc u, satisfying u(—1) =m

and u(1) = m. Thus u must be one of the discs {w;,w_;} described in Theorem 5.1.6. Figure 5.3
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Figure 5.10: A lift of the path ngu with the fundamental domains centred at Id and b. From this plot one reads
off that Py = Id.
“B

11

9
¥

A%B Id A3B

X3

P
9
34

N\
Id A*B Id AB
Id

7\

==

X1 ;
X3 4)—.—)—?51
AS

Table 5.1: Parallel transport maps for the pearly trajectories {us, uf : i=j, j4+1 (mod 3)}.

Id B A3B
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can be used to infer that Y0, = (6)~', ¥}, = 6.9  =(6) 'and ¥} = o. Itis clear then that

_ _ 45 _
Py =1d, Py =A, Py =A°, Py =1

=

and hence for every a € End(W,,) we have:
H(a)=Aa+aA’ € EndW,). (5.20)

We end this section by writing down the complete candidate Floer differential d = d (2:0) We
set the formal variable 7 to 1, collapsing the Z-grading on C;(W, W) to a (Z/2)-grading and we

write

: P EndWo) — @ End(Wn)

O=m’ x| ,x2,x3 O=x/ ) x3 m
d: @ EndWo) - D EndWn)
O=x| X} x5 ,m O=m' x1,%2,x3

for the two components of the map d. Now from equations (5.9), (5.10), (5.11), (5.14), (5.15), (5.19)
and (5.20) we have:
o for every (o', a1, 00, a3) € End(W,y) ® End(Wy, ) @ End(W,, ) ® End(W,)

' on,0,03) = 90(“’)-1-91((1170627053),90(0617062,053)>

= | [a'+B'a'B] +(A’B)a; + a1 (A*B) + (A’B) oy + Ao (A°B)
(

[ o/ AB)] AZB Yoo + B+ (A3B) A+ 03B,
o+ AzB “1o/(AB)] + (A*B)os + agB +Aa;(A3B) + (ASB)ay A,
[y + A3B Loy (A’B) +ap + (A*B) ' (A*B) +

+a3+ (A°B) s (ASB)]>

€ End(lel) @ End(Wx/z) S End(WX;) @®End(W,,).
; (5.21)

o for every (o, 0,05, ) € End(W,,) © End(W,,) @End(W)Ja) @®End(W,,)

d'(o], 0, 0, )

(e 04,5 + n(e). At 0, 04) + 1 ()

= (Baj+aj(A*B)+ (A’B)d; + [Aa + aA’],

of + o +A ' A+AT dA] + B,
(A’B) "o (A’B) + o, + A7 oA+ o] + (A*B)a
[(A’B)'a{ (A’B) + (A*B) '] (A*B)+

+(A’B) '} (A’B) + o] + a(AzB))

€ End(W,s) ®End(W,,) & End(W,,) ®End(W,,).
(5.22)

With these expressions at hand we are now in a position to prove Theorem E.
5.1.4 Proof of non-displaceability

In appendix B we give an explicit description of all indecomposable representations of 'y over [F».

We find that there is a unique non-trivial irreducible representation which we denote by D. Itis a
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two-dimensional faithful representation of the dihedral group of order 6 and its pullback to I', is

given explicitly by

pp:TA — GL(Z,Fz)
1 1 1 1
p@=(1 o). po=(g 1) (523)

Let WP denote the resulting local system on La. It is immediate to check from (5.13) that one has
mo(WP) = 0 and thus the complex (C;E(WD WP d\F 7J0)> is unobstructed. Further, since pp is

surjective, we have

CHVP WP) = Cr WP WP) = Cf on (W),
A direct calculation shows the following.
Proposition 5.1.9. We have HFS-(WP , WP) = HF1. (WP WP) = (F,)2.

Proof. We identify both @ri_y x, x, .+, End(WE) and @p_y, o 1 ,» End(WVE) with End((F,)?)* =

(Maty2(IF2))*. For (Maty 2 (IF2))* we choose a basis as follows:

10 0 1 00 0 0
esetar=1{p 0)2=0 0)%={1 0) %= \o 1

e for each / € N write [ = 4(1) + (I) for the division with remainder of / by 4

e foreach 1 </ <16and 1 <k < 4 define the matrix By, € Maty(IF,) by

e when (I) 0 and k = (1) + 1
Bix = eq, when (I) = 0 and k = (1)

the zero matrix, otherwise.

e define a basis B:= {B; : 1 <1< 16} for (Maty,(F,))* by setting B; := (B;1, B2, B3, Bia).
For example
B, — 1 0 0 0 0 0 0 0 B — 0 0 0 1 0 0 0 0
'=1\o o/'\o o)'\o o/>\o o))"= \\o o/°\0o 0o/)’\o o/'\o 0/)"

Plugging (5.21) and (5.22) into a computer programme (the Mathematica code can be found in the

UCL repository for this thesis), one finds that with respect to the basis 13 the operators d” and d' are
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given respectively by the matrices

001011 10O0O01T1TTQO0UO0TUO0OO0
1 01 10101O0O0T1TTGO0O0O0OO
000O0OT1011T1T1O0T1TO0O0O0O0
0o010O01O0T1T1TT1TT1UO0OO0UO0O0OO0
o1 000O0OO0OO0OT1TUO0OT1TO0O0OT1TT11
000O0O0O0OO0OO0OTT1TO0OTTO0OTT1FPO
1101 00O0O0OT1TTO0OT1TUO0O0OO0O01

po— 01 00O0O0OO0OO0OOTT1TTTQO0OO0OTO0O1
1 001 101 10O0O0O0O0O0OO0OGO0
o1 101100O0O0O0O0O0T1UO0TQO0TGO0
o1r10110O0O0O0O0O0T1TO0TQO0T®O0
1 001 000O0OOOOOOT1T1O0
000O0OOO0OT1O0OO0OT1O0O0OT1TO0TQO0O]!1
0o00O0O1O0T1TT1UO0OO0O0OO0OO0OTT1SFPO0
000O0O0O0OO0OO0OTT1O0OTTO0OTT1SF®O
000O0OOO0OT1UO0OO0OT1O0O0OT1TO0TQO0O!1
101011 0O0O0O0T1O0T1T1TT1F®O
o1 01010O0O0OO0O0O0TT1TG0TQO01
001 0O0O0OT1TT1T1TQO0O0OO0OT1TO0O01
0001O0O0O0O0OT1O0OT1TO0OO0OO0OT1IT11
1 0001071 1O0O0T1TT1TTO0TUO0OO
o1 00011O0O0O01O0T1TTQO0®O0
00101101 11110010

Dl — o001 10T1TT1T1TO0T1O0O0O0T11
00011 0O0O0OT1TTO0T1TTT1TO0OTUO0OO0
o001001O0O0O0O01T1O0O0T1TTQO0TO0
01 00O0OO0O01O0T1T1O0T1T1TO0T1DO0
1 00 0O0OO0OT1TT1TTO0OTT1TO0OT1TO0'1
1 011101 O0T1TUO0O0O0OO0OT1TTUO0O0
110111 11010O0T1UO0O0O0
0110001 O0O0O0OT1UO0TO0OTGO0OTGO0T1
1 0110011 0O0O0T1TO0O0T10O0

One then computes that rank(D°) = 6, rank(D') = 8 and thus
HF]QC((LAv WD)v (LAv WD)) = HFBlC((LAv WD)v (LAa WD)) = (FZ)Z' O

Remark 5.1.10. Tt is a fact (see section 5.1.5 below) that WP is the minimal F»-local system on Lx
for which the central Floer cohomology is non-vanishing. By this we mean that any other finite rank

local system W — Ly with HF ~ (W, W) # 0 must have W" as a direct summand. /

Corollary 5.1.11. The Floer cohomology HF*(RP3,(Ly, WP)) is non-zero and so Ly and RP3

cannot be displaced by a Hamiltonian diffeomorphism of CP3,

Proof. In the setup of the split-generation criterion (Theorem 2.3.13) set L = RP? and £ to be
the trivial IF>-local system of rank 1. By [Tonl8, Proposition 1.1] the map CO*: QH*(CP3) —
HH*(CF*(RP3,RP?)) is injective and so RP3 split-generates F(CP?). From Proposition 5.1.9
we have that (Ly,WWP) is an essential object in F(CP?). By Fact 2.3.12 it then follows that
HF*(RP3, (Ly, WP)) # 0. O
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5.1.5 Some additional calculations
In this section, we fully describe the behaviour of the central and monodromy Floer complexes for
all indecomposable [F»-local systems on La. In appendix B we show that there are 6 isomorphism

classes of indecomposable representations of I'y over F>. These fall into the following 3 groups:

1. the representations Vi, V>, V3, V4 (with dimV; = j) which are the indecomposable representa-
tions of the cyclic group Cy4 over [F, with V] being the trivial one and Vj, being the regular
representation. Since Cy is the quotient of Iy by C3 = {1,a%,a*}, these are also representa-

tions of I'y and are given by

00 0 0 0 1
0 1 1 0 0O
pi(b)=1d, pa2(b) = 1 0/’ p3b)=(1 0 1|, ps(b)= 010 of°
01 0 010
(5.24)
2. the irreducible representation D given by (5.23),
3. afaithful I's-representation U4 of dimension 4, given by
1 1 10 1 1 1 1
1 0 0 1 01 0 1
0 010 001 0

For convenience, let us drop the notational distinction between a representation of I'y and a local
system on La. Using (5.13) one computes that (La,D) and (La,Uy,) are objects of F(CP3)o, while
Vj € {1,2,3,4} the pair (La,V;) is an object of F(CP3)"! and mo(V;)(m') = p;(b). Since 1 ¢
Spec(c1 (CP3)%) = {0}, then from Proposition 2.3.10 and Proposition 2.3.11 we immediately have:

1) CF"(V;,D) = CF"(V;,Us) =0 Vje{1,2,3,4}
2) HF;o(Vj) = HF " (V;,V)) =0 Vje{1,2,3,4}

Note further that the Floer complex is obstructed for V; when j € {2,3,4} and unobstructed other-
wise. Using our general expressions for the Morse and Floer differentials (5.9), (5.10), (5.11), (5.21)

and (5.22), one can also compute:

3) Hi(LA;Zmo (Vjvvj)) = Hi(LA;éa”@{”M

(V) = (F2)) Vie{0,1,2,3} Vje{1,2,3,4}
4) H'(Lp; Zy(D,D)) = H(Lp; Ee/(D)) = H' (La; 0, (D)) 2 F, Vi€ {0,1,2,3}

, , (F2)?, i€{0,3}
5) H'(La; 2y (Us,Us)) = H'(Lp; Ene/(Us)) =
0, ic{l,3}
6) H'(Lr;Enl,,(Us)) = (F2)? Vie{0,1,2,3}

7) HFi.(D,D) gHFgc’mon(D) =~ (Fp)? Vie{0,1}
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8) HFi-(Us,Us) 20 Vie{0,1}

9) HEic on(UY) 2 (F2)* Vie {0,1}

C,mon

Note first from 2), 7) and 8) that D is the only indecomposable representation of I'4 whose associated
local system has non-vanishing (central) Floer cohomology. This gives the minimality claim we
made in Remark 5.1.10.

Second, we observe that even though U dominates D (see the end of appendix B), (La,Uy) is

a trivial object in F(CP?)o. However, HE},

mon

(Uys) # 0, as expected from the fact that (L, D) is an

essential object.

Remark 5.1.12. Another point to note here is that the discrepancy
H*(La; 60, (V3)) % H' (La; e, (Va))

which we get from 3) is evidence that the domination relation from Definition 2.2.24 really needs the
inclusion of kernels to be at the level of group rings, rather than groups for Proposition 2.2.25 to hold
(recall Remark 2.2.27). Indeed, the group homomorphisms I'y — Endp, (Vj) have the same kernels
for j € {3,4}, namely {1,a? a*}. If the conclusions of Proposition 2.2.25 were true in this situation,
then the map (2.56) would define an isomorphism of the Morse complexes (CJ’Z(L; Endt,,,(V3),07)
and (C}(L; &, (Va), d7) which have different homologies. /

“r92072

Further, it is not hard to see that the regular representation of I' is isomorphic to V4 @ Us G Uy

(see the end of appendix B) and direct calculation shows that 4

H'(La;nd,,.(E3)) = (F2)° Vie{0,1,2,3} (5.26)

HFéC,mon(LA;FZ) = (F2)4 Vi e {0, 1}.

It is worth noting that, by 1), 2) and 8) one has ﬁ*(dﬁg,eﬂé) = 0 but one can detect the non-
displaceability of L, from the non-vanishing of HF, (La;F2).

Finally note that from 1), 2), 3) and 7) we see that we can add copies of V; to D and this will
increase the dimension of H*(La; Z,, (-, -)), but not that of the central Floer cohomology. That is,
when using such local systems, the corrections to the Morse differential on E;(V, V) coming from
holomorphic discs are non-trivial but they also do not kill the cohomology entirely. As (5.26) shows,

the same behaviour is exhibited by the monodromy complex.

5.2 Orientable subadjoint Lagrangians

We now consider twistor Lagrangians in CP>"*! with n > 2. By Lemma 4.1.30, their minimal
Maslov number is n+ 1 > 3 and so there are no obstructions to Floer theory with high rank local

systems. This fact, together with a simple dimension count, allows us to prove the following.

4 Note that the cover L, which we considered at the end of section 2.4.3 is Ly = Ly LILy LUL(6,1) LI L(6,1) URP? LRP.
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Lemma 5.2.1. Let n > 2 and let X C CP*"*! be a Type 2 Legendrian subvariety. Suppose that
dim (H"(X;F2)) +dim (H" ' (X;F2)) > 3 +dim (H' (X;F2)). (5.27)
Then HFgC(Zx,Zx;Fz) 7’5 0.

Proof. We consider HF-(Zx,(Zx,&yy)), where &y, is the rank two [Fo-local system, associated to
the double cover Yy — Zy. The spectral sequence which computes this Floer cohomology degener-
ates on the third page and its first page is built out of the cohomology of Yx. More precisely, it is

given by
<o = H*(Yx;F2)[2n] = H* (Yx; o) [n] = H* (Yx;Fa) — H*(Yx;F2)[—n] — H* (Yx; F2)[—2n] — ...

(each term represents a column, the square brackets denote grading shift as usual, and the arrows
represent the differential which maps horizontally from one column to the next). In particular, the

non-trivial piece of the zeroth row on the first page is
00— Hzn(Yx;Fg) — H"(Yx;Fz) — HO(Yx;Fz) — 0.

Note that, if this 5-term sequence is not exact at the middle position E| Lo — H"(Yx;F,), then for
degree reasons there is no differential on the next page of the spectral sequence which can kill the

cohomology. We conclude that, if
dim (H" (Yx;F2)) > dim (H*'(Yx;F2)) +dim (H° (Yx; F2)) (5.28)

then HF5(Zx, (Zx, vy )) # 0 and hence HFg(Zx,Zx;F2) # 0. Noting that dim (HO(YX;FQ)) =1
and, by Poincaré duality, dim (H2" (Yx;]Fg)) =dim (H 1 (YX;Fz)), we see that (5.28) is equivalent to
the inequality

dim (H" (Yy;F2)) > 2 +dim (H' (Yy;F2)) . (5.29)

We now show that (5.29) is equivalent to (5.27).
This is done using the Gysin sequence for the circle bundle S! — Yy = S(Ox(2)) — X. Since

the Euler class of this bundle vanishes modulo 2, the Gysin sequence gives short exact sequences
0 — HY(X;F,) — H*(Yx;Fy) — H*L(X;Fy) -0 forall k € Z.
Putting k = 1, we get
dim (H' (Yx:F2)) = dim (H' (X;F2)) +dim (H*(X:F2)) = 1 +dim (H'(X:F2)),  (5.30)
while, putting k = n, gives
dim (H" (Yx; F2)) = dim (H"(X;F2)) +dim (H" ' (X;F2)) . (5.31)

Substituting (5.30) and (5.31) into (5.29), we obtain inequality (5.27). O]
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We can now prove non-displaceability for the orientable subadjoint Lagrangians. The reason
that we restrict our attention to the orientable ones is that the argument relies on a simple dimension
count which fails for Zj 51, 1) and Zg. Note also that, if Z is any of the subadjoint Lagrangians
other than L, and {Z(; 541) : k > 0}, and K is a field of characteristic different from 2, then
HF-(Z,Z;K) = 0 (replacing “BC” by “Zap” in the case of Zg which is pin but non-orientable).
Indeed, for any such Z one has H'(Z;Z) = 0 and if diim(Z) = 2n+ 1, then Nz = n+1 > 3 so Lemma
3.0.17 implies that HF*(Z,Z;K) must be 2(2n+2)/(n+ 1) = 4—torsion.

Proposition 5.2.2. The following hold:
1) For each k > 1, the Floer cohomology HFg (Z(1,2k)aZ(1,2k)§F2) is non-zero.

2) The Floer cohomologies HFj-(Z9,Zy;F2), HF (Z15,2Z15;F2) and HFj (227,257, F2) are

non-zero.

Proof. The proof of this proposition amounts to a simple dimension count, using the known co-
homology of the homogeneous spaces X 5;), Xo, Xi5 and Xp7. All of these spaces are simply

connected, so by Lemma 5.2.1, it suffices to show that
dim (H"(X0;F2)) +dim (H" ' (X0 F2)) > 3, (5.32)

where X ranges through the above spaces and n = dim¢ (Xp).
Consider first part 1), where the Legendrian variety is X(j o5) = CP' x Qg € CPH*+3, For the

quadrics one has:

Z 0 <s<d4kisevenand s # 2k
H (Qu:Z) =787 s=2k (5.33)
0 otherwise.

From this we get H**!(CP! x Qy;F2) =0 and
H*(CP' x Qo F2) = H*72(Qus F2) @ H* Qo Fa) = (F2)°

and so inequality (5.32) is satisfied.

We now move on to part 2).

First, recall that Xo 22 U(6)/(U(3) x U(3)) = Gr¢(3,6). By [MT91, Chapter III, Theorem
6.9(2) ] we know that

z
H* (Grc(3,6);Z) = [c1,¢2,¢3]

(c‘l1 = 3C%C2 —2c1c3 — c%, C?Cz = ZCQC% —2cyc3+ C%Cg,, C%C3 =2c1co03 — c%) ’
where the ¢;’s are the Chern classes of the tautological bundle. From this, we see that the coho-
mology of Grg(3,6) vanishes in odd degrees and H®(Grc(3,6);Z) is a free Z-module, generated
by c2ea, c1c3 and 3. Therefore H? (Gre(3,6);F2) = 0, while H¥(Grc(3,6);F,) = (F»)* and so the

dimensions of these groups satisfy inequality (5.32).
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Next, consider Xj5 2 SO(12)/U(6). By [MT91, Chapter III, Theorem 6.11] we know that there
exist elements ey; € H*(SO(12)/U(6);Z) fori € {1,2,3,4,5} such that

H*(SO(IZ)/U(6);Z) = A(eg,e4,eﬁ,eg,elo).

Here A(ep,ea,e6,e3,€10) denotes the free Z-module, generated by all simple monomials in the el-
ements {ey,es,eq,e3,€10}, that is, the monomials without a repeated factor. The above notation
encodes some of the algebra structure as well: it tells us that, if the juxtaposition (followed by
rearranging the factors) of two simple monomials is again a simple monomial, then the resulting
formal identity is true in the ring itself (e.g. (exeq)(esern) = eresesero; see [MTI1, Volume I,
p-121]). It also tells us that non-simple monomials can be expressed as a linear combination of
simple ones but it does not tell us what these relations are. This is not a problem for us, since at
this point we are only interested in counting dimensions. In particular, we see that the cohomology
of SO(12)/U(6) vanishes in odd degrees and H'#(SO(12)/U(6);7Z) is a free Z-module, generated
by {e2e4es,es4e10,ees}. Hence H'5(SO(12) /U(6);F2) = 0, H'#(SO(12)/U(6);F2) = (F,)* and so
inequality (5.32) is satisfied.

Finally, consider X7 = E;/(Eg- T"'). In this case, inequality (5.32) translates into
dim (H*" (X27;F2)) +dim (H** (X27;F2)) > 3.
We will show that dim (H?®(X,7;F»)) = 3. By [MT91, Chapter VII, Lemma 6.13(2)], we know that

. Fa, ke {0,10,18,27,28,37,45,55}
H"(E7/Ee;F2) =

0, otherwise.
Plugging this into the mod 2 Gysin sequence for the circle bundle ' — E;/Eg — E7/(Eg-T!) 2 X»7,
one finds that there are isomorphisms H* (X,7; 1) =, g2 (Xo7; ;) for0 <k <7,10<k <15 and
18 < k < 24. Combining these with the fact that H 1(X27;]F2) = 0, one further finds short exact
sequences

0 —)HS(X27;]F2) —)HIO(X27;IF2) —)HIO(E7/E6;F2) —0

0 — H'%(X27:F2) — H'®(X27:F2) — H'®(E7/Eg;F2) — 0,

whose penultimate terms are 1-dimensional. Starting with H° (X27;F,) 2 TF, and chasing through

these isomorphisms and exact sequences yields that indeed H?6(Xp7; ) 22 (IF,)3. O

Corollary 5.2.3. Let Z denote any of the subadjoint Lagrangians Z\ y), Zo, Zis, Z>7 and let dz
denote the dimension of Z. Then Z cannot be displaced from RPY or TCdIZ by a Hamiltonian dif-
feomorphism of CP. Moreover, Z5 split-generates the Fukaya category F (CP3;TF,), where T,

denotes the algebraic closure of IF5.
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Proof. By Proposition 5.2.2, the Lagrangian Z defines an essential object of the monotone Fukaya
category.F (CP?;F,). By Tonkonog’s theorem [Tonl18, Proposition 1.1], F(CP%;[F,) is split-
generated by RP“Z and hence HF*(Z :RPP% ;IF2) # 0. As for the Clifford torus, it is a well-known
result of Cho ([Cho04] but see also [Smil7, Example 3.1.4]) that 7% is wide over I, in any dimen-
sion m € N (in fact, T/%] is wide over any field of any characteristic). It then follows from [BC09a,
Corollary 8.1.2] that Z and TCd,Z are not Hamiltonianly displaceable.

In fact, something more general is true. For any m € N, the quantum cohomology
QH*(CP™;F,) splits into a direct product of local rings (see e.g. [EL19, Example 1.3.2 and
Section 4.1]) and the Fukaya category splits accordingly into orthogonal summands. The local rings
in question are in one-to-one correspondence with the (m+ 1)-th roots of unity in F, and so when m
is odd and m + 1 is not a power of 2, this is a strictly finer decomposition than the one corresponding
to eigenvalues of the first Chern class which we described in section 2.3.4. Now, [EL19, Corollary
1.3.1] tells us that by equipping TCdlZ with different rank one Fp-local systems, one obtains objects
of F(CP?;TF,) which split-generate the different summands. Hence, the direct sum TC";Z of these
objects split-generates Tw(F(CP?;F,)) and since L defines an essential object of this category, it
must have non-zero Floer cohomology with at least one of the summands in 7—Cdlz_ This again shows
that Z and Tgf are not Hamiltonianly displaceable.

Finally, when Z = Z,5, we have that dz + 1 = 32 is a power of 2 and so QH*(CP3!;F,) does not
decompose. It then follows by [EL19, Corollary 7.2.1] that Z;5 split-generates F(CP3!;F,). O



Appendix A
Vertical gradient equation on A% S*

Let $* = $*(1/2) denote the sphere of radius 1/2 in R’, equipped with the round metric and a fixed
orientation and let AiS4 denote the corresponding bundle of self-dual 2-forms. In this appendix we
derive equation (4.64) which expresses in coordinates the condition that the differential of a function
f: A25* — R annihilates the horizontal distribution.

We pick stereographic coordinates x = (x!,x?,x3,x*) on §% such that dx! Adx®> Adx> Adx* is a
W& ; and the Hodge
star satisfies *(dx! Adx?) = dx® Adx?, #(dx' Ndxd) = —dx® Ndx*, «(dx' Adx*) = dx® ANdxP. We

positive orientation form. In these coordinates the round metric is g;; =

trivialise the bundle of self-dual 2-forms over this chart using the basis
{a) = dx' Ndx® +dx3 A dx4, o = dx' NdxP — dx* A dx4, o3 = dx' Adx* + dx* /\dx3}

and let y := (y',y?,y%) be fibre coordinates on AiS4 with respect to this basis.

Now let {Ff-‘j : 1 <1i,j,k <4} be the Christoffel symbols for the Levi-Civita connection on

S ie. Vg o =T andlet {T% : 1 <i <4, 1<k <3} be the Christoffel symbols for the

induced connection on A% $%, i.e. V o 0= ffjak. Note that, since the vectors {a% S1<1< 4}
all have the same norm and are mutlfglly orthogonal, one has l"f-‘j = _Fiik for j # k and F}l = 1"122 =
I3 =T, Similarly, since (dx’,dx/) = §Y(1+||x||?)?, one has (0, &t;) = 28;;(1+ ||x||*)* and hence
l:f] = —f‘l’k for j#kand T}, =T% =T3,.

Using these facts, together with the identity V ; dx/ = fl“'l."kdxk , one computes
oxi

Voo = V., (dx' Adx®+dx® Adx?)
dxt dxt
= Vydi' NdP +dx' AV 5 d* 4V 5 dd Ndx* +dP AV 5 di
dxt dxt dxt dxt

= —Thd* ANdx® —dx' AT3dxr —T3,dx* Adx* — dx® AT dx*
= —(Ch +T%)dx! Adx® + (Th —T%)dx! Adx® — (T2 + 13 )dx' Adx* +
(TL4Th)dx® Adx® + (T}, —T%)dx® Adx* — (T + T dx® A dx?

= Mo+ (T +Th) o+ (Th—T7)os
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This way one obtains

T =T%=03% = -2I}
Th=-Th = TH+T}
Th=-Th = Th-T}
Th=-Ts = T;+Th (A.T)

For the Chritsoffel symbols of the round sphere we have

1
=& (gu+giji—gij1)

k
Fij )

1
= Egkk (8ikj + 8kjii — ijk)

1 —4 . l.

= 5(1 + ||x||2)zw(5ikx‘] + 8jx' — &)
-2

= T Hz( ik X +5ij 5,jxk).

Thus the non-zero symbols are

-2

i S P
Fij—wx’ Vi,j and T%=-Ti = I Hzxk Vi#k. (A.2)
Plugging (A.2) into (A.1) we obtain the formulae
- 2 ,
T =T%=T} = — 2
i2 i3 1+||XH2 X
~ 2
Th=-Th = (@’ + 82 +6a(—) +8(~)
=~ 2
Th=-Ts = 71+”xH2(5i1(*x3)+5i2x4+5i3x1+5i4(*x2))
=2 2 4 3
Th=-T} T Hz( 167 + 8 (—x') + 8ax* + 8 (—x)). (A.3)

Now let f: A2S* — R be a smooth function. Using the coordinates (x!',x,x>,x* y!,y%,y%),

the condition that df annihilates the horizontal distribution (that is, f has vertical gradient
with respect to the Sasaki metric) translates into the requirement that at each point df lies in

Span ((%, -, (aiyz, ), (%, >) We know that the horizontal distribution is spanned by

0 ~ .0 Jd ~ .0 0 ~ .0 Jd ~ .0
= o T g viEga g vim g g = ga T o

F R 3 N\,
<ayi"> - <a af>" +<a ak>"
. 0 d ~ .0
_ - 2\4 g.,J v I o A B
8201+ 2y + ( (o) + (7T ))

= 21+ [P (@ + T pldab).

Hence, f has vertical gradient if and only if there exist smooth functions A, A, A3 such that

df = A(dy' + Ty dxb) + Ma(dy? + Ty dxt) + A3 (dy* + T3y ddb). (A4)
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Comparing coefficients in front of dy', we see that A; = %- Now substituting the formulae (A.3)
into (A.4) and comparing coefficients on front of dx’ foreach 1 < J < 4 one obtains that the vertical
gradient condition is equivalent to the following system of PDEs (we change notation from upper to

lower indices for better legibility):

) %’}l (2xiy1 —xay2 +x3y3)  (xayr+20y2 —xy3)  (—xaynFay2+2x0y3)\ /9L
L ll® [ o | 2 | @eoyi —xsya—xays) (i + 2002 +x1y3)  (ayn —xy2+2x0y3) | [ 9F
2 3L (2x3y1+x2y2 —x1y3) - (—Xoyi+2x3y2 —xay3) (v Hxaya+2x0y3) || 97
o (2xay1 +x1y2+x2y3) (=X +2xay2 +x3y3)  (—xy1 —x3y2+2x4y3) ) \ay;
x4
(AS)

To simplify this we introduce the quaternionic notation x := x| +xpi+x3j +x4K, y := y1i+y2j + 3Kk,

V.f = ax1 + axz i+ af-]+ g){ kand V,f = 8y1 a)f.]—k —==-k. One can rewrite the right-hand side

A3

of (A.5) as
Y2 y3 V1 V3 Y1 Y2
2Vyf-y det(af 3f> det( af> det{ 95y or
dyy  9y3 ay1 dy3 dyy Iy
— det (” 3}) 2V, f -y det <§} | det( 3 )| [
dyy  Iy3 dyr Iy dy;  9Iy3 X2
V1 y3 Y1 Y2 Y2 y3 X3
det{ 9y or —det{ 35y or 2Vyf-y det{ 95 of x4
dyy 93 dy; Iy dy;  dy3
yr » yiooy3 Y2 y3
—det(lyf of —det af  of —det(,yf af> 2Vyf-y
dy;  In dyr I3 dy  Idy3

and it is not hard to see that this equals (2y-V, f — y x V, f)x, where juxtaposition of vectors denotes

quaternion multiplication. Thus the final form of the vertical gradient equation is

1 2
YRS = @vis oy + Vi e



Appendix B

Indecomposable representations over [, of

the binary dihedral group of order 12

In this appendix we describe all indecomposable [F,-representations of the binary dihedral group of
order twelve. Such a classification is, of course, not new and much more general results are proved
for example in [Jan69]. Here we give a rather direct and pedestrian argument for the classification
in order to make the arguments in section 5.1.5 complete and the thesis more self-contained.

We start by making the following observations. First note that by setting ¢ := a” (giving a =

c2b?*) one can view the binary dihedral group
Iy= <a,b |a®=1,b>=da®,ab= ba5>
as the semi-direct product
C3xCy=(c,b | =1,b*=1,cb = bc?).

This point of view will be particularly convenient for us since we will classify representations of 'y
by viewing them simultaneously as Cs-representations and Cs-representations. To that end, let us

introduce some notation. We put

Rro= BAC]= o
Ry = TFoC]= IF> [b] _ (D)

(B*—1)  (b+1)*
If V is a I's-representation, we shall write Oc, (V') for the set of orbits of the C3-action on V' \ {0}.
Note that since C is a normal subgroup of I'y, we have a C4-action on Oc, (V). We denote the set
of orbits of this action by O¢, (O¢,(V)). For an element A € Oc,(Oc¢,(V)) we shall write Span.A :=
YacaSpanA < V. Note that Span.4 is always a ['a-subrepresentation of V. Further, given a I's-
representation V and a Ci-representation W for some k € {3,4}, we will write V 2% W to mean that
V and W are isomorphic as representations of Cy.

Note now that the ring R3 is semisimple with
Fa[c]

Ry=Fr0—23
=R e
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and hence any finite-dimensional R3-module V can be written as
Ve~ Vl@kl ® 5@19’

where V] is the trivial one-dimensional R3-module and D := F[c]/(1 4 ¢+ c?).
On the other hand, the ring R4 is not semisimple but from the structure theorem for finitely-
generated modules over a principal ideal domain, we know that the only indecomposable finite-

dimensional R4-modules are

RSO N 0

RS TR

T T 1)

<l

1

Observe that since we have the short exact sequence 1 — C3 — I'y — C4 — 1, the above vector
spaces are also indecomposable I'p-representations with trivial C3-action. When we view them as
such, we will lose the bar on top and denote them as V;,V5,V3,V,. In the basis {1,b,...,b/~1} for
Vi, these are given by (5.24).

Further, since we have the short exact sequence
1— G ={1,b"} —Ta—De={c,b|? =1,b> =1,cb=bc*) — 1

and Dy acts naturally on D = Fy[c]/(1+c+c2) by b-1=1,b-c=c% b-c* = ¢, we see that D has
naturally the structure of a non-faithful irreducible I'y-representation. We denote this representation
by D. In the basis {1,c} for Fo[c]/(1 4 c+c?), it is precisely given as in (5.23).

Finally, we define the following faithful representation of I's. Let

FQ[C] Fz[c] X
(14+c+c?) ~ (I+c+c?)

Us = (B.1)

andseth-1 =1, b-x =1+ cx. Using linearity and the relation bc = ¢?b this extends uniquely to an
action of C4 on Uy, thus making Uy into a well-defined I's-representation. In the basis {1, ¢,x,cx} it

is given by (5.25). It is important to note that Uy =24 V4, for example via the map

IF[b]
Us = Gy

1 1+b+b*+b°

1

—
c = 14D
X =

s

cx 1+b%+b°.
We are now ready to state the classification.

Proposition B.0.4. The only finite-dimensional indecomposable representations of I'a over Fy are

V17V2,V3,V4,D and U4.

We will prove this statement in several steps and in the course of the proof it will become

apparent that all these representations are indeed indecomposable. Note that V| and D are the only
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irreducible representations since U4 contains a copy of D (Cy4 preserves the first summand in (B.1))
while V; 2 (b+ 1)4_i -V; <V; wheneveri < j.
It will be useful for us to also consider the following representation. Let

Fa[c] Fole] o Fold o Tl 5
(I+c+c?) 7 (I+c+c2) 7 (1+c+c?) (I+c+c?)

Ug =

and let b € Cy act as the cyclic permutation (l,x,xz,x3). Again, the relation bc = ¢%b allows us to

extend this action making Ug into a I's-representation. In fact, we have Ug = Uy @ Uy via the map

Ug — UsdUy

I = (xcx).

To begin the classification, we first observe that we can restrict attention only to representations

on which Cj acts non-trivially.

Lemma B.0.5. LetV be a I'p-representation over Fy. Define

VG = {veV:cv=v}

W o= {veV:vtcvtctv=0}
Then V3 and W are T s-representations and we have a decomposition V.=V G W.

Proof. The fact that V 23 V& ©W is just a restatement of the fact that R3 is semisimple. To see that
VE and W are preserved by the Cy-action note that if v € VE then ¢+ (b-v) =b-(¢?-v) =b-v, i.e.
b-veVSandifve W then (14+c+c?)-(b-v)=b-((1+c*+c)-v)=0,ie. b-vEW. O

We thus have that V = Vfﬁk‘ @ V;ikz @ V3@k3 @ Vfﬁk“ ®W, where W& = 0. To prove Proposition
B.0.4 it then suffices to show that the only indecomposable representations V with V3 = 0 are D and
Us. We do this in two steps: first, we show that these are the only indecomposable I'y-representations
of dimension at most 8 and then we prove that any I'y-representation V with V3 = 0 and dimV > 8
cannot be indecomposable.

Classifying the two-dimensional representations is easy. Indeed, if V is such, then we have
V 23 D =TF[c]/(1+c+c?) and V contains exactly 3 non-zero vectors {1,c,c2}. Since C4 acts on
this set, we must have that either this action is trivial, or that b fixes one of the three vectors and

swaps the other two. But Cy4 cannot act trivially since then we would have
F=ct(b-1)=b-(c-1)=c,

a contradiction. Hence b fixes exactly one non-zero vector and without loss of generality b-1 =1
andb-c=c?, b-c* = c. Thus V 2 D as T'y-representations.
In fact, the only indecomposable representations of the dihedral group Dg over I, are the trivial

representation, the regular representation of C, and D. This is an easy special case of [Bon75,
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Theorem 2] and can also be proved directly by writing Dg = C3 x C, and using the same methods
we employ here (see Remark B.0.7 below). On the other hand, it is not hard to see that the only
non-trivial proper normal subgroups of I'y are C3 = (c), C; = (b?) and Cg = (c,b?) (using that, if
K <C3 xCy and ¢"b" € K, then ¢ = (b(c"™b")b~")(c"b")~! € K) and we have already found all
the indecomposable representations of the corresponding quotients. Thus, we can restrict ourselves
to finding the faithful indecomposable I's-representations.

So, let V be a faithful I'y-representation with VO =0 and dimV = 4. Then we have

~ Fz[c] ]Fz[c] X
S Ut+c+d)  (+c+d)

and
O, (V) = {{l,c,cz} , {x,cx,czx} {1 +x,¢c+cx, ¢ +62x} ,
{1 —l—cx,c—|—c2x,c2—|—x} ,{1 +62x,c—|—x,02 +cx}} .

Since the size of each orbit of the C4-action on O, (V) must divide |C4| =4 and |O¢, (V)| =5 we
see that C4 must preserve at least one Cs-orbit. Up to a C3-equivariant change of basis for V, we may
assume that b-{1,c,c?} = {1,c,¢*} and further b- 1 = 1, b-c = ¢?, b-¢* = c. Since we are assuming
that V is a faithful representation, the action of C4 on Oc, (V) must also be faithful (otherwise b?
must fix all elements of Oc, (V) and, since it commutes with c, it will then have to act trivially on
V). Hence, the set

A= {{x,ex,Px}, {1 +x,c+ex, @+ x) {1+ ex, e+ c2x, 2 +x), {1+ Px,e+x, 2+ ex) )
forms a single orbit of the C4-action on O¢, (V). By linearity and the relation bc = ¢%b, the action of
b on A is uniquely determined by which element b - x is. We now have the following cases:

1. Suppose that b-x € {x,1+x,1+cx, 1 +c?x}. Then:

(a) if b-x=xthen V = Span{1,c} ® Span{x, cx} = D @® D which contradicts faithfulness.
(b) if b-x=1+xthenb-(c>+x)=c+1+x=c?>+xandso
V =Span{1,c} ®Span{c? +x,1 +cx} = D@D
which again contradicts faithfulness.

(c) if b-x =1+ cx we obtain precisely the representation Us. It is clearly indecomposable

since it is not isomorphic to D & D.

(d) if b-x = 1+ c%x then consider the C3-equivariant change of basis for V given by the

substitution £ = 1 +c?x. Then we have x = ¢ (1 + %) and
b-i=b-(1+c*x)=1+c-(b-x)=14c-(14c%x)
=l4+c+x=14c+c+cki=1+ck

and thus V = Uy.
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2. Suppose that b ¢ {x,1+x,1+cx, 1+ c%x}:

(@) if b-x=c-(1+ ax) for some a € {1,c,c?}, then consider the substitution ¥ = cx. Then
x=c*fandb-F=b-cx=c*h-x = c*c(l +ax) = 1+ ox = 1 + ac’% and we are back
in case 1.

2

(b) if b-x = c?- (14 owx) then, putting ¥ = c>x we obtain b - = 1 + ac¥ and again we can

apply case 1.

We have thus seen that the only faithful indecomposable I's-representation of dimension 4 is Uy.
Recall that Uy 224 V4. In order to extend the classification to higher-dimensional representations

we will repeatedly use this fact, together with the following lemma.

Lemma B.0.6. Let V be a finite-dimensional representation of I'y over o and let U <V be a
. =@k . .
subrepresentation. Suppose that U =4 V? for some k > 1. Then there exists a subrepresentation

W <V such that V. =U & W as representations of I'a.

Remark B.0.7. We note here that a similar statement holds also for [F,-representations of the dihedral
group Dg = C3 X C;. That is, if U <V is a pair of representations of Dg and U is isomorphic to a
direct sum of copies of the regular representation of Cy, then U is actually a direct summand of V.

The proof is an easier version of the proof we present below. /
The proof of Lemma B.0.6 requires a short detour. We first note the following standard fact

whose proof is straightforward.

Lemma B.0.8. Let R be a ring (not necessarily commutative) and let X be an R-module. Let M,N <
X be submodules such that X = M ® N and let ©: X — M be the projection along N. Let M’ < X be
another R-submodule. Then X = M' & N if and only if |, : M' — M is an isomorphism. O

Using this fact, we can now make a step towards Lemma B.0.6 by first showing that copies of

V4 are always direct summands of Cy-representations.

Lemma B.0.9. Let V be an Ry-module which is finite-dimensional over F>. Suppose U<Visa

submodule with U =2V 4. Then there exists an Ry-submodule W <V such thatV =U & W.

Proof. Since V is an R4-module, there exist non-negative integers np,n,,n3,n4 such that

VeV eV, eV aV™. (B.2)
Let
Fy[b e e e
o BB pnaravioTin

1 = Vi+h+h+v

denote the inclusion of R4-modules obtained by restricting the isomorphism (B.2) to the submodule

U = TF,[b]/(b+1)*. Then ¢((b+1)%) = (b+1)>- (V) +¥2 + V3 +4) = (b+ 1) -¥4. Since this
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must be non-zero, there must exist an index 1 < j < ng such that (b + 1)3 V4 # 0, where we
write V4 = (V41,V42,...,V4n,) € VZBM. Then v4; generates its copy of V4 as an R4-module. Now, let
n: V — V4 denote the projection to the j V4-factor along the other factors in the decomposition
(B.2). Then m(¢(1)) = v4j, i.e. mo ¢ is a map of cyclic R4-modules sending a generator to a
generator and hence, it is an isomorphism.

The existence of a complement for U <V now follows from Lemma B.0.8. O
To finish the proof of Lemma B.0.6 we also need the following general lemma.

Lemma B.0.10. Let G be a group with subgroups H <G, K < G such that G = H x K. Suppose
that H is finite and that T is a field such that char(F) does not divide |H|. Let V be a representation
of G over F and assume that there is a splitting V = U ®W as K-representations. Further, suppose
that U is actually a G-subrepresentation of V. Then there exists a G-representation W <V such that

V =U & W as G-representations.

Proof. The proof is based on the standard technique of “averaging the projection”. Namely, let
T: V — V denote the projection to U along W, followed by the inclusion t: U < V. Since char(F)

does not divide |H| we can define

vV — VvV
I Y (v 1) -m((h,1)v). (B.3)
IH it
We claim that 7 is G-equivariant and 7|, = t. For the second claim note that since H preserves U
and 7|,; =t then for all h € H and u € U we have ((h,1) -u) = (h,1) - u. Plugging this into (B.3),
we see that 7(u) = Wll|H\u = u for all u € U. Now, to see that that 7 is G-equivariant we letv € V,

(ho,ko) € H x K = G and compute

((ho,ko)-v) = |H1|h§(h1,1)-n((h,1)(ho,ko)-v)

1 _ _

= thi(h L) -7 ((hho, 1)(1,ko) - v)

= i(ho,l)-Z(hho,l)*l-f((hho,l)(l,ko)-v)
H| per

= g 1) X 1) (1) (1, ko) )
|H| heH

= g1y Y (1) (1, ko) (kg ko, 1) )
|H| heH

= i(ho,l)- Y (h='.1)(1,ko) - T((ky 'hko, 1) -v)  [since T is K-equivariant]
H| e

= gy D(1ko) - X (0 ko, 1) (0 ko 1))

heH
= (ho, ko) 7(u).

Putting W := ker & we now obtain the desired splitting V =U & W. O
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We are now in a position to prove Lemma B.0.6.

Proof of Lemma B.0.6. We are assuming that we have a pair of ['p-representations U <V and that
U=y V;Dk for some k > 1. By applying Lemma B.0.9 k times, we find a C4-subrepresentation W <V
such that V =24 U @ W. Now, since Cj preserves U and Ty = C3 x C4, we can apply Lemma B.0.10
to find a I's-subrepresentation W <V such thatV =U & W. O

Armed with Lemma B.0.6, we are now ready to extend our classification of indecomposable I'-
representations to higher dimensions. So let V be a I'y-representation with V© = 0 and dimV = 6.
We will show that V cannot be indecomposable. We observe that since |O¢, (V)| = 21 is odd, there
must exist an orbit A € Oc, (V') which is fixed by the Cs-action on O¢, (V). Then Dy := SpanA is a

two-dimensional I'y-subrepresentation of V and so Dy = D and we have a short exact sequence

T

0 Dy % V /Dy —— 0. (B.4)

By the semisimplicity of Rj3, this is a split sequence of Cs-representations and in particular
(V/Dy) = 0. Then |Oc,(V/Dy)| =5 and again there must be an orbit B € Oc,(V /Do) which
is fixed by the Cy-action. Put Dy := SpanB < V /Do and U := 7~ !(D;) < V. We thus obtain a

composition series

0<Dy<U<V

with U /Dy =D; 2D and V /U = D. From our classification of the four-dimensional representations,

we now have the following two possibilities.

1. Suppose that U =2 Uy or V /Dy = Us. Then

(a) if U = Uy we know by Lemma B.0.6 that V is not indecomposable and in fact V =
Us @ D;

(b) if V/Dy = Uy then in particular V /Dy =4 V4 is a free R4-module and hence (B.4) splits
as a sequence of Cy-representations. However, Lemma B.0.10 then implies that (B.4) is

also a split sequence of ['y-representations, i.e. again V =2 D@ Uy.

2. Suppose that U 2 D@ D and V /Dy = D @ D. Tt follows (see Remark B.0.7) that there exist
I'a-equivariant sections r: D} = U /Dy — U and s: V/U = (V/Dy)/D; — V /Dy of the
respective quotient maps. Now letz: V /Dy — V be any [F,-linear section of : V — V /Dy,

satisfying 7| p, = I~ These maps fit into the following diagram of I's-representations, whose



and {1,¢,x,cx,x%, cx

rows and columns are exact:

0 0
r
0 Dy U<——=U/Dy=D;—=0
.
0 Dy VE——>V/Dy 0
S
V/U==(V/Dy)/D:
0 0

Observe that since 7 and s are C4-equivariant, we have

w(b-ts(x)) =b-w(ts(x)) =b-s(x) =s(b-x).

V =Dy®t(V/Dy) =Dy ®t(D1®s(V/U)) =Dy ®r(D;)®ts(V/U).

Consider now the [F,-linear splitting

b-(vo+ts(x)) = |b-vo+b-1s(x) fts(b~x)] +1s(b-x)

with the case dim(Span.A) = 8, i.e. Span.4A = V. We can then write

A={{1,c,c*}, {x,cx,cx}, {x%, ex?, 2P} {3, e, 2 )}

3

2,x3,cx3} forms a basis for V. Hence
~ ] 3 c] Fale] Fale]
S Utc+d) T (U+ce+d) T (l+c+@)” T (ltcted)
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(B.5)

(B.6)

We claim that C4 preserves the summand W := Do @ts(V /U). Indeed, if vo € Dy, x € V /U,

and by (B.5) we see that the term in the square brackets lies in kerw = Dy. Now, since the
section r is C4-equivariant we see that (B.6) gives rise to the splitting V = r(D1) @ W of Cy-
representations. On the other hand, since r is also C3-equivariant, we have that (D)) is a ['s-

subrepresentation of V and then it follows from Lemma B.0.10 that V is not indecomposable.

We have seen that, if V is a six-dimensional I's-representation with v =0, then we must
have V 22 D3 or V 22 D@ Uy. In particular, the only faithful six-dimensional I'y-representation with
VG =0is D& Us.

Now let V be a faithful I'y-representation with V3 = 0 and dimV = 8. Since the representation
is faithful, there exists A € O, (Oc, (V)) with |A| = 4. Then Span A is a faithful subrepresentation
of V and so dim(Span.A) € {4,6,8}. If dim(Span.4) = 4 we know that Span.A = Us. By Lemma
B.0.6 we have that V is not indecomposable. If dim(Span.4) = 6, then must have Span.4 = D ® Uy;

in particular Uy <V and again Lemma B.0.6 shows that V cannot be indecomposable. We are left
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and b € (4 acts as the cyclic permutation (l,x,xz,x3). That is, V = Ug =2 Uy @ Uy is not indecom-
posable.

Finally, we are ready to finish the proof of Proposition B.0.4, by showing that if V is a faith-
ful representation of 'y with VG =0 and dimV > 8, then V cannot be indecomposable. Indeed,
by faithfulness, there must exist A € Oc,(Oc,(V)) with |A| = 4. Then SpanA is a faithful sub-
representation of V. In particular, we have that (Span.A)®3 = 0 and hence V 2% D% Tt follows
that dim(Span.A) must be even and for each A = {v,c-v,c*-v} € A we have v+c-v+c?-v=0.
Then dim(Span.A) < 2|.A| < 8. But we have seen that any faithful I'y-representation of dimension
at most 8 contains a copy of Us. Hence Uy < Span.4 <V and Lemma B.0.6 shows that V cannot be
indecomposable.

Proposition B.0.4 is now proved. O

We end this appendix with two quick observations. First, we note that the regular representation

of T’ over I, is isomorphic to V4 & U;*. Indeed
Fy[Cs] = Span{1,c,c*} @ Span{b, ch,c*b} ® Span{h* cb*,*b*} ® Span{b>,cb*,c*b*}  (B.7)
and it contains a copy of V4, namely the ideal
(1+c+c?) = Span{l +c+c?,b+ch+c?b,b* + cb* + *b*, b + cb® + 2b*}.

Now, by Lemma B.0.6, V splits off as a direct summand and the quotient F»[I's]/V is manifestly
isomorphic to Ug =2 Uy @ Uy.

Second, we note that the representation Us dominates D in the sense of Definition 2.2.24. In-
deed, it is not hard to see, that the kernel of the ring map F,[I's] — End ((]F2)4) corresponding
to the representation Uy is precisely the ideal (14 ¢+ ¢?), while the kernel of the homomorphism

F,[I'a] — End ((F2)?) corresponding to D is the ideal (14 c+c*, 1+ 5%).
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